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PREFACE. 



To the first edition of this work, published in 1856, the 
following was prefixed : — 

"In the present Treatise will be found all the ordinary 
propositions, connected with the Dynamics of particles, which 
can be conveniently deduced without the use of D'Alembert's 
Principle. 

" Its publication has been delayed by many unforeseen 
occurrences ; more especially by the early and lamented death 
of Mr Steele, whose portion of the work was left uncompleted, 
and whose assistance in its final arrangement and revision 
would have been invaluable. The principal portions due to 
him are the greater part of Chapters TIL, V. and VIII ! 
together with a few pages of Chapter I. 

" Considerable use has been made of Pratt's Mechanical 
Philosophy : indeed a large portion of Chapter XI. is reprinted 
verbatim from that work. 

" Throughout the book will be found a number of illus- 
trative examples introduced into the text, and for the most 
part completely worked out ; others with occasional solutions 
or hints to assist the student are appended to each Chapter. 
For by far the greater portion of these the Cambridge 
Senate-House and College Examination Papers have been 
applied to." 

994:0 J* Digitized by Google 



Tl PREFAClL 

To this was added^ in the second edition^ published in 
1865 :— 

" I am glad of the opportunity, presented by the call for 
a second edition, to make reparation for many of the faults 
of the first Numerous trivial errors, and a few of a more 
serious character, have now been corrected; many sections 
and several new examples have been added ; and the whole 
of the second Chapter has been rewritten, upon the basis of 
the corresponding portion of Thomson and Tait's Natv/ral 
Philosophy which, though as yet unpublished, was printed off 
nearly two years ago. 

" When I wrote that Chapter, in 1855, I had not read 
Newton's admirable introduction to the Principia; and I 
endeavoured to make the best of the information I had then 
acquired from English and French treatises on Mechanics. 
These five pages, faulty and even erroneous as I have since 
seen them to be, cost me almost as much labour and thought 
as the utterly disproportionate remainder of my contributions- 
to the volume. And I cannot but ascribe this result, in part 
at least, to the vicious system of the present day, which 
ignores Newton's Third Law of Motion, though constantly 
assuming it (tacitly) as an axiom ; and erects Statics upon 
a separate basis from Kinetics, thereby necessitating several 
additional Physical Axioms, the splitting of Newton's Second 
Law into two, and the introduction of a so-called Statical 
measure of Force. 

"To be enabled to preserve the title of the work, I have 
added (apropos of the Second Law of Motion) a few hints 
about Statics of a particle. 

" The examples are, for the most part, reprinted verbatim 
from the papers in which they were set; in a few the lan- 
guage has been altered, or the theorem involved has been 
generalized; several, however, have defied all attempts at 
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tKEFACE. vii 

improyement, and now stand in their unintelligibility as a 
warning, to the Candidate for Mathematical Honours, of the 
ordeal he may have to pass through. 

" To several important theorems more than one demon- 
stration has been appended : with the object of exhibiting the 
use of the various processes by applying them to the de- 
duction of results of real value, instead of to the solution of 
' Problems ' of unquestionable absurdity. 

" Various friends to whom I have applied for suggestions 
as to any important changes which they might think desirable 
in this second edition, and especially I. ToDHUNTER, Esq., 
of St John's, have replied that they had none to offer, as 
they liked the book well enough in its original form. This 
has prevented me from attempting a thorough alteration of 
style which I had contemplated, viz. to cease breaking up 
the subject into detached propositions — specially fitted for 
r writing out.' I retain my own opinion, however, that 
this is not the forrn in which such a treatise ought to be 
written ; although there can be no doubt that it offers certain 
advantages to the student whose sole object in reading is to 
pass an examination. 

" The treatise is intended to be merely an analytical one : 
for the full discussion and experimental demonstration of the 
elementary principles on which the analysis is founded, the 
reader must be referred to works on Natural Philosophy ; of 
which, so far as mere Abstract Dynamics is concerned, we 
have a most admirable example in the Principia. For the 
general application of modem theories to the whole range of 
physical phenomena, the reader is referred to the forthcoming 
work on Natural Philosophy by Professor W. Thomson and 
myself, in which the subject will be developed from the grand 
basis of Conservation of Energy. 
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" I have been dissuaded from introducing into this worK 
the Newtonian notation for Fluxions. It is true that in 
Kinetics of a particle it. is not very greatly superior to the 
ordinary notation of differential coefficients : though, wh^ 
the general equations of motion of a system have to be treated, 
in the beautiful manner invented by Lagrange, a partial use 
of it is absolutely necessary. Newton's idea of Fluxions was 
purely Kinematical; and, in fact, the fundamental ideas of 
the Differential Calculus are essentially involved in the most 
elementary considerations regarding velocity. It is also to be 
observed, that, whenever we write /' {x) for the differential 
coefficient of /(«), we are really employing the principal fea- 
ture of Newton's notation, though in a form somewhat more 
expressive than his. 

" It is possible that in this edition a few of the objection- 
able terms or methods, which the first edition contained, may 
have remained undetected — ^but I hope that in every essential 
respect the volume will be found to be an improvement on 
its predecessor. 

" I am encouraged in this hope by the fact that the sheets 
in passing through the press have been read by J. Stirling, 
Esq., of Trinity, to whose care and knowledge I am indebted 
for many valuable suggestions." 

To the above I have now little to add save this — ^that the 
work of weeding and improvement, combined with cautious 
and I hope judicious addition, has been carried still farther. 

Some of the newly added Examples bear witness to the 
great improvement which has recently taken place in the 
Tripos Examination papers. For this the University has 
mainly to thank the combination of genuine scientific know- 
ledge with extraordinary originality presented by Prof. JAMES 
Clerk Maxwell, of Trinity, formerly of St Peter's. 
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PREFACE. IX 

The Third Edition, published in 1871, was indebted to 
W. D. NiVEN, Esq., of Trinity, for a careful revision of the 
proofs, for the selection of numerous additional Examples, 
and for a few foot-notes indicating the processes now most 
commonly employed in certain parts of the analysis. 

The present edition has been thoroughly revised by 
Prof. Greenhill, who has not only at great labour verified 
and (where necessary) corrected the Examples, but has 
effdeavoured to adapt the book to the present requirements 
of the Tripos by the firee introduction of Elliptic Fimctions, 
&c. which, in my Cambridge days, were under the ban of the 
Board of Mathematical Studies. 

My attention has been called to the fact that several 
sections of this book, in which some novelties appear, have 
been translated almost Utter for letter and transferred, with- 
out the slightest allusion to their source, to the pages of a 
German work. Several other books have obviously been 
similarly treated. It is well that this should be known, as 
the English authors might otherwise come to be supposed 
to have adopted these passages simplidter from the German. 

P. GUTHKIE TAIT. 



COLLBQB, EdINBUBOH, 

April, 1878. 



Digitized by VjOOQIC 



Digitized by VjOOQIC 



CONTENTS. 



PAGES 

Pbeface V — ix 

Chapter I. Kinematics 1 — 34 

Division of the subject, §§ 1—3. 

Velocity, §§ 4—7. 

Composition and Besolution of Velocities, §§ 8 — 11. 

Acceleration, §§ 12 — 19. 

Hodograph, § 20. 

Moment of Velocity, §§ 21 — 24.'' 

Motion of a point deduced from the given acceleration, § 25. 

Belative Velocity and Acceleration, §§ 26 — 36. 

Angular Velocity and Acceleration, §§ 37—40. 

Velocity and Acceleration relative to Moving Axes,§§4i— 43. 

Examples 34—41 

Chaptee II. Laws op Motion. 42 — 58 

Definitions of Mass, Density, Particle, Force, Momentum, 
Vis Viva, Kinetic Energy, Measure of Force, Compo- 
nent of Force, &c. Ac. 44 — 57. 

Definition, and Properties, of Center of Inertia, § 58. 

Definition of Moment of Momentum, § 59. 

Definition of Work done by a force, and consequences of the 
definition, §§ do, 61. 

Definition of Potential Energy, § 62. 

Newton^B Laws of Motion, with their consequences — ^as 
Measure of Time, Parallelogram of Forces, Conserva- 
tion of Momentum and of Moment of Momentum, &is, 
§§ 63—72. 



Digitized by VjOOQIC 



y. 



Xll CONTENTS. 

PAGES 

Scholium to the Third Law, with its interpretation. 

B'Alembert*s principle, Horse-power, Conserration of 

Energy in Ordinary Mechanics, §§ 73—75. 
Conservation of Energy, Impossibility of Perpetual Motion, 

Joule's experimental results, §§ 76 — 78*. 

Chapter III. Bectilinear Motion 59 — 79 

Constant Force, §§ 79 — 87. 

Force varying according to different powers of the distance, 
§§ 88—105. 

Examples 79—85 

Chapter IY. Parabolic Motion 86 — 108 

Projectile in vacuo, §§ 106 — 119. 

Projectile in vacuo when the changes in the direction and 
magnitude of gravity are considered, §§ 120, 121. 

Force constant in direction, but not in magnitude, §§ 1 2 2 — 1 29. 

Newton's Investigation of the motion of a luminous cor- 
puscle, § 130. 

Examples ' 108 — 112 



Chapter V. Central Orbits 113 — 144 

General Equations, §§131, 132. 

Attraction proportional to the distance, § 133. 

Polar Form of General Equations, and consequences, §§ 134 

—144. 
Properties of Apses, §§ 145 — 148. 
Orbits under the Law of Gravitation, §§ 149 — 158. 
Elliptic motion; definitions and immediate deductions, 

§§ 159—162. 
Kepler's Problem, §§ 163—167. 
Lambert's Theorem, § 168. 

Examples 144—166 

Chapter VL Constrained Motion 167 — 221 

Preliminary remarks on Constraint, § 169. 
Motion on Smooth Plane Curve, Cycloidal and Common 
Pendulum, &o.., Direct Problem, §§ 170—179. 



Digitized by VjOOQIC 



CONTENTS, xiii 

PAGES 

« Inverse Problems — ^Bracbistoohrone, &o., §§ i8o — 186. 
Motion on Smooth Surface, §§ 187 — 189. 
Partloolar Case — Spherical Pendnlam, §§ 190, 191. 
Double Pendulum, § 192. 
Effect of the Earth's rotation on simple pendulum, §§ 193 — 

195. 
Constraint by String attached to a moring Point, §§ 196 — 

198. 
Constraint by Smooth Tube in motion, §§ 199— 903. 
Constraint by Bough Curve, §§ 204, 105. 
Constraint by Bough Surface, § 206. 

ExAMPLBS 121 — 236 

Chapter VII. Motion in a Resisting Medium ... 237 — 250 

General Statement of the Problem, § 907. 
J Bectilinear Motion with various applied forces and varions 
laws of resistance — Terminal Telocity, &o,, §§ ao8 — 

912. 

Curvilinear Motion, under various laws of resistance and 
various forces. Approximate determination of path of 
projectile with low trajectory, ^ 211 — 217. 

Equation of Central Orbit in resisting medium, §§ 3 1 8, 9 19. 

EXAMPLXS I5I—358 

Chapter VIIL General Theorems 259 — 308 

Constraint perpendicular to direction of motion, §§920, 

921. 

All central forces have a potential, § 222. 

Conservation of Energy, and Equipotential Surfaces, §§ 

223, 224. 
Inverse Problem as to conservative forces, § 225. 
Deductions from Conservation of Energy, §§ 226^229. 
Least, or Stationary, Action, §§ 230 — 237. 
Varying Action, §§ 238—243. 
The principle applied to the investigation of a planetary 

orbit, §§ 244—248. 
Application to Cotes' spirals, § 249. 
Lagrange's Equations in Generalized Co-ordinates, §§ 250, 

251. 



Digitized by VjOOQIC 



XIV CONTENTa 

PA0B8 

Application to Brachistoobrones, § 153. 

The brachifltoclirone when the force is central, § 253. 

The brachistochrone normal to a series of isochronous sur- 
faces, § 254. 

Connection between the forces under which eorves may be 
described as free paths or brachistochrones, §§ 355 — 
160. 

Motion about moving center, §§ 261, 262. 

Hodographs, §§ 163 — 270. 

Case of resisted motion in an equiangular spiral, § 271. 

ExAMPLBS 309—318 



Chapteb IX Impact 319—335 

Preliminary Bemarks, Coefficient of Bestitution, § 272. 

Direct Impact of Spheres, §§ 273, 274. 

Impact of Sphere on Fixed Surface, § 275. 

Impact of Smooth Spheres generally, Apparent Loss of 

Energy, §§ 276, 277. 
Impulsive Tension in Chain, §§ 278 — 283. 
Continuous Series of Indefinitely Small Impacts, §§ 284 — 

286. 
Disturbed Planet, § 287. 

Examples ... ... 335— 35© 



Chapter X. Motion op Two or More Particles 351 — 370 

I. Free Motion, (General Equations, §§ 289, 290, 
Conservation of Momentum, § 291 ; of Moment of Momen- 
tum, § 292 ; of Energy, § 293. 

Particular Case of Two Particles, only, §§ 294 — 297. 

II. Constrained Motion, Conditions of Constraint, § 298. 
Two particles, in space, connected by inextensible string, 

§299. 
String constrained by pulley, § 30a 
Chain slipping over pulley, § 301. 
Complex pendulum, §§ 302, 303. 
Limits of the treatise, § 304. 

Examples .,, 37o— 378# 

GiNEBAL Examples 378— 395*"** 



Digitized by VjOOQIC 



CONTENTS. XV 

PIOBB 

Appendix 396—407 

A. On the integration of the equations of motion *aboat 

a center of attraction 396 

B. Motion on a cycloid , 400 

C. Brachistochrone, for gravity 401 

Cj. , for any forces ... 403 

O,. General property of free path and brachistochrone for 

any force whose direction is constant ibid^ 

D. Of two cnrves, convex upwards, joining two points in 

a vertical plane, the inner is described in less time 

than the onter 405 

E. Inverse problem— To find the equation of the con- 

straining curve when the time of descent, to the 
lowest point, through any arc, is given as a function 
of the vertical height fallen through 406 



Digitized by VjOOQIC 



Digitized by VjOOQIC 



EBBATA. 

^ Page 86, line 22, for cos am ^JJi — (modulus k) read en ( J^' — , /c j . 
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u=n«+22 -«7-.(?we) sin mnt, 
«•=»! fn 

where J^ (n«) = - i coBm{t-eant)dt 

is Bessel's fonction of the n*^ order. 

For the development of r and d in terms of t, the coefficients being 
Bessel's functions, see Todhnnter*s Treatise on Legendre^Sj Laplace* Sy and 
BesseVs Ftmctions, 
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, ad 
r=adn — . 
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DYNAMICS OF A PAKTICLE. 



CHAPTER I. . .-: 

KINEMATICS. ^ . . ; / V : -. ; : 

1. Dynamics is the Science which investigates the action 
of Force; and naturally divides itself into two parts as 
follows. 

2. Force is recognized as acting in two ways : in Statics 
so as to compel rest or to prevent change of motion, and in 
Kinetics so as to produce or to change motion. 

3. In Kinetics it is not mere motion which is investi- 
gated, but the relation o( forces to motion. The circumstances 
of mere motion, considered without reference to the bodies 
moved, or to the forces producing the motion, or to the forces 
called into action by the motion, constitute the subject of a 
branch of Pure Mathematics, which is called Kinematics, 
To this, as a necessary introduction, we devote the present 
chapter. 

4. The rate of motion (or the rate of change o{ position) 
of a point is called its Velocity. It is greater or less as the 
space passed over in a given time is greater or less : and it 
may be constant, i.e. the same at every instant ; or it may be 
vanahle. 

Constant velocity is measured by the space passed over in 
unit of time, and is, in general, expressed in feet per second ; 
if very great, as in the case of light, it may be measured in 
miles per second. It is to be observed, that Time is here 
used in the abstract sense of a uniformly-increasing quantity 

T. D. 1 
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2 KINEMATICS. 

— what in the diflferential calculus is called an independent 
variable. Its physical definition is given in Chap. II. 

5. Thus, a point moving uniformly with the velocity v 
describes a space of v feet each second, and therefore vt feet 
in t seconds, t being any number whatever. Putting 8 fur 
the space described in t seconds, we have 

S^dce wHK '^ipi velocity a point describes unit of space in 
unit of time. ' ' ' " . 

• •' -er ' 'K is ^well to'tibserve that since, by our formula, we 
have generally 

9 

and since nothing has been said as to the magnitudes of s 
and t, we may take these as small as we choose. Thus we 
get the same result whether we derive v from the space described 
in a million seconds, or from that described in a millionth of a 
second. This idea is very useful, as it will give confidence 
in results when a variable velocity has to be measured, and 
we find ourselves obliged to approximate to its value by 
considering the space described in an interval so short, that 
during its lapse the velocity does not sensibly alter in value, 

7. Telocity is said to be variable when the moving point 
does not describe equal spaces in equal times. The velocity 
at any instant is then measured by the space which would 
have been described in a wait of time, if the point had moved 
on uniformly for that interval with the velocity which it had 
at the instant contemplated. This is a most important, ^d 
in fact a fundamental, conception, which the student must 
thoroughly realize before he can usefully proceed farther. It 
lies at the root of all the correct methods ever devised for the 
purpose of measuring the rate at which change, of any kind, 
is going on. 

Let V be the velocity of the point at the time t, measured 
from a fixed epoch, s the space described by it during that 
time, and s*\-Bs the space described during a greater interval 



Digitized by VjOOQIC 



KINEMATICa 3 

t + ^t Suppose V to be the greatest, and v, the least, velo- 
city with which the point moves during the time St ; then 
v^St, vJSt would be the spaces which a point would describe 
in that interval, moving uniformly with these velocities 
respectively. But the actual velocity of the point is not 
greater than v^, and not less than v^ therefore as regards the 
actual space described, 

B$ is not greater than vJSt, and not less than vJSt, 



*»'■ 81 • ^ ■ *«' 

however small St may be. But, as St continuallv diminishes, 
t\ and V, tend continually to, and ultimately become each 
equal to, v. Therefore, proceeding to the limit^ 

ds 
dt-^'^ 

If v be negative in this expression, it indicates that s 
diminishes as t increases ; the positive case, which we have 
taken as the standard one, referring to that in which s and t 
increase together. It follows that, if a velocity in one direc- 
tion be considered positive, in the opposite direction it must 
be considered negative; and consequently the sign of the 
velocity indicates the direction of motion. 

This is, of course, on the supposition that the velocity 
alters continuously, and not by jerks. It would require an 
infinite force to produce in an infinitely short time such a 
change of velocity in a material particle. Hence as we are 
preparing for physical applications only, such cases may be 
excluded for the present. They will be treated in the chapter 
on Impact. 

8. It will be easily seen that the idea of velocity ex- 
plained above is equally applicable whether the point be 
considered as moving in a straight, or in a curved, line. In 
the latter case, however, the direction of motion continually 
changes; tod it will be necessary to know at every instant 
the direction, as well as the magnitude, of the point's velo- 
city. This is usually, and in general most conveniently, don^ 

1—2 

Digitized by LjOOQIC 



4 KINEMATICS. 

by considering the velocities of the point parallel to the 
three co-ordinate axes respectively. For, if the co-ordinates of 
the point be represented by x, y, z, the rates of increase of 
these, or the velocities parallel to the corresponding axes, will 
by reasoning analogous to the above be 

dx dy dz 
It' dl' di' 

Denoting by v the whole velocity of the point, we have 

and, i£ a, I3jy be the angles which the direction of motion 
makes with the axes, 



or 



cosa = ^ = 


dx 

di 






dt 


dx 


V COS a = 


= v„ supjwse 


dy 
dt" 


t;cos)8 = 


= "». 


dz_ 

at 


t7<ios7 = 


= ".• 



Similarly, 



Hence, -r: , -^ , -7- are to be found from the whole velo- 
dt dt dt 

city V, by resolving. a^ it is called; i,e, by multiplying by 
the direction-cosines of the direction of motion. They are 
called the Component Velocities of the point : and, with refer- 
ence to them, V is called the Resultant Velocity. 

' 9. It follows from the above, that, if a point be moving 
in any direction, we may suppose its velocity to be the result- 
ant of three coexistent velocities in any three directions at 
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rigbt angles to each other ; or, more generally, in any three 
directions not coplanar. But the rectangular resolution is 
the simplest and best except in some very special applications. 

Let V,, Vy, V, be the rectangular components of the velo- 
city i; of a moving point, then the resolved part of v along 
a line inclined at right angles \ fjL,v to the axes will be 

v^ cos \ 4- Vy cos /A + V, cos V. 

For, let a, j3, y be the angles which the direction of the 
point's motion makes with the axes, the angle between 
this direction and the given line. Then since 

cos ^ = cos a cos \ + cos ^ cos /a + cos 7 cos v, 

the resolved part of v along that line is 

r cos ^ = t; {cos a cos X + cos ^ cos fi + cos 7 cos p] 

= Va, cos \ + VjfCOS fl-\- l\ COS V. 

10. These propositions are virtually equivalent to the 
following obvious geometrical construction : — 

To compound any two velocities as 0-4, OB in the figure; 
where OA, for instance, represents in magnitude and direc- 
tion the space which would be described in one second by 
a point moving with the first of the given velocities — and 



similarly OB for the second ; from A draw AC parallel and 
equal to OB. Join OG: — then 0(7 is the resultant velocity 
in magnitude and direction. For the motions parallel to OA 
and OB are independent. 

00 is evidently the diagonal of the parallelogram two of 
whose sides are OA, OB. 
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6 KINEMATICS. 

Hence the resultant of any two velocities as OA, AC, in 
the figure is a velocity represented by the third side, OC, of 
the triangle OA C. 

Hence if a point have, simultaneously, velocities repre- 
sented by OA, AG, and GO, the sides of a triangle taken in 
the same order, it is at rest. 

Hence the resultant of velocities represented by the sides 
of any closed polygon whatever, whether in one plane or not, 
tiaken all in the same order, is zero. 

Hence also the resultant of velocities represented by all 
the sides of a polygon but one, taken in order, is represented 
by that one taken in the opposite direction. 

When there are two velocities or three velocities in two 
or in three rectangular directions, the resultant is the square 
root of the sum of their squares — and the cosines of the in- 
clination of its direction to the given directions are the ratios 
of the components to the resultant 

[Newton's Method of Fluadons was devised simply to 
express this and other fundamental conceptions in Elinematics. 
To him 8, X, y, i, or (as we now somewhat less conveniently write 

them) -Ti ,-Tl ' ;^ ' ;S » ^^ simply the velocity of the moving 

point and its components parallel to the axes. It may be 
convenient, or even necessary, to use the idea of Limits or of 
Infinitesimals to calculate their values; but the Fluxions 
themselves do not involve any such idea.] 

11. When a point moves in a plane curve, to express its 
component velocities at any instant along, and perpendicular 
to, the raditts vector drawn from afi^xedpoint in the plane of 
the curve. 

Let Xy y be its rectangular, r, 6 its polar, co-ordinates ; so 
that 

a? = rcos5, y=rsinfl. 
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We Lave at once, by diflferentiation, 




dc dr 






dtl 



and 



d}f dr . . , . dd 



.(1), 



whicli are the velocities parallel to x and y. But by § 9 the 
velocity along the radius vector is 



d}/.:. 



dx 



dr 



dt''''^+di'^^=Tt''^y^^^'^ 



and the velocity perpendicular to it is 

dx . ^ dO 
It 



dlf a <iX ' a fttf , .,. 



12. The velocity of a point is popularly said to be 
accelerated or retarded according as it increases or diminishes, 
but the word Acceleration is scientifically used in both senses ; 
and may be defined as the rate of change of the velocity per 
unit of time. 

Acceleration may be either constant or variable. It is 
said to be constant when the point receives equal increments 
of velocity in equal times, and is then measured by the actual 
increase of velocity generated in unit of time. Let the unit 
of acceleration be so taken that a point under its action would 
I'Oceive an increment of a unit of velocity in a unit of time ; 
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then a point under the influence of a units of acceleration 
would receive an increment of a units of velocity in a unit of 
time, and consequently at units of acceleration in t units of 
time. If the point starts from rest we have 

where v denotes the velocity at the end of the interval t, and 
a the acceleration. 



13. Acceleration is variable when the point does not re- 
ceive equal increments of velocity in equal increments of time. 
The acceleration at any instant is then measured by the in- 
crement of velocity which would have been generated in a 
unit of time had the acceleration remained constant during 
that interval and equal to the value at its commencement. 

Let V be the velocity of the point at the end of the time 
t, a the acceleration at that instant, v + iv the velocity at the 
end of the time t-^St; and let a^, a, be the gi*eatest and least 
values of the acceleration during the interval St, then a^Bt, 
a^dt would be the increments of velocity in that interval, of a 
point under those accelerations respectively. But the actual 
acceleration is not greater than a, and not less than a,, there- 
fore the actual increment of velocity 

St; is not greater than aJU and not less than a^St, 

Sv 

^^ Ft "» "^^ 

however small St may be. But, as St continually diminishes, 
a^ and a, tend continually to and ultimately become each 
equal to ou Therefore, proceeding to the limit, 

do 

The positive sign given to a shews that v increases with f, 
while a negative sign would shew that v decreases as t in- 
creases, in other words a negative acceleration is a retai-dation. 
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Combining the above equation with 
ds 

we have 

consideriDg t as the independent variable. 

[Here, again, Newton employs the symbol 8 to represent 
the rate of increase of s, a quantity whose conception is alto- 
gether independent of the methods (infinitesimal or not} 
which may be employed to calculate its value.] 

14. Thus far we have been dealing with a point's 
motion in some definite path, which may be either straight 
or curved, but in which there is only one degree of freedom 
to move, and in which therefore the position at any time 
is determined by one variable, 8. 

If the path be curved, the accelerations of the rates of in- 
crease of the co-ordinates of the moving point are called the 
Component Accelerations parallel to the axes. If these be 
denoted by a,, a^, a^ we shall have 

dt'^^'' rft^"^'^ d?'""'* 



With reference to these, Ja^* + a/ + a* is called the Be- 
sultant Acceleration. 

13. The acceleration -i-^ is not the complete resultant 

^ d*x d^u d^z Ml n . 

of -7^ , 77h ' ^ ' ^^ ^^y easily be seen : for its square 

does not equal the sum of the squares of those three accelera- 
tions. It is, however, the only part of their resultant which 

d^8 
has any effect on the velocity; in short -i-j is the sum of the 
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resolved parts of -^^ , -J^^ -t.2 in the direction of motion, 
as the following identical equation shews : 

de^ds W'^d^ W di de' 
This follows immediately from the equation of § (8) 

(l)'=(S)'HS)'-(§)' 

by differentiation. And it shews that acceleration is to be 
resolved according to the same law as velocity. For to find 

^-2, the acceleration along $, -rri ^^ ^ te multiplied by -v- , 

&a &c. which is the vector law. 

The other part of the resultant is at right angles to this, 
and its sole effect is to change the direction of the motion 
of the point And this leads us to another form of accelera- 
tion, viz. when the velocity of the moving point is unaltered, 
but the direction of motion changes. Its value in terms of 
the velocity and the curvature will be given later. 

The above .equation also shews, since -v- , -^^ , j- ^^ 

the direction-cosines of the small arc ds which may have any 
direction whatever, that to obtain the acceleration along any 
line inclined at given angles to the axes, we must resolve • 
the component accelerations parallel to the axes along it, 
and take the sum of the resolved parts. Thus the accelera- 
tion along a line inclined at angles \, /t, v to the axes is 

a^ cos \ 4- ofy cos /A + a, cos v. 

16. A point moves in a plane curve, to eocpi^ess its com- 
ponent accelerations at any instant along, and perpendicular 
to, the radius vector. 

Let X, y be the rectangular, r, the polar, co-ordinates ; 
so that 

a? = r cos ^, 

y = rsind; 
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, dx dr y. . ^dB 

we nave t; = -77 cos d — r sm v -,- , 

at at at 




, d^x (d'r /dOy] ^ fc^dr d6 ^ d'd\ . ^ 



Similarly, 



(cPr /deyi . a^f^dr dd , d^0\ , 



These are the accelerations parallel to x and ;/. And 
since, by § 15, the acceleration along the radius vector is 



the above expressions give it in the form 
di' 



-©•■ 



The acceleration perpendicular to the radius vector is 



that is, 



d^y A d^^ ' /\ 

^dr d0 d^ 
dt dt'^^dt" 



,d0\ 



whicli may be vritten - t- (»^;tt). 
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17. When a point is in motion in any curve, to fiind its 
accelerations along, and perpendicular to, the tangent, at any 
instant. 

Let Xy y, z be the co-ordinates of the point at the end 
of the time t, s the length of the ^.rc described during that 
interval. Then, since by the equations of the curve x, y and 
z are functions of s, 



and 





dx 


dx 


ds 






It 


"da 


di' 




«f.r 


ePx 


/dss* 


dx d^s 


dt^'' 


~ds* 


\.dt) 


■^-ds 


df 



o. M 1 d^y d^i/ fdsV , dy d^s 

Similarly. ^Z = ^, y +^ ^. 

^_^(d8\^ dz ^ 
df~~ds'[dtj "^ ds df 



Remembering the law of resolution of acceleration, the 
form of these equations shews that in them are resolved 

along X, y, z, 1st an acceleration -j-a , whose direction-cosines 

are -T-, -^, -T-, and 2nd an acceleration -(^.U whose 
da ds ds p \atj 

,. ^. . d^x d^y d?z mu- 

direction-cosines are p-j-^y 9~f^> ^^* process 

might have been employed with advantage in some previous 
sections. But, for the beginner, we must take a more la- 
borious method. 

18. To find the acceleration along the tangent, we must 

dor (111 dz 
multiply these component accelerations ^7 'j~ i Zj > ^^ ^ 

respectively, and add. Thus the tangential acceleration is 

dx d^x dy d^y dz d^z ^d^s 
d^ W'^'Si dt^'^d^ d^'^di'' 
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as we have already seen. Also in the normal, towards the 
center of curvature, we have the acceleration 

(d^x S^x \ (ds\^ [fd^xV [d^y\^ /(PzV) 

p \dt) ' 

We have assumed, in the above, the following equations 
from Analytical Geometry, 

where p is the radius of curvature, whose direction-cosines 
aie 

d'x 6fy d^z 
''ds" ^ds" P'ds^' 

(S)"-(S)'-(I)'-. 

whence dx ^ ^d^ d^^ dz ^z ^ ^^ 

ds ds^ ds ds^ ds da^ 



* The accelerations of the moving point may be found in the following man- 
ner. There is obviously no acceleration perpendicular to the osculating plane, 
as that plane contains two consecutive directions of the point's motion. Of the 
two consecutive directions let the first make an angle with any fixed line in 
the osculating plane, then v cos $ and v sin are the velocities of the point pa^ 

rallel and perpendicular to the fixed line respectively. Consequently -^ {v cos B) 
and — (V sin &) are the accelerations in the same directions. These expressions, 

At 

when expanded, become — cos ^ - v sin ^ -r: , and -r- sin ^ + 1; cos ^ 3-. There- 
at at at at 

fore the accelerations along the tangent and the normal are -r- and v -^-^ the 
last being positive in the direction of the center of curvature. Since -jz--^ 
the normal acceleration, being=v^ .^ , maybe expressed as — . 
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19. We might have treated the component accelerations 
thus, 

\df) "^ (^) "^ \~dty ^^ (resultant acceleration)* 

^p'Kdt) '^[dfj' 
by adding the squares of their values as given in § 17. 

Now -^ is the acceleration along the tangent, and the 

other part - {-n) t or — , acts at right angles to it as the 

form of the equation shews, and consequently is the accelera- 
tion perpendicular to the tangent. 

From the expressions for -^ , ^^ ' 77^ ' ^^ ^^^^ obtain 

d^ /dy ^_dz d^\ 
dt \ds ds* da Wj 



d^y fdz cPx dx d^z \ 

d?z fdx ^ ^dy ^^_r^ 
"^d? \d8 d?^di d?y" ' 



which may be written in the form of a determinant. 



0. 



cPx 


df 


d'z 
dt 


dx 
ds 


dy 


dz 


d^ 


ds* 


ds* 



This signifies that the Kesultant Acceleration lies in the 
plane containing the tangent and the radius of absolute cur- 
vature, or that there is no acceleration perpendicular to the 
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osculating plane. The acceleration — must therefore be along 

a normal to the path drawn in the osculating plane; that is, 
along the radius of absolute- curvature. 

20. We are therefore led to expand the definition given 
in § 12 thus : — ^Acceleration is the i^ate of change of vdocity 
whether that change take place in the direction of motion or not 

What is meant by change of velocity is evident from § 10. 
For if a velocity OA (in the figure of that section) become 
0(7, its change is AC, or OB. 

Hence, just as the direction of motion of a point is the 
tangent to its path— so the direction of acceleration of a^ 
moving point is to be found by the following construction. 




From any points draw lines OP, OQ, etc., representing 
in magnitude and direction the velocity of the moving point 
at every instant. The points, P, Q, etc., form in all cases of 
motion of a material particle a continuous curve, for an infi- 
nitely great force is requisite to change the velocity of a par- 
ticle cSraptly either in direction or magnitude. Now if Q be 
a point near to P, OP and OQ represent two successive values 
of the velocity. Hence PQ ia the whole change of velocity 
during the interval As the interval becomes smaller, the 
direction PQ more and more nearly becomes the tangent at P. 
Hence the direction of acceleration is that of the tangent to 
the curve thus described, called by its inventor, Sir W, K, 
Hamilton, the Hodograph 
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The amount of acceleration is the rate of change of velo- 
city, and is therefore measured by the velocity of P in the 
curve PQ. 

21. The Moment of a velocity about any point is the 
rectangle uijdQr its magnitude and the perpendicular from the 
point upon its direction. The moment of the resultant velo- 
city of a point about any point in the plane of the components 
is equal to the algebraic sum of the moments of the components, 
the proper sign of each moment depending on the direction of 
motion about the point. The same is true of moments of 
acceleration, and of momentum as defined later. 

Consider two component velocities, AB and A C, and let 
AD he their resultant (§ 10). Their half moments round 




the point are respectively the areas OAB, OCA. Now 
0(7-4, together with half the area of the parallelogram GABDy 
is equal to OBD. Hence the sum of the two half moments 
together with half the area oi the parallelogram is equal to 
J. 0-B together with BOD, that is to say, to the area of the 
whole figure OABD. But ABD, a part of this figure, is 
equal to half the area of the parallelogram; and therefore the 
remainder, OAD, is equal to the sum of the two half mo- 
ments. And OAD is half the moment of thp resultant velo- 
city round the point 0. Hence the moment of the resultant 
is equal to the sum of the moments of the two components^ 
By attending to the signs of the moments, we see that the 
proposition holds when is within the angle CAB. 

22. Now if one of the components always passes through 
the point 0, its moment vanishes. This is the case of a motion 
in which the acceleration is directed to a fixed point, and we 
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thus prove the theorem that in the case of acceleration always 
directed to a fixed point the path is plane and tlie areas de- 
scribed hy the radius-vector are proportional to the times ; for 
the moment of velocity, which in this case is constant, is evi- 
dently double the rate at which the area is traced out by the 
radius-vector. 

23. Hence in this case the velocity at any point is 
inversely as the perpendicular from the fixed point upon the 
tangent to the path, the momentary direction of motion. 

For evidently the product of this perpendicular and the 
velocity at any instant gives double the area described in one 
second about the fixed point, which has just been shewn to 
be a constant quantity. 

24. The results of the last three sections may be easily 
obtained analytically, thus. Let the plane of motion be 
taken as that of a;, y ; and let the origin be the point about 
which moments are taken. Then, if x, y be the position of 
the moving point at time ty the perpendicular from the origin 
on the tangent to its path is 

dy dx ^dO . , j- x 

ps^zx—^y-j-^ir-j-yin. polar co-ordmates. 



From this we have at once 




ds dy dx ^dd 

Pdt^'^dr^^t^'^di • 


(1), 


or with the notation of § 8, 




pv=^xvj,-yv^y 




which is the theorem of § 19. 






(2). 


T. D. 


2 
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Now, if the acceleration be directed to or from 0> its 
moment about 0, which is evidently 

cPy cPx 

must vanish. Hence (2) gives 

pv = constant, which is § 21. 
By means of (1) this gives 

^-Tr= constant, which is § 20 ; 

since, if ^ be the area traced out by the radius-vector, 

25. To determine the motion of a point when tlie accelerar 
tion of its velocity is given. 

This is one of the most general of the Problems suggested 
by the Kinematics of a point, for it includes, as will be seen, 
the determination of the motion when the component velo- 
cities are given. 

Let a, j3, y be the components of the given acceleration; 
we have 



cPx 

(1). 



d?^'^' 









Now a, )9, 7 may be functions of x, y, ^>t, -rry -^, or -^ , 

or of two or more of these quantities. Equations (1) must 
be integrated as simultaneous differential equations if possible. 
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Thus by one integration we have the values oi -tl, -^,-r, 

w* Cut CLt 

in terms of one or more of the quantities x, y, z and t ; that iSj^ 
the component velocities are known. 

Another integration, if it can be performed, gives a?, y, and 
2?, in terms of t ; and, if the latter variable be eliminated from 
the three integrated equations, we have the two equations of 
the path in space : and thus, theoretically at least, the motion 
is completely determined. 

It is unnecessary to give examples of the integration of such 
equations here, as the major part of the following chapters 
wUl be devoted to them. 

26. So far for a single point. When more points than 
one are considered, Kinematics enables us to determine, from 
the given motions of all, their relative motions with respect 
to any one of them; or conversely, from the actual motion 
of one, and the motions relative to it of the others, to de- 
termine the actual motions of the latter in space. This de- 
pends on the following self-evident proposition. 

If the velocity of any point of a system he Reversed in 
direction, and he communicated to each point of ilie system in 
composition with that which it already possesses^ the relative 
motions of all about the first, thus reduced to rest, will he 
the same as their relative motions about it when all were in 
tnotion. 

For the proof it is suflScient to notice that if at every 
instant the distance of two points, and the direction of the 
line joining them be the same as for two other points, the 
relative motions of one of each pair about the other will be 
the same. The simplest illustrations of this proposition are 
furnished by the relative motions of objects in a vessel or 
carriage, which are independent of the common velocity of the 
whole— or, on a grander scale, of terrestrial objects, whose 
relative motions are unaflfected.by the earth's rotation, or by 
its motion in space. 

Since accelerations arof compounded according to the same 
law as velocities, the above theorem is true of them also. 

2—2 

Digitized by VjOOQIC 



20 KINEMATICS. 

27. Two points describe similar orbits about each other 
and about any point dividing in a given ratio the line which 
joins them. 

Let A and Bhe the points, a point in AB such that 

AG 

7:70 = a constant, 

(jt±> 

The path of B about A will evidently be the same .as 
that of A about J5, since the length and direction of the 



M 



line AB are the same whichever end be supposed, fixed. 
Also if G be fixed, the path of B about it will evidently 
differ from that of B about A by having corresponding radii- 

vectores diminished in the ratio -m- But this is the defi- 

AB 

nition of similar curves. The same of course would hold with 

respect to the relative path of A with respect to G. This 

proposition will be found of considerable use afterwards, as it 

enables us materially to simplify the equations of motion of 

two mutually attracting free particles. 

28. As an instance of relative motion, consider two points, 
one of which moves uniformly in a straight line, while the 
other moves uniformly in a circle about the first as center ; 
determine the path of the second point, the motion being in one 
plane. 

Take the line of motion of the first as the axis of w, v its 
velocity, the plane of the circle as that of xy, a the radius of 
the relative circular orbit, g) the angular velocity in it, § 32. 
Suppose the revolving point to be initially in the axis. Also 
at time t suppose the line joining the points to be inclined 
at an angle 6 to the axis of x. Then for the co-ordinates of 
the revolving point we have 

y = a sin 0, 

x=^vt-\- acosO. 
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But = eot; 

hence x = ~ sin"^ - 4- ^. (a" — y^) 



6) 



is the equation of the absolute path required. This belongs 
to the class of cycloids ; it is prolate or curtate according as 
•y is greater or less than ao), or the absolute motion of the 
first point greater or less than that of the other in its circular 
orbit. If the two are equal, or v = aw, we have the equation 
of the common cycloid, as is indeed evident, for the circular 
path may be supposed the generating circle, and the velocity 
of the center in its rectilinear path is equal to that of the 
tracing point about that center. 

29. It is evident that^ whatever be the relative path, if 
r, ^-denote the relative co-ordinates of the second point with 
respect to the fii*st at time t, x, y, and x the absolute co-qrdi- 
nates at the same time, 

(» = S frcos^) 
y=?rsintf J ^ ^' 

Now in the first case, when the motion of the first point, 
and that in the relative orbit are given, 5, r, and 6 are known 
functions of ^ ; if therefore these values be substituted in (1), 
and t be eliminated, we shall have the equation between x 
and y, which is required. 

Again, if the absolute orbits of both are given, x, y, and 
X are given in terms of t, and thus equations (1) serve to 
give T and 6 in terms of t, which furnishes the complete 
determination of the relative path, and the circumstances of 
its description. 

^30. The following is a most useful case, having many 
important applications in Physical Optics, &c. 

A point A is fixed, B describes uniformly a circle about 

A, and C describes uniformly (in the same plane) a circle about 

B. Find the motion of C relative to A 
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. Let a be the length of AB, h that oi BC, r that oi AC\ 
and at time t let them make angles 0, x> ^ ^^^ some fixed 
line in the plane of motioiu Then 

r cos tf = a cos + 5 cos x* 
r sin ^ = a sin ^ + J sin;^. 
But ^ and % increase uniformly. Hence 

X = nt+fi, 
where m, n, a, )8, are constants. Thus 

r* COS tf = a cos {mt + a) + 8 cos (w< + ff), 
r sinO^d sin (t/i^ + a) + 6 sin (nt-^fi). 

These are the general equations of Epicycloids and Hypo- 
cycloids ; and from them all their properties may be derived. 
We confine ourselves to one o^ two very simple cases. 

(1) Let m^n, a=^bi (This is the composition of twa 
equal cifcular motions, in the same direction and of equal 
period.) We have 

r cos ^ = 2a cos — ^ cos fmt + —^j i 



whence 



r sin ^ = 2a cos —^ sin (mt H — g— j ; 



r = 2acos 
= mt + 



2 ' 

a + /9 



2 • 

This also denotes uniform circular motion, and of the same 
period, and in the same direction, as the components. 

(2) Let m = — w, .a = 5. (Here we compound equal 
circular motions, of equal period, but in opposite directions.) 
As before we have 



r cos tf = 2a cos — ^r- cos ( mt + 



(»..^. 



r sm — 2a sin — - — cos f mt H ^ — I . 
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Therefore 

r = 2a cos I m^ -f- — ^^ j , 

aud this denotes vibratory motion in a definite straight line. 

31. In any system of moving points, to determine the rela- 
tive from the ahsolute motions; and vice versd. 

Let ajj y^ z^ , a?, y^ z^ be the co-ordinates of two of the points, 
^f y, z the relative co-ordinates of the second with regard to 
the first, Wj V, w^, «,, v^, w^ the velocities of each parallel to the 
axes, u, V, w the velocities of the second relatively to the first. 

Then 



W=IV^-X„ 


«=«,-«,, 


y=y^-yi> 


v = t>,-t»„ 


z = z^-z„ 


«;=w,— Wj. 



The second group may be derived from the first by diflfer- 
enliation with respect to t 

Now, when the actual motions of the two are given, all 
the subscribed quantities are known. ^ Hence the above 
equations give the circumstances of the relative motion. 

Or if the actual motion of the first, and the relative motion 
about it of the second, be known, we have xyz^uvw^ x^y^z^, 
u V. Wj, to find the other six quantities for the actual motion 
of tne second in space. 

A second diflferentiation proves the statement in § 26 
regarding relative acceleration. 

32. Some of the bfest illustrations of this part of our sub- 
ject are to be found in what are called Curves of Pursuit* 

These questions arose from the consideration of the path 
taken by a dog, who in following his master always directs 
his course towards him. 

In order to simplify the question the rates of motion of 
both master and dog are supposed to continue constant; or at 
least to have a constant ratio. 
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33. As an instance of the curve of pursuit, suppose it be 
required to determine the path of a point P which continually, 
with constant velocity u, moves towards another point Q which 
is describing a straight line with constant velocity v. 

The curve of course is plane. Take the Kne of motion 
of the second point Q as the axis of ic, and let w denote 
its position at the instant when the co-ordinates of the first,. 




P,"are x, y. The axis of y is chosen as that tangent to the 
curve of pursuit which is perpendicular to the axis of a:, and 
the distance between the points in that position is a, 

.Let - = 6, then by the conditions of the problem we have 

eAP^OQ, 
and PQ a tangent at P. 

Expressed analytically these lead to the following equa- 
tions ; 

_ dx 

The mode of solution is precisely the same whether xox y 
be taken as independent variable: but y is to be preferred as 
it leads to less cumbrous expressions. 

Differentiating therefore with respect to y, we have 
ds _ d^ 

"Ty—ydr 
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But 8 increases as y diminishes, 
^vhence | = -\/{l + (|)}- 
e dy' 

dx 
Integrating, and noting that y = a,-T-:=0, together, 

-="i=-[y^(i)Vi]- 

and therefore, taking reciprocals. 
Subtracting, we have finally 

^l=©"-©' ■■•■<"■ 



^ ^ a' (e + 1; 3^ ' (e - 1) 

But ic = 0,y = a, together; which gives (7= ^^ - . 

Hence 2 fa; 4--^') = -^,^^+ ,-w''' ^ (2). 

This is the correct integral for all values of e except unity, 
when it ceases to have any meaning. To this case we will 
presently recur. 

There are two cases of curves represented by equation (2), 
1st, e>l, 2nd, e<l. 
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In the first case Q moves the faster, and Pcan never over- 
take it; the curve therefore never meets the axis of a?, which 
indeed will be seen by (2) to be an asymptote. 

In the second case equation (2) becomes 



K^-i??)-.- 



y"' gy 



(l + e) i-e' 

CLB doc 

and. for x = , ^ ^ we have y = 0, and also by (1) -r- infinite. 

Hence the curve touches the axis at this .point. The re- 
mainder of the curve satisfies an obvious modification of the 

question, whence it is called the Curve of Flight JIt is to be 

observed, however, that a = , ^ , gives also y = ± a ( :j y\ • 

The distance between P and Q, being 

is easily seen by the fundamental equations to be 



o^> by (1), 






*il£ 



where the sign is to be chosen so as to make the expression 
positive. 

When e>l, this expression is infinite both for .y = oo and 
for y = 0; The minimum value is easily found to be 

ae f e - IN ^ 

When e < 1, the distance vanishes, as we have seen it 
must, when y = 0. 

34. When e = 1, the corrected integral of (1) is 
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This is the only case in which we do not obtain an alge- 
braic curve. Here again the axis of a; is an asymptotCi and 
we easily find 

which shews that the limit to which the distance tends is -x . 

The same result may at once be obtained by putting ^ = 1 in 
the expression for the minimum distance found above in the 
case of e > 1. 

35. As an instance of relative motion let us consider the 
path of P with regard to Q. It will be easy to see that this 
corresponds exactly to the following question. 

A boat, propelled {relatively to the water) with constant 
velocity u, starts from a point A in the bank of a river which 
runs vnth velocity v parallel to Qx, and tends continually to 
the point Q, on the other bank, directly opposite to A; to find 
itspath. 

The constaut velocity of the stteam in this case com- 
municated to P corresponds tQ the constant velocity of Q iu 
the last example, but is in the opposite direction. In fact, 




if the earth were to be supposed moving in the direction xQ 
with constant velocity v, the river would be at rest in space, 
and the actual motions of Pand Q would be the same as in 
the last example. (See § 26.) 
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To investigate the path, take Q as origin, Qx, QA as the 
axes. Then the component velocities of P are v parallel to 
Qx and u along PQ, and the tangent to its path is in the 
direction of the resultant of these two. Putting 6 for PQx, 

we have -^ = v — w cos 5, ^^^dt = "" ^ sin 5, 

whence 

ax v — ui 

«-_ y 

This, being a homogeneous equation, is easily integrated, 
and we have, taking /?? = 0, y = a, as co-ordinates of A, 



dy __ w sin ^ _ sin 
dx^ v — u cos e — cos • 



^ = ^{a? + f)-x (1), 



or 2aj = ay" - a'j^^, 

1 — CCS ^ 



or 



m- 



sin 6/ 



in polar co-ordinates. This evidently gives a parabola about 
Q as focus, if 6=1. 

[Note, The student is not unlikely to be led into a curious 
error in looking at this problem from a geometrical point of 
view. Thus, the velocity along PQ is always in a definite 
ratio to that in MP produced ; why is not the path always 
a conic section of which Q is a focus? The idea is com- 
pletely erroneous (as in fact the above investigation shews), 
but it forms the very best training in a science like Kinematics 
to seek to explain such difficiUties without any aid from 
analysis.] 

' 36.' To find the time of crossing the stream. 
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This may easily be effected by considering the actual 
velocity parallel to the axis of y : 

~ = — wsm^ 
at 



= — w- 



Now taking quotients of ^' by both sides of (1), 

Hence 2 V(a" + /) = ay + a'y'^' ; 

and therefore -^ (ay* + dT'i/"^ = - 2wc?^. 
«/ 

Taking the integral from a to 0, and putting T^ for the 
time of crossing, 

l — e * ^ t^" — i;- 

But, if there had been no current, we should have had for 
the time of crossing, 

2;= -; whence -J^'^-^ 



In the integration we have, of course, e < 1, else the boat 
could not reach Q, 

If e = 1, the boat will reach the farther bank, but not at 
Q. The solution of this case presents no special difficulty. 

37. If the motion of a point in a plane be considered 
with reference to a fixed point in that plane, the rate of in- 
crease of the angle made by the line joining the two, with 
some fixed line in the plane, is called the Angular Velocity of 
the former point about the latter. Unit of angular velocity 
corresponds to the description of an arc equal to radius in 
unit of time. 
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Suppose the above-mentioned angle to be represented 
by d at time t ; then at time t + H it has the value 6 + hdy 
and it may be shewn as before (§ 7), that if <o represent the 
angular velocity required, then 

d0 

Ex. A point moves constantly, with velocity v in a straight 
line ; to find at any instant its angular velocity about a fixed 
point whose distance from the straight line is a. 

Taking as initial line the perpendicular from the fixed 
point on the line of motion, the polar equation of the path is 

r = a sec 0. 
Also, if 5 = 0, when < = 0, we have 

r sin ^ = vt. 
Hence, a tan 0=ivt, 

d0 va va 



and 



a> = 



dt a^ + t;T t" 



38. ^ A point describes a circle with constant velocity ; it 
is required to find the actual angular velocity, and the angular 
velocity (about the center) in any orthographic projection. 

Let ApA' be an ellipse and APA* the auxiliary circle. 
Then the former will be the orthographic projection of the 
latter if its axes be made in the ratio of the cosine of the 
angle (a) between the planes of projection. Also if PpM be 
perpendicular to AA\ P and p will be corresponding points 
in the two. Draw the tangents pT^ PT; then 

?^^!J^^^ andif rOP = ^, 

velocity at jp ^ V(Pr' sin" + PT^cos^0 cos" a) 
P PT 

= V(sin' + cos" cos' a) 

= V(l-sin"acos*^). 
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TVT •!• mr\ I angular velocity at » cUb 
Now, if T02> = ^, ^^ ......p "" ^ 




= -7^ tan"^ (cos a tan 5) 



cos a 



cos* d + cos*^ a sin* 5 

cos a 
1 — sin'^-a sin^ ff * 



This is a maximum if ^ = - , when its value is sec a, 
minimum ... = cos a. 



Hence, if ©^ and w^ be the greatest and least angular 
velocities in the projection, 

V (^i^a) ^s ^^® angular velocity in the original path, 

39. Evidently, the product of the radius-vector into the 
angular velocity is the velocity perpendicular to the radius- 
vector. This is to the whole velocity as the perpendicular on 
the tangent is to the radius-vector ; and therefore the product 
of the square of the radius- vector by the angular velocity is 
equal to the product of the whole velocity by the perpen- 
dicular on the tangent, i. e. to the moment of velocity about 
the pole, § 24, (1), 

40. The rate of increase or diminution per unit of time 
of the angular velocity when variable is called the Angular 
Acceleration, and is measured with reference to the same 
unit angle. 
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41. The motion of a point in a plane being given with 
respect to fixed axes, to investigate expressions for its velocity 
and acceleration relative to axes in the same plane, which re- 
volve about a common origin with constant angular velocity. 

Let 0) be this angular velocity ; then, if at time ^ = the 
fixed and revolving axes coincide, at time t they will be 
inclined to one another at an angle cd*. Hence, if x, y, f, rj be 
the co-ordinates of the point at time t, referred to the fixed and 
to the revolving axes respectively, we have by the ordinary 
formulae for transformation of co-ordinates 



^ = xcoB (ot + y sin cot 
r} = y cos (Dt — x sin cot ^ 

These give, by differentiation, 

d^ dx ^ dv . , / . . X 

-^ = -^ cos ®^ + ;^ sm wt — to [x sm tat —y cos (ot) 



.(1). 



dt 

dx dv . 

='jI cos a}t + -yi sin ©^1+ ayr), 



dt 
dr) dy 



dt 
dx 



.,1 



■C2). 



Similarly, "^ = ;^ ^^s w^ — -^ sin (otV- ©f , 

which determine the velocities relative to the revolving axes. 
Again, 

cP^ t?a? . , cf y . . g. fdx . . di/ \ ,^' 

t5 = j^ cos o)i + 3^ sm (ot — zcol^- sm (ot '- cos cot — ctrt 

dv dr dv \dt at J ^ 

cp77 (fv d?x . . ^ fdu , dx \ . K*^)' 



dt^ 



or 



-^ cos Qnt-^ -ta sm 0)1 — 2a) (-^ sm <*>t-\- -r~ cos a)M — co 77 1 



d^x ^ . d^y . ^ . ft cf 7/ . 



the relative accelerations, 



^cos«,«-^sma,<-2a,^+V, 



.C3'). 
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Now the component accelerations along fixed axes, with 
which at the time t the moving axes coincide, are evidently 
represented by the first two terms of the right-hand sides of 
these equations; or, in terms of the co-ordinates with respect 
to the moving axes, by 



.(4). 



Ex. If the poipt be at rest, x and y are constant, and 



dt 



= cei], 



drj 



= -0,^. 



Also 






These expressions are obvious, as in this case the relative 
motion of the point with respect to the moving axes is a 
uniform circular motion about the origin, in the negative 
direction^ i,e, from the axis of r) to that of f. 

42. Suppose the new axes not to revolve uniformly. 

In this case the investigation is precisely the same as the 
above, with the exception that 6, a given function of t, must 
be substituted for wt If &>, now no longer constant, be put 

for -7- , the student will have no difficulty in verifying the fol- 
lowing expressions, which take the place of (2), (3') and (4) of 
the preceding section. 



d^ dx a dti , ^ , 

dri dy „ dx . . ^ 

- = -f: cos d 7- sm a — wt 

dt dt 



dt 
dt 
de 



.(2.). 



= ^cos^ + ^sin^W^+2a)g,+ g^' 



df 



dt ' 



= -J''°'^-^''''^+'"''-^''Tt-dt^ 



.(3'.). 



S-»^^-^|(-^)' S-«'^-^'.w- 



•(*,). 



T. D. 
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These expressions might have been deduced at once from 
the expressions in § 16, by the consideration of relative accele- 
rations as in § 26. Let OM = f , MF = r), be the co-ordinates 
of the point referred to the moving axes. Then, by § 16, the 
acceleration of M along OM is 

Also, as MP revolves with angular velocity od, the ac- 
celeration of F relative to M, in the direction pei-pendicular 
to MF, is 

This is in the direction of the negative part of the axis of 
f. Hence the resolved part parallel to Of, of the accele- 
ration of F with respect to 0, is 



^^-^'f-^J.^- 



X 



43. The principles already enunciated, and the examples 
given of their application, wiU suffice for the solution of pro- 
blems on this part of the subject. 

Other examples of the application of these principles, 
such as the kinematical part of the investigations of the 
Hodograph, &c., will be more appropriately introduced in 
future cTiapters, 

oj;> EXAMPLES. 

^ J (1) A point moves from rest in a given path, and its 
. > velocity at any instant is proportional to the time elapsed. 
' since its motion commenced ; find the space described in a 
given time. 

•h (2) If a point begin to move with velocity v, and at 
equal intervals of time a velocity u be communicated to it 
in the same direction; find the space described in n such 
. intervals. 
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^ (3) A man six feet high walks in a straight line at the 
rate of four miles an hour away from a street lamp, the height 
of which is 10 feet; supposing the man to start from the 
lamp-post, find the rate at which the end of his shadow 
travels, and also the rate at which the end of his shadow 
separates from himself. 

)L (4) If the position of a point moving in a plane be 
determined by the co-ordinates p and <^, p being measured 
from a fixed circle (radius a) along a tangent which has 
revolved through an angle ^ from a fixed tangent; investi- 
gate the following expressions for the accelerations along and 
perpendicular to p respectively, 

V (5) Prove that it is not possible for a point to move so tf^' ^ 
that its velocity in any position may be proportional to the ^ 
length of the path which it has described from rest: also that ^ ^ 
if its velocity be proportional to the space it has to describe, Z' ♦ ^ ■ 
however small^ it will never accomplish it* 

(6) The velocity of a point parallel to each of three 
rectangular axes is proportional to the product of the other 
two co-ordinates; what are the equations of* the path, and 
what is the time of describing a given portion when the 
curve passes through the origin? 

y^ (7) A point moves in a plane, so that its velocities 
parallel to the axes of x and y are T* 7^ T ''* ' 

u-\-ey and v + €X respectively, - 

shew that it moves in a conic sectioD. 

X (8) Two points are moving with constant velocity in two 
straight lines, 1st in a plane, 2nd in space; given the initial 
circumstances, find when they are nearest to each other. 

I Shew also that in both cases the relative path is a straight 

I line, described with constant velocity. 

^ 3—2 
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(9) A number of points are moving with constant velo- 
city in strsdght lines in space; determine the motion of their 
common center of inertia. (§ 58.) 

')t (10) A cannon-ball is moving in a direction making an 
acute angle 6 with a line drawn from the ball to an observer; 
if V be the velocity of sound, and nF that of the ball, prove 
that the whizzing of the ball at different points of its course 
will be heard in the order in which it is produced, or in the 
reverse order, according as n <> sec ^. 

(11) A particle, projected with a velocity u, is acted on by 

a force, which produces a constant acceleration/, in the plane 

p. of motion, inclined at a constant angle a to the direction of 

( motion. Obtain the intrinsic equation of the curve described, 

and shew that the particle will be moving in the opposite 

direction to that of projection at the time 



u 



Li^caia^ 1 j . 



/cos a 

^ (12) Shew that any infinitely small motion given to a 
plane figure in its own plane is equivalent to a rotation 
through an infinitely small angle about some point in the 
figure. 

Hence shew that the relative motion of two figures in a 
plane may be produced by rolling a curve fixed to one figure 
on a curve fixed to the other figure. (These curves are 
called Centroids.) 

•^ (13) The highest point of the wheel of a carriage rolling 
on a road moves twice as fast as each of two points in the 
rim whose distance from the ground is half the radius of the 
wheel. 



(14) A rod of given length moves with its ends in two 
given lines which intersect; shew how to draw a tangent to 
the path described by any point of the rod. 

1^ (15) Investigate the position of the instantaneous center 
about which the rod is turning, and apply this also to solve 
the preceding question. 

(16) One circle rolls on another whose center is fixed. 
From the initial and final positions of a diameter in each 
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determine what portions of their circumferences have been in 
contact. 

V (17) One point describes the diameter AB of a circle with 
constant velocity, and another the semi-circumference A B from 
rest with constant tangential acceleration ; they start together 
from A and arrive together at B\ shew that the velocities 
at B are as tt : 1, 

(18) In the example of § 33 find in the case of e < 1 the 
length of time occupied in the pursuit. 

(19) In the example of § 34 find the greatest distance 
the boat is carried down the stream, and shew that when 
it is in that position its velocity is *J{u^ — v^). 

O When u = v, shew directly that the curve described is a 
parabola. 

(20) Shew that if p be the radius of curvature of the 
curve of pursuit, we have in the figure of § 33, 

(21) In the case of a boat propelled with velocity u 
relatively to the water in a stream running with velocity v, 
shew that the boat passes from one given point to another in 
the least possible time when its actual path is a straight 
line, 

■^ (22) The velocity of a stream varies as the distance from 
the nearest bank ; shew that a man attempting to swim di- 
rectly across will describe two semiparabolas. (Shew that the* 
sub-normal is constant.) Find by how much the mean velo- 
city is increased. 

^ (23) A point moves with constant velocity in a circle ; 
find an expression for its angular velocity about any point 
in the plane of the circle. 

^ (24) If the velocity of a point moving in a plane curve 
vary as the radius of curvature, shew that the direction of 
motion revolves with constant angular velocity. 

A ^^(25) Two bevelled wheels roll together; having given 
^ the inclinations of the axes of the cones, find their vertical 
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angles that the wheels may revolve with angular velocities 
in a given ratio. 

(26) Supposing the Earth and Venus to describe in the 
same plane circles about the Sun as center; investigate an 
expression for the angular velocity of the Earth about Venus 
in any position, the actual velocities being inversely as the 
square roots of their distances from the Sun. 

^ (27) A particle moving uniformly round the circular base 
of an oblique cone is projected by generating lines on a sub- 
contraiy section ; find its angular velocity about the Center of 
the latter. 

^ (28) If f , 7j denote the co-ordinates of a moving point re- 
ferred to two axes, one of which is fixed and the other rotates 
with constant angular velocity co, prove that its component 
accelerations parallel to these axes are 

/ ^-2a,coseca,<^, 

jA " ^^V + 2o) cot (ot -^ . 

(29) Two lines are moving in their own plane about 
their point of intersection with constant angular Velocities 
ft), 0)' ; if the co-ordinates of a moving point referred to them 
be 0?, y at a time t, prove that its accelerations parallel to the 
axes are , ^ (lID 

^-a " « «^ - 2G) cot (^ "■ ^) ^ ^ - 2w cosec (o) -- o)) < -^ , 

-J? — (o^y - 2g> cosec (©' -^ w) ^ -^ — 2q)' cot (co' — o))t-^ . 

(30) Employ the formulae of § (30) to trace approximately 
the form of the path of C about J., when m is nearly, but not 
exactly, equal to + ri or to — n. 

(31) If an odd numbernofrods OA^, A^A^, A^Ag^...yfhose 
lengths are a, ^ , ;t ,. . . - , are hinged together at ^., -4 ,,. . . and 



Digitized by VjOOQIC 



KINEMATICS. 39 

revolve with constant angular accelerations a, 2«, 3a,... nx, 
about their extremities O^A^A^y, . .A^^, shew that the direction 
of motion of the point A^ at any time is perpendicular to the 
direction of the middle rod; the motion commencing from rest 
with the rods in a straight line, 

V (32) A man is in a boat, on a river, at a distance a 
from the shore, and b from a fall of water ahead. If the velo- 
city of the stream be V, prove that he cannot escape the fall 

unless he can row with a velocity , F; and that in case 

he can just row at this pace, the direction in which he must 
row is at right angles to the line joining his position with the 
point of the bank opposite the fall. Find also the direction 
in which he will have the least distance to row to reach the 
bank, supposing his velocity greater than this minimum. 

(33) If a point is moving in a hypocycloid with velo- 
city u ; and v, V represent the velocities of the center of cur- 
vature and the center of the generating circle corresponding 
to the position of the point, prove that 

(c-6)»"*"(c + 6/ (c-6)^' 

c being the distance between the centers of the generating 
circles, and 6 the radius of the moving circle. 

(34) JV" particles are arranged equably along the circum- 
ference of a circle of radius a ; each continually moves towards 
the next in order with a constant velocity v ; shew that they 
will all arrive together at the center of the circle in the time 

a TT 

— cosec Tr« 

V (35) A point P moves with constant velocity in a circle ; 
Q is a point in the same radius at double the distance from the 
center, PR is a tangent at P equal to the arc described by P 
from the beginning of the motion : shew that the acceleration 
of the point B is represented in direction and magnitude 
hjBQ. 

(36) If a point move in an orbit so that the area de- 
scribed in any time by the radius of curvature is proportional 
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to that time, prove that the direction of the acceleration of the 
point is perpendicular to the line joining the point to the 
corresponding center of curvature of the evolute, and its 
magnitude {F) is given by the equation 



5-'10-j. 



where u is the index of curvature at the point, and c is twice 
the area described in a unit of time. 

(37) A body P is describing an ellipse in any manner: 
Q is a fixed point on the major-axis and PG the normal at 
P. Shew that at the moment when G coincides with Q, the 
angular velocity of P about Q is to its angular velocity about 
G as CD" to CB". 

^ (38) A plane is moving about an axis perpendicular to it, 
and a point is moving in a given curve traced on the plane ; 
in any position © is the angular velocity of the plane, v the 
velocity of the particle relative to the plane, r its distance 
from the axis, p the perpendicular on the tangent, s the arc 
described along the plane ; prove that the acceleration along 
the tangent to the curve is 



fdv d(»>\ 



(39) A particle moves on a surface : v, v are the com- 
ponents of its velocity along the lines of curvature, />, p the 
principal radii of curvature ; prove that the acceleration along 

the normal to the surface = — h — . 

P P 

(40) The intrinsic equation of a curve being s=f{<l)), 
the curve is described by a point with accelerations XY pa- 
rallel to the tangent and normal at the point for which ^ = ; 
prove that 

+ jr^. ( Fcos <}> - Xsin <}>) = 0. 
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o (41) Obtain expressions for the accelerations of a moving 
point whose co-ordinates are r, 6, <^, (1) in the direction of r, 
(2) in the direction perpendicular to the radius vector and in 
the plane of Q, (3) in the direction perpendicular to the plane 
of^. 

A point describes a rhumb line on a sphere in such a way 
that its longitude increases uniformly; prove that the re- 
sultant acceleration varies as the cosine of the latitude, and 
that its direction makes with the normal an angle equal 
to the latitude. 

(42) A rigid plane sheet is deprived by guide-pieces of 
all freedom of motion save parallel to a fixed line in its plane. 
If it be set in motion by the end of a crank, describing a 
given path in a given manner and working in a slot of given 
form cut in the sheet, form the equation of rectilinear motion 

. of the sheet. 

(43) Investigate completely the cases of Example (42) 
when 

^ ^ O {a) the slot is straight, 

(6) the slot is a circular arc, 
the motion of the crank beins: circular and uniform. 
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CHAPTER 11. 



LAWS OF MOTION. 



44. Having, in the preceding chapter, very briefly 
considered the purely geometrical properties of the motion of 
a point or particle, we must now treat of the causes which 
produce various circumstances of motion; and of the experi- 
mental laws, on the assumed truth of which all our succeeding 
investigations are founded. And it is obvious that we now 
introduce for the first time the ideas of Matter, and of Force, 

We commence with a few definitions and explanations, 
necessary to the full enunciation of Newton's Laws and their 
consequences. 

45. The Quantity of Matter in a body, or the Ma^s of 
a body, is proportional to the Volume and the Density con- 
jointly. The Density may therefore be defined as the quan- 
tity of matter in unit volume. 

If M be the mass, p the density, and V the volume, of a 
homogeneous body, we have at once 

M^Vp; 

if we so take our units that unit of mass is the mass of unit 
volume of a body of unit density. K the density vary from 
point to point, we have, of course, 

M=JHpdV. 

As will be presently explained, the most convenient unit 
mass is an Imperial Pound of matter. 

46. A Particle of matter is supposed to be so small that, 
though retaining its material properties, it may be treated, so 
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far as its co-ordinates, &c. are concerned, as a geometrical 
point. 

47. The Quantity of Motion, ox the Momentum, of a 
moving body is proportional to its mass and velocity con- 
jointly. 

Hence, if we take as unit of momentum the momentum 
of a unit of mass moving with unit velocity, the momentum 
of a mass M moving with velocity v is Mv, 

48. Change of Quantity of Motion, or Change ofMomen* 
turn, is proportional to the mass moving and the change of its 
velocity conjointly. 

Change of velocity is to be understood in the general 
sense of § 10. Thus, with the notation of that section, if a 
velocity represented by OA be changed to another represented 
by OG, the change of velocity is represented in magnitude 
and direction by AG. 

49. Ra^e of GJtange of Momentum, or Acceleration ofMo* 
mentum, is proportional to the mass moving and the accelera- 
tion of its velocity conjointly. Thus (§ 17) the acceleration 

of momentum of a particle moving in a curve is M-j-^ along 
the tangent, and M— in the radius of absolute curvature. 

50. The Vis Viva, or Kinetic Energy, of a moving body 
is proportional to the mass and the square of the velocity, 
conjointly. If we adopt the same units of mass and velo- 
city as before, there is particular advantage in defining kinetic 
energy as half the product of the mass into the square of 
its velocity. 

51. Bate of Change of Kinetic Energy (when defined as 
above) is the product of the velocity into the component of 
acceleration of momentum in the direction of motion. 
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52. Matter has the innate property of resisting external 
influences, so that every body, as far as it can, remains at rest, 
or moves with constant velocity in a straight line. 

This, the Inertia of matter, is proportional to the quan- 
tity of matter in the body. And it follows that some cause 
is requisite to disturb a body's uniformity of motion, or to 
change its direction from the natural rectilinear path. 

53. Impressed.Force, or Force simply, is any cause which 
tends to alter a body's natural state of rest, or of uniform mo- 
tion in a straight line. 

The three elements specifying a force, or the three ele- 
ments which must be known, before a clear notion of the force 
under consideration can be formed, are, its place of application, 
its direction, and its magnitude. 

54. The Measure of a Force is the quantity of motion 
which it produces in unit of time. According to this method 
of measurement, the standard or unit force is that force 
which, acting on the unit of matter during the unit of time, 
generates the unit of velocity. 

Hence the British absolute unit force is the force which, 
acting on one pound of matter for one second, generates a 
velocity of one foot per second. 

[According to the common system followed in piodern 
mathematical treatises on dynamics, the unit of mass is g 
times the mass of the standard or unit weight ; g being the 
numerical value of the acceleration produced (in some par- 
ticular locality) by the earth's attraction on falling bodies. 
This definition, giving a varying and a very unnatural unit 
of mass, is exceedingly inconvenient. In reality, standards of 
weight are masses, not forces. They are employed primarily 
in commerce for the purpose of measuring out a definite quan- 
tity of matter ; not an amount of matter which shall be at- 
tracted by the earth with a given force.] 

55. To render this standard intelligible, all that has to 
be done is to find how many absolute units will produce, in 
any particular locality, the same effect as gravity. The way 
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to do this is to measure the effect of gravity in producing 
acceleration on a body unresisted in any way. The most 
accurate method is indirect, by means of the pendulum. 
The result of pendulum experiments made at Leith Fort, by 
Captain Kater, is, that the velocity acquired by a body falling 
unresisted for one second is at that place 32207 feet per 
second. The variation in gravity for one degree of difference 
of latitude about the latitude of Leith is only '0000832 
of its own amount. The average value for the whole of 
Great Britain differs but little from 32*2; that is; the 
attraction of gravity on a pound of matter in this country is 
32*2 times the force which, acting on a pound for a second, 
would generate a velocity of one foot per second ; in other 
words, 32*2 is the number of absolute units which measures 
the weight of a pound. Thus, speaking very roughly, the 
British absolute unit of force is equal to the weight of about 
half an ounce. 

56. Forces (since they involve only direction and mag- 
nitude) may be represented, as velocities are, by vectors, 
that is, by straight lines drawn in their directions of lengths 
proportional to iheir magnitudes, respectively. 

Also the laws of composition and resolution of any number 
of forces acting at the same point, are, as we shall presently 
shew, § 62, the same as those which we have already proved 
to hold for velocities; so that, with the substitution of force 
for velocity, § 10 is still true. 

57. The Component of a force in any direction, sometimes 
called the Effective Component in that direction, is therefore 
found by multiplying the magnitude of the force by the cosine 
of the angle between the directions of the force and the com- 
ponent. The remaining component in this case is perpen- 
dicular to the other. 

It is very generally convenient to resolve forces into com- 
ponents parallel to three lines at right angles to each other ; 
each such resolution being effected by multiplying by the 
cosine of the angle concerned. 

The magnitude of the resultant of two, or of three, forces 
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in directions at right angles to each other, is the square root 
of the sum of their squares, 

58. The Center of Inertia or Mass of any system of 
material points whatever (whether rigidly connected with 
one another, or connected in any way, or quite detached), 
is a point whose distance from any plane is equal to the sum 
of the products of each mass into its distance from the same 
plane divided by the sum of the masses. 

The distance from the plane of yz^ of the center of inertia 
of masses w„ m^, etc., whose distances from the plane are 
x^y 0*2, etc., is therefore 

- _ ^^1^1 + ^2^2+ ^^^' _ ^ (^^) 

mj + m^ + etc. 2m 

And, similarly, for the other co-ordinates. 

Hence its distance from the plane 

S = X^ + /iy + 1/5? — a = 0, 

is D = \x + /jLy + vz — a, 

__ 2 {m (\x + fiy'\'vz — a)} _ 2(wS) 
~" Xm *" 2wi ' 

as stated above. And its velocity perpendicular to that 
plane is 



dD 
at 






from which, by multiplying by 2m, and noting that o is the 
distance of a?, y, z from S = 0, we see that the sum of the mo- 
menta of the parts of the system in any direction is equal to 
the momentum in that direction of the whole mass collected 
at the center of mass. 

59. By introducing, in the definition of moment of velo- 
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city (§ 21), the mass of the moving body as a factor, we have 
an important element bf dynamical science, the Moment of 
Momentum, The laws of composition and resolution are 
the same as those already explained.' 

60. A force is said to do Work if it moves the body to 
which it is applied, and the work done is measured by the 
resistance overcome, and the space through which it is over- 
come, conjointly. 

Thus, in lifting coals from a pit, the amount of work done 
is proportional to the weight of the coals lifted ; that is, to 
the force overcome in raising them ; and also to the height 
through which they are raised. The unit for the measure- 
ment of work, adopted in practice by British engineers, is that 
required to overcome the weight of a pound through the 
height of a foot, and is called a foot-pound. 

In purely scientific measurements, the unit of work is not 
the foot-pound, but the absolute unit force (§ 54) acting 
through unit of length. 

If the weight be raised obliquely, as, for instance, along 
a smooth inclined plane, the distance through which the force 
has to be overcome is increased in the ratio of the length to 
the height of the plane ; but the force to be overcome is not 
the whole weight, but only the resolved part of the weight 
parallel to the plane ; and this is less than the weight in the 
ratio of the height of the plane to its length. By multiplying 
these two expressions together, we find, as we might expect, 
that the amount of work required is unchanged jby the sub- 
stitution of the oblique for the vertical path. 

61. Generally, if s be an arc of the path of a particle, 8 
the tangential component of the applied forces, the work done 
on the particle between any two points of its path is 



I' 



Sds, 

taken between limits corresponding to the initial and final 
positions. 
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Referred to rectangular co-ordinates, it is easy to see, by 
the law of resolution of forces, § 67, that this becomes 



/( 



as as dsj 



Thus it appears that, for any force, the work done during 
an indefinitely small displacement of the point of application 
is the product of the resolved part of the force in the direction 
of the displacement into the displacement. 

From this it follows, that if the motion of a body be 
always perpendicular to the direction in which a force acts, 
such a force does no work. Thus the mutual normal pressure 
between a fixed and a moving body, the tension of the cord 
to which a pendulum bob is attached, the attraction of the 
sun on a planet if the planet describe a circle with the sun 
in the center, are all cases in which no work is done by the 
force. 

In fact the geometrical condition that the resultant of 
X, Y, Z shall be perpendicular to ds is 

ds ds ds ' 

and this makes the above expression for the work vanish. 

62. Work done on a body by a force is always shewn 
by a corresponding increase of kinetic energy, if no other 
forces act on the body which can do work or have work 
done against them. If work be done against any forces, 
the increase of kinetic energy is less than in the former case 
by the amount of work so done. In virtue of this, however, 
the body possesses an equivalent in the f6rm of Potential 
Fnergyy if its physical conditions are such that these forces 
will act equally, and in the same directions, if the motion of 
the system is reversed. Thus there may be no change of 
kinetic energy produced, and the work done may be wholly 
stored up as potential energy. 

Thus a weight requires work to raise it to a height, a 
spring requires work to bend it, air requires work to com- 



Digitized by VjOOQIC 



LAWS OF MOTION. 49 

press it, etc. ; but a raised weight, a bent spring, compressed 
air, etc., are stores of energy which can be made use of iat 
pleasure. 

These definitions being premised, we give Newton's Laws 
of Motion, 

63. Law I. Every body continues in its state of rest or of 
uniform motion in a straight line, except in so far as it mxiy 
he compelled by impressed forces to change that state. 

We may logically convert the assertion of the first law 
of motion as to velocity into the following statements : — 

The times during which any particular body, not com- 
pelled by force to alter the speed of its motion, passes through 
equal distances, are equal. And, again — Every other body in 
the universe, not compelled by force to alter the speed of 
its motion, moves over equal distances in successive intervals, 
during which the particular chosen body moves over equal 
distances. 

64. The first part merely expresses the convention uni- 
versally adopted for the measurement of Time, The earth, 
in its rotation about its axis, presents us with a case of motion 
in which the condition of not being compelled by force to 
alter its speed, is more nearly fulfilled than in any other 
which we can easily or accurately observe. Hence the nu- 
merical measurement of time practically rests on defining 
eqical intervals of time, as times dy^ring which the earth turns 
through equal angles. This is, of course, a mere convention, 
and not a law of nature ; and, as we now see it, is a part of 
Newton's first law. 

The remainder of the law is not a convention, but a great 
truth of nature, which we may illustrate by referring to small 
and trivial cases as well as to the grandest phenomena we 
can conceive. 

65. Law IL Change of motion is proportional to the im- 
pressed force, and takes place in the direction of the straight 
line in which the force acts. 

We have considered change of velocity, or acceleration, 

T. D. 4 



Digitized by 



Google 



50 LAWS OF MOTION. 

as a purely geometrical quantity, and have seen how it 
may be at once inferred from the given initial and final velo- 
cities of a body. By the definition of motion, or quantity of 
motion (§ 47), we see that, if we multiply the change of velo- 
city, thus geometrically determined, by the mass of the body, 
we have the change of motion (§ 48) referred to in Newton's 
law as the measure of the force which produces it. 

It is to be particularly noticed, that in this statement there 
is nothing said about the actual motion of the body before it 
was acted on by the force : it is only the change of motion 
that concerns us. Thus the same force will produce precisely 
the same change of motion in a body, whether the body be at 
rest, or in motion with any velocity whatever. 

66, Again, it is to be noticed that nothing is said as to 
the body being under the action of one force only; so that we 
may logically put part of the second law in the following 
(apparently) amplified form : — 

When any forces whatever act on a body, then, whether 
the body be originally at rest or moving with any velocity 
and in any direction, each force produces in the body the 
exact change of motion which it would have produced if it 
had acted singly cm the body originally at rest 

67. A remarkable consequence follows immediately from 
this view of the second law. Since forces are measured by 
the changes of motion they produce, and their directions 
assigned by the directions in which these changes are pro- 
duced ; and since the changes of motion of one and the same 
body are in the directions of, and proportional to, the changes 
of velocity — a single force, measured by the resultant change 
of velocity, and in its direction, will be the equivalent of any 
number of simultaneously acting forces. Hence 

The resultant of any number of forces {applied at one 
point) is to be found by the same geometrical process as the 
resultant of any number of simultaneous velocities. 

From this follows at once (§ 10) the construction of 
the Parallelogram of Forces for finding the resultant of two 
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forces acting at the same point, and the Polygon of Farces for 
the resultant of any number of forces acting at a point. And, 
so far as a single particle is concerned, we have at once the 
whole subject of Statics. 

68. The second law gives us the means of measuring 
force, and also of measuring the mass of a body. 

For, if we consider the actions of various forces upon 
the same body for equal times, we evidently have changes 
of velocity produced, which are 'proportional to the forces. 
The changes of velocity, then, give us in this case the means 
of comparing the magnitudes of different forces. Thus the 
velocities acquired in one second by the same mass (falling 
freely) at different parts of the earth's surface, give us the 
relative amounts of the earth's attraction at these places. 

Again, if equal forces be exerted on different bodies, the 
changes of velocity produced in equal times must be inversely 
as the masses of the various bodies. This is approximately 
the case, for instance, with trains of various lengths drawn by 
the same locomotive. 

Again, if we find a case in which different bodies, each 
acted on by a force, acquire in the same time the same 
changes of velocity, the forces must be proportional to the 
masses of the bodies. This, when the resistance of the air 
is removed, is the case of falling bodies; and from it we 
conclude that the weight of a body in any given locality, 
or the force with which the earth attracts it, is proportional 
to its mass. The student must be careful to observe that this 
is no mere truism, but is an important part of the grand Law 
of Gravitation. Gravity is not, like magnetism for instance, 
a force depending on the quality as well as the quantity 
of matter in a particle. 

69. It appears, lastly, from this law, that every theorem 
of Kinematics connected with acceleration has its counter- 
part in Kinetics. Thus, for instance (§ 18), we see that 
the force, under which a particle describes any curve, may 
be resolved into two components, one in the tangent to the 
curve, the other towards the center of curvature ; their 
magnitudes being the acceleration of momentum, and the 
product of the momentum into the angular velocity about 

4—2 
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the center of curvature, respectively. In the case of uni- 
form motion, the first of these vanishes, or, the whole force 
is perpendicular to the direction of motion. When there is 
no force perpendicular to the direction of motion, there is 
no curvature, or the path is a straight line, 

Hence, if we resolve the forces, acting on a particle of 
mass m whose co-ordinates are x, y, z, into the three rect- 
angular components X, Y, Z ; we have 

In many of the future chapters these equations will be 
somewhat simplified by assuming unity as the mass of the 
moving particle. When this cannot be done, it is sometimes 
convenient to assume X, F, ^ as the component forces on 
unit mass, and the previous equations become 

m -^ = mX, &c. ; 

from which m may of course be omitted. 

[Some confusion is often introduced by the division of 
forces into "accelerating" and "moving** forces; and it is 
even stated occasionally that the former are of one, and the 
latter of four linear dimensions. The fact, however, is that 
an equation such as 

(Tx ^ 

may be interpreted either as dynamical, or as merely kine- 
matical. If kinematical, the meanings of the terms are 
obvious ; if dynamical, the unit of mass must be understood 
as a factor on the left-hand side, and in that case X is the 
;r-component, per unit of mass, of the whole force exerted on 
the moving body.] 

If there be no acceleration, we have of course equilibrium 
among the forces. Hence the equations of motion of a particle 
are changed into those of equilibrium by putting 

^ = 0, &c. 
70. We have, by means of the first two laws, arrived 
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at a definition and a measure of force ; and have also found 
how to compound, and therefore also how to resolve, forces; 
and also how to investigate the conditions of equilibrium or 
motion of a single particle subjected to given forces. But 
more is required before we can complet'ely understand the 
more complex cases of motion, especially those in which we 
have mutual actions between or amongst two or more bodies; 
such as, for instance, tensions or pressures or transference 
of energy in any form. This is perfectly supplied by 

71. Law III. To every action there is always an equal and 
contrary reaction: or, the mutual actions of any two bodies are 
always equal and oppositely directed in the same straight line. 

If one body presses or draws another, it is pressed or 
drawn by this other with an equal force in the opposite 
direction. If any one presses a stone with his finger, his 
finger is pressed with an equal force in the opposite direction 
by the stone. A horse, towing a l3oat on a canal, is dragged 
backwards by a force equal to that which he impresses on the 
towing-rope forwards. By whatever amount, and in what- 
ever direction, one body has its motion changed by impact 
upon another, this other body has its motion changed by the 
same amount in the opposite direction; for at each instant 
during the impact they exerted on each other equal and op- 
posite pressures. When neither of the two bodies has any 
rotation, whether before or after impact, the changes of velo- 
city which they experience are inversely as their masses. 
When one body attracts another from a distance, this other 
attracts it with an equal and opposite force. 

72. We shall for the present take for granted, that the 
mutual action between two particles may in every case be 
ima^ned as composed of equal and opposite forces in the 
straight line joining them, two such equal and opposite forces 
constituting a " stress" between the particles. From this it 
follows that the sum of the quantities of motion, parallel to 
any fixed direction, of the particles of any system influencing 
one another in any possible way, remains unchanged by their 
mutual action; also that the sum of the moments of momen- 
tum of all the particles round any line in a fixed direction in 
space, and passing through any point moving imiformly in 
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a straight line in any direction, remainis constant. From 
the first of these propositions we infer that the center of 
mass of any system of mutually influencing particles, if in 
motion, continues nioving uniformly in a straight line, unless 
in so far as the direction or velocity of its motion is changed 
by stresses between the particles and some other matter not 
belonging to the system; also that the center of mass of 
any system of particles moves just as all their matter, if con- 
centrated in a point, would move under the influence of forces 
equal and parallel to the forces really acting on its difibrent 
parts. From the second we infer that the axis of resultant 
rotation through the center of mass of any system of par- 
ticles, or through any point either at rest or moving uniformly 
in a straight line, remains unchanged in direction, and the 
sum of moments of momenta round it reifiains constant if the 
system experieinces no force from without. [This principle is 
sometimes called Conservation of Areas, a very misleading 
designation.] These results will be deduced analytically in 
Chap. XII. 

73. What precedes is founded upon Newton's own com- 
ments on the third law, and the actions and reactions con- 
templated are the pairs of forces, of which each pair consti- 
tutes a "stress." In the scholium appended, he makes the 
following remarkable statement, introducing another speci- 
fication of actions and reactions subject to his third law : — 

Si cestimetur agentis actio ex ejus vi et velocitate conjunc- 
tint; et similiter resistentis reactio cestimetur conjwnctim ex ejv^s 
partium singularum velocitaiihus et mrihus resistendi ah earum 
attritions, cohcesione, pondere, et acceUratione oriundis; erunt 
actio et reactio, in omni instrumentorum usu, sihi invicem sem- 
per cequales. 

In a previous discussion Newton has shewn what is to 
be understood by the velocity of a force or resistance; i.e., 
that it is the velocity of the point of application of the force 
resolved in the direction of the force. Bearing this in mind, 
we may read the above statement as follows: — 

If the Action of an agent be measured hy its amx)unt and its 
velocity conjointly; and if similarly, the Reaction of the resist- 
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ance be measured by the velocities of its several parts and their 
several amounts conjointly, whether these arise from friction^ 
coliesion, weight, or acceleration; — Action and Reaction, in all 
combinations of machines, will be equal and opposite, 

74. Newton here points out that resistances against 
acceleration are to be reckoned as reactions equal and oppo- 
site to the actions by which the acceleration is produced. 
Thus, if we consider any one material point of a system, its 
reaction against acceleration must be equal aod opposite to the 
resultant of the forces which that point experiences, whether 
by the actions of other parts of the system upon it, or by the 
influence of matter not belonging to the system. In other 
words, it must be in equilibrium with these forces. Hence 
Newton's view amounts to this, that all the forces of the 
system, with the reactions against acceleration of the material 
points composing it, form groups of equilibrating systems for 
these points considered individually. Hence, by the prin- 
ciple of superposition of forces in equilibrium, all the forces 
acting on points of the system form, with the reactions against 
acceleration, an equilibrating set of forces on the whole sys- 
tem. This is the celebrated principle first explicitly stated 
and very usefully applied by D'Alembert in 1742 and still 
known by his name. 

Newton in the sentence just quoted lays, in an admirably 
distinct and compact manner, the foundations of the abstract 
theory of Energy, which recent experimental discovery has 
raised to the position of the grandest of known physical laws. 
He points out, however, only its application to mechanics. 
The actio agentis, as he defines it, which is evidently equiva- 
lent to the product of the effective component of the force, into 
the velocity of the point on which it acts, is simply, in modern 
English phraseology, the rate at which the agent worke, called 
the Power of the agent. The subject for measurement here 
is precisely the same as that for which Watt, a hundred years 
later, introduced the practical unit of a *' Horse-power,^ or the 
rate at which an agent works when overcoming 33,000 times 
the weight of a pound through the distance of a foot in a 
minute ; that is, producing 550 foot-pounds of work per 
second. The unit, however, which is most generally conve- 
nient is that w^hich Newton's definition implies, namely, the 
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rate of doing work in which the unit of work or energy- 
is produced in the unit of time. 

75. Looking at Newton's words in this light, we see by 
§ 51 that they may be logically converted into the following 
form: — 

" Work done on any system of bodies (in Newton's state- 
ment, the parts of any machine) has its equivalent in work 
done against friction, molecular forces, or gravity, if there be 
no acceleration; but if there be acceleration, part of the work 
is expended in overcoming the resistance to acceleration, and 
the additional kinetic energy developed is equivalent to the 
work so spent.** 

When part of th-e work is done against molecular forces, 
as in bending a spring; or against gravity, as in raising a 
weight; the recoil of the spring, and the fall of the weight, 
are capable, at any future time, of reproducing the work 
originally expended (§ 62). But in Newton's day, and long 
afterwards, it was supposed that work was ah^lutely lost by 
friction. 

76. If a system of bodies, given either at rest or in mo- 
tion, be influenced by no forces from without, the sum of the 
kinetic energies of all its parts is augmented in any time by 
an amount equal to the whole work done in that time by the 
mutual actions, which we may imagine as acting between its 
points. When the lines in which these actions act remain all 
unchanged in length, the forces do no work, and the sum of 
the kinetic energies of the whole system remains constant. 
If, on the other hand, one of these lines varies in length during 
the motion, the mutual actions in it will do work, or will con- 
sume work, according as the distance varies with or against 
them. 

77. Experiment has 4sbewn that the mutual actions be- 
tween the parts of any system of natural bodies always per- 
form, or always consume, the same amount of work during 
any motion whatever, by which the system can pass from one 
particular configuration to another: so that each configuration 
corresponds to a definite amount of kinetic energy. [For the 
apparent violation of this by friction, impact, &c. see § 78*.] 
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Hence no arrangement is possible, in which a gain of kinetic 
energy can be obtained when the system is restored to its 
initial configuration. In other words, " the Perpetual Motion 
is impossible'* 

78. The potential energy (§ 62) of such a system, in the 
configuration which it has at any instant, is the amount of 
work that its mutual forces perform during the passage of the 
system from any one chosen configuration to the configura- 
tion at the time referred to. It is generally convenient so to 
fix the particular configuration, chosen for the zero of reckon- 
ing of potential energy, that the potential energy in every 
other configuration practically considered shall be positive. 

To put this in an analytical form, we have merely to 
notice that by what has just been said, the value of 



^K^i^^h^> 



is independent of the paths pursued from the initial to the 
final positions, and therefore that 

XiXdx + Ydy-^-Zdz) 

is a complete differential. If, in accordance with what has 
just been said, this be called —dVj Vis the potential energy, 
and 

^ ^' 

Also, by the second law of motion, if w be the mass of 
a particle of the system whose co-ordinates are x, y, z, we 
have 

^1 -^' = ^v &c. = &c. 

= - dV. 
The integral is 
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that is, the sum of the kinetic and potential energies is con- 
stant This is called the Conservation of Energy. 

In abstract dynamics, with which alone this treatise 
is concerned, there is loss of energy by friction, impact, &c. 
This we simply leave as loss, to be afterwards accounted for 
in physics.. 

78*. [The theory of energy cannot be completed until we 
are able to examine the physical influences which accompany 
loss of energy. We then see that in every case in which 
energy is lost by resistance, heat is generated ; and we learn 
from Joule's investigations that the quantity of heat so gene- 
rated is a perfectly definite equivalent for the energy lost. 
Also that in no natural action is there ever a development of 
energy which cannot be accounted for by the disappearance 
of an equal amount elsewhere by means of some known phy- 
sical agency. Thus we conclude that, if any limited portion 
of the material universe could be perfectly isolated, so as to 
be prevented from either giving energy to, or taking energy 
from, matter external to it, the sum of its potential and kinetic 
energies would be the same at all times. But it is only when 
the inscrutably minute motions among small parts, possibly 
the ultimate molecules of matter, which constitute light, heat, 
and magnetism ; and the intermolecular forces of chemical 
affinity; are taken into account, along with the palpable 
motions and measurable forces of which we become cognizant 
by direct observation, that we can recognise the universally 
conservative character of all natural dynamic action, and per- 
ceive the bearing of the principle of reversibility on the whole 
class of natural actions involving resistance, which seem to 
violate it. It is not consistent with the object of the present 
work to enter into details regarding transformations of energy. 
But it has been considered advisable to introduce the very 
brief sketch given above, not only in order that the student 
. may be aware, from the beginning of his reading, what an 
intimate connection exists between Dynamics and the modem 
theories of Heat, Light, Electricity, &c. ; but also that we may 
be enabled to use such terms as *^ potential energy y' &c. in- 
stead of the unnatural " Force-functions,'' &c. which disfigure 
some of the modem analytical treatises on our subject.] 
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CHAPTER III. 

BECTILINEAR MOTION. 

79. The simplest case of motion of a particle which we 
have to consider is that in a straight line. This may be caused 
by the applied force acting at every instant in the direction of 
motion ; or the particle may be supposed to be constrained 
to move in a straight line by being enclosed in a straight 
tube of indefinitely small bore. As already mentioned, § 69, 
we shall in every case suppose the mass of the particle to be 
unity. 

80. A 'particle moves in a straight line, under the action 
of any forces, whose resultant is in that line; to determine 
the motion. 

Let P be the position of the particle at any time t, /the 
resultant acceleration along OP, being a fixed point in the 
line of motion. 



Let OP=Xy then the equation of motion is 

dPx __ ^ 

dt' "-^^ 

doc 
In this equation /may be given as a function of a?, of -^ , 

or of t, or of any two or all three combined ; but in any case 

the first and second integrals of the equation (if they can be 

dec 
obtained) will give -r- and x in terms of t ; that is, the position 

and velocity of the particle at any instant will be known. 

The only one of these cases which we will now consider 

is that in which /is given as a function of x; those in which 

dos dx 

/is a function of -^ , or of --i- and x, being reserved for the 
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Chapter on Motion in a Eesisting Medium : while those in 
which / involves t explicitly possess little interest, as they 
cannot be procured except by special adaptations ; and can 
even then appear only in an incomplete statement of the cir- 
cumstances of the particular arrangement. 

The simplest supposition we can make is that /is constant. 

81. A particle, projected from a given point with a given 
velocity, is acted on by a constant force in the line of its motion; 
to determine the position and velocity of the particle at any 
time. 

Let A be the initial position oT the particle, Pits position 
at any time t, v its velocity at that time, and / the constant 



■4- 



acceleration of its velocity. Take any fixed point in the 
line of motion as origin, and let OA = a, OP = x. The 
equation of motion is 

Integrating once, we have 

G being a constant to be determined by the initial circum- 
stances of the motion. Suppose the particle projected from 
A in the positive direction with velocity F, then when < = 0, 
t;= F; hence G^V, and 

1 = ''-^+/' (2). 



Integrating again, 



x=C'^Vt^\ft\ 



Digitized by VjOOQIC 



EECTILINEAR MOTION. 61 

But when < = 0, aj = a ; hence C = a, and 

x^a-\-Vt-\-\fe (3). 

Equations (2) and (3) give the velocity and position of the 

particle in terms of t ; and the velocity maybe determined in 

terms of x by eliminating t between them : but the same 

result will be obtained more directly by multiplying (1) by 

dsc 

-T7 and integrating. This gives the equation of energy " 



\{t)-\'"''^f' 



But when x^^a^v^V^ hence C" = -^ —/a, and 
l^^l^+fip-a) (4). 



82. The most important case of the motion of a particle 
imder the action of a constant acceleration in its line of 
motion is that of gravity. For the weights of bodies at a 
given latitude may be considered constant at small distances 
above the Earth's surface, and therefore if we denote the 
acceleration due to the Earth's attraction by ^r, and consider 
the particle to be projected vertically downwards, equations 
(2), (3), (4) of §81 become 



(A 



X being measured as before from a fixed point 
in the line of motion. As a particular instance 
suppose the particle to be dropped from rest at 0. 
At that instant A coincides with 0, and a = 0, 
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Hence v = gt (1), 

i>: = yf (2), 

\^ = 9=>= (3). 

The last of these equations may also be obtained from 

_ d^ _dv _dvdx_ dv 
^~W~ll~'dxdi~'^d^ 

by a single integration. 

83. As another particular instance, suppose the particle * 
to be projected vertically upwards. Here it must be re- 
membered that if we measure x upwards from the point of 
projection, the acceleration tends to diminish x and the 
equation of motion is 

In other respects the solution is the same. Taking, 
therefore, a = in equations {A) and changing the sign oig, 
we obtain 



v=V-gt (4), 

1 

2^ 



x = Yt-\ge (5). 



\^=\v'-9a> (6). 

From equation (4) we see that the velocity continually 

diminishes, and becomes zero when ^ = — ; . and from (6) that 

the height corresponding to t; = 0, or the greatest height to 

which the particle will ascend, is -^ . After this the velocity 

becomes negative, or the particle begins to descend, and 
(5) shews that it will return to the point of projection when 

< = — , as a; then becomes ; and the velocity with which 
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it returns to that point is, by (6), equal to the velocity of 
projection. 

84. A particle descends a smooth inclined plane under 
the acceleration of gravity, the motion taking place in a vertical 
plane perpendicular to the intersection of the inclined with any 
horizontal plane; to determine the motion. 

Let P be the position of the particle at any time t on the 
inclined plane OA, OP = x its distance from a fixed point 




in the line of motion, and let a be the inclination of OA to 
the horizontal line AB. The only impressed force on the 
particle is its weight g which acts vertically downwards, and 
this may be resolved into two, g sin a along, and g cos a per- 
pendicular to OA, Besides these there is the unknown 
force R, the pressure on the plane, which is perpendicular 
to OA : but neither this nor the component g cos a can affect 
the motion along the plane. The equation of motion is 
therefore 

dJ'x 
^=5rsmo', 

the solution of which, as g sin a is constant, is included in 
that of the proposition of § 82, and all the results for particles 
moving vertically under the action of gravity will be made 
to apply to it by writing g sin a for g. Thus, if the particle 
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start from rest at 0, we get from equations (1), (2), (3) of 
§ 82 by this means, 

v=^gBma.t (1), 

a = ^gsma.f (2), 

-^v^—gsina.x (3). 

85. Equation (3) proves an important property with 
regard to the velocity acquired at any point of the descent. 
For, draw PN parallel to AB, and let it meet the vertical line 
through in N, then if t? be the velocity at F, we have 

■^v^^ffsina. OP 

= g.OK 

Comparing this with equation (3) of § 82, we see that 
the velocity at P is the same as that which a particle would 
acquire by falling freely from rest through the vertical dis- 
tance ON; in other words the velocity at any point, of a 
particle sliding down a smooth inclined plane, is that due to 
the vertical height through which it has descended ; a par- 
ticular case of the conservation of energy. 

86. Again from (2) we derive immediately the following 
curious and useful result. 

The times of descent down all chords drawn through the 
highest or lowest point of a vertical circle are equal. 

Let AB be the vertical diameter of the circle, AG any 
chord through A ; join BG; then if y be the time of descent 
down A C, we have by equation (2) of § 84, 

AG=yT*co8BAO. 

But AC = AB cos BA C ; whence 

AB = lgr, 



or 
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which, being independent of the position of the chord, gives 
the same time of descent for alL 




It may similarly be shewn that the time of descent down 
all chords through B is the same. In fact parallel chords, 
drawn through A and B respectively, are of equal length. 




To find the straight line of swiftest descent to a given curve 
from any point in the same vertical plane, all that is required 
is to draw a circle having the given point as the upper ex- 
tremity of its vertical diameter, and the smallest which can 
meet the curve. Hence if BG be the curve, A the point, 
draw AD vertical ; and, with center in AD, describe a circle 
passing through A and touching BC. Let P be the point of 
contact, then -4P is the required line. For, if we take any 

T. D. 5 
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other point, p, in JBC, Ap cuts the circle in some point q, and 
time down Ap > time down Aq, i.e. > time down AP. 

If the given curve be not plane, or for a surface, a sphere 
must be described passing through A, with center in AD, so 
as to touch the curve or surface; and the proof is precisely as 
before. 

87. In § 84 we have supposed the inclined plane to be 
smooth, but the motion will still be constantly accelerated 
when the plane is rough. For since there is no motion per- 
pendicular to OA (see fig. § 84), we must have 

Ii = g cos a. 

If fi then be the coeflScient of kinetic friction, which is 
known by experiment to be independent of the velocity of the 
particle, the retardation of friction will be fiR or (ig cos a, 
and the equation of motion will become 

cPx 
-^^gsiaa-^/jugcosa, 

the second member still being constant, and the solution there- 
fore similar to those we have already considered. 

88. When a particle moves under an attraction in its line 
of motion, varying directly as the distance of the particle from 
a fixed point in that line, to determine the motion. 

Let be the fixed point, P the position of the particle at 
any time t, v its velocity at that time, and let OP = x. Then 



/lap 



if /A be the acceleration of a particle due to the attraction at 
a unit of distance from 0, which is supposed known, and is 
called the strength of the attraction, the acceleration at P 
will be fjuc, and if it be directed towards will tend to 
diminish x. Therefore the equation of motion is 



d?="^' 
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<^r -£+/^=^ (!)• 

Multiplying this equation by -^, and integrating, we 
obtain 



KS)'-i(«'-^ <^). 



2^ 
the equation of energy. This may be written 

dx ^fi V (a' - a^) ' 

the negative sign being employed if we suppose the motion 
to be towards 0, and a being the distance from the centre at 
which the velocity is zero. Integrating again, 

^(t — t) = cos" — ; 

or x = acosJfM{t — r) (3), 

the complete integral of (1) ; involving two arbitrary constants 
a and r, the values of which are to be determined from the 
initial distance, and the velocity of projection. Thus from (3)y 

— = v = — V/^siii Vm(^ — t) (4). 

89. Suppose the particle to be projected from A in the 
positive direction with the velocity V, and let OA = b ; then 
when ^ = 0, we have x = b, v=v; and therefore from (3) 
and (4) ^ 

h=^ a cos JfjLT, 

V= a slyi, sin V/i.t, 

which determine a and r, and then (3) and (4) give the 
position and velocity of the particle at any instant. The 
velocity in terms of x is obtained directly from (2), for when 
a? = a, we have t; = F; whence F* = /i. (a'* — J'), and 

6—2 
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90, Eqnaticms (3) and (4) give periodical Talaes of x and 
V, such that all tbe drcnmstances of motion are the same at 

the time ^+ -r— as at the time 1 They also shew that the 

velodtj becomes zero when t — r, and that the correspond- 
ing Y^ae of a; is the greatest possible. Hence the par- 
ticle will move in the positive direction to a distance a from 
O, and then begin to return. Also, since when V/i(^ — T)=7r, 
we have v==0 again, and x^ — a, it will pass through O, 
move to an equal distance on the other side, and so on : the 
time of a complete oscillation, Ihat is, the time from its leav- 
ing any point until it passes through it again in the same 

Sir 

direction, being -j- • This result is remarkable, as it shews 

that the time of oscillation is independent of the velocity and 
distance of projection, and depends solely on the strength of 
the centre of attraction. 

The above proposition includes the motion of a jMurticle 
within a homogeneous sphere of ordinaiy matter, in a straight 
bore to the center. For the attraction of such a sphere on a 
particle within it is proportional to the distance from the 
center, and the equation of motion is therefore the same as 
that which we have just considered. 

91. Suppose itself to be in motion in the line OA, and 
let ^ denote its position at time t The equation of motion 

and is integrable when f is given in terms of t This may- 
be at once changed into the equation of relative motion 

which is the same as when the point is at rest if ^ = 0, • 

i. e. if the velocity of be constant. If move with constant 
acceleration, a, the oscillatory motion will be the same as be- 
fore, but the mean position will be - behind 0. 
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92. K we have a repulsion from the center, the equation 
of motion becomes 

the integral of which is known to be 

x=^A€ +-06 ; 

and the motion is not oscillatory. If, when f = 0, aj = a, 
v = — a ^f|l, the particle constantly approaches the center but 
never reaches it. 

93. It is to be remarked that we cannot always apply 
the same equation of motion to the negative and positive sides 
of the origin as we have done in the case of § 88. Our being 
able to do so arises from the fact that the expression, fix, for 
acceleration changes sign with x\ for by looking at the figure 
it will be seen that when x is negative the acceleration tends 
to increase x algebraically, and the equation ought properly 
to be written 

d^x , V 

In general, when the acceleration is proportional to the n*^ 
power of the distance, the equations of motion for the posi- 
tive and negative sides of the origin are respectively 
d^x - 

and g„_^(-^)». 

The only cases, therefore, in which the same equation of 
motion will apply to both sides of the origin, occur when n is 

of the form . , where w, m are any whole numbers in- 
cluding zero, since it is only in these cases that we have 
-(-«?)* = «*. 

04. In all other cases the investigation of the motion will 
generally consist of two parts, one for each side of the origin ; 
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and in one case even when n is of the form ^ , .^ it is 

necessary to consider these parts separately, because the form 
of the integral is not sufficiently general to include both. 
This is when m = and m' = — 1, for in that case the equation 
of motion becomes 

dx 
Multiplying this by -j- and integrating we have 



i(sy=^-'*^''s«'. 



which becomes impossible when x is negative. But it is evi- 
dent that we may then write the integral 



>(f)'-a-^log(-.). 



which is, of course, the proper form for the negative side of the 
origin. These equations cannot generally be integrated far- 
ther, but we will sh6w towards the end of the Chapter how 
the time of reaching the origin may be determined. 

95. A particle, constrained to move in a straight line, is 
a^ted on hy an attraction always directed to a point outside 
the line, and varying directly as the distance of the particle 
from that pointy to determine the motion. 

The constraint here contemplated may be conceived by 
considering the particle either as an indefinitely small ring 
sliding on a smooth rod, or as a material particle sliding in a 
smooth straight tube of indefinitely small bore. 

Let AB be the straight line, P the position of the particle 
at any time, the point to which the attraction on P is 
always directed. Draw ON perpendicular to AB, and let 
NP = X ; then if 0P== r, and if ^tt as formerly be the attraction 
at a unit of distance, the attraction on P along PO is /Mr. This 
may be resolved into two, one along and the other perpen- 
dicular to AB, of which the latter has no eflfect on the motion 
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of the particle. The equation of motion is, therefore, since 
the acceleration is /ir coa OPN or iiPN, 

. the same as in § 88. The motion of the particle will there- 
fore be oscillatory about N, the time of a complete oscillation 




2— 
being -— , and all the circumstances of motion the same 

as for a free particle moving in AB under the action of an 
equal center placed at N. 

96. A particle moves in a straight line under the action 
of an attraction always directed to a point in that line and 
varying inversely as the sqtiare of the diMance from that point ; 
to determine the motion. 

Let be the fixed point, P the position of the particle at 



the time t, OP = a?; the equation of motion is 

fi being, as before, the acceleration at unit distance from 0, 
or the strength of the center. 

Multiplying by -^ and integrating, we get 
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2\dt) '^^]^<^\ 



the equation of energy, supposing the particle to start ifrom 
rest at a point A distant a from 0, 






which gives the velocity of the particle at any distance x 
from the origin. Again from (1) 



dx 
di 



=-W^' 



I the 
I a? di 



the neg ative siyn be ing taken, since in the motion towards 0, 
X diminishes as t increases. This gives 



dt /a^ 



X 



^ V 2/A (2 V(owj - aj') 2 V(gw? - a?'j j ' 
Integrating, we have 

Hence ^— t=^s^(ax''0t?) -^vers"^ h V' 



which is the relation between x and ^. 



97. Putting a? = 0, we find that the time of arriving at 
Ois 

TT 



2\/ 2fi' 
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and (1) shews that the velocity at is infinite. On this 
account we are precluded from applying our formulae to 
determine the motion after arriving at 0; but it is to be 
observed that, although at any point very near to there is a 
very great attraction tending towards 0, at the point itself 
there is no attraction at all : and therefore the particle, ap- 
proaching the center with an indefinitely great velocity, must 
pass through it. Also, everything being the same at equal 
distances on either side of the center, we see that the motion 
must be checked as rapidly as it was generated, and therefore 
.the particle will proceed to a distance on the other side of S 
equal to that from which it started. The motion will then 
continue oscillatory. 

98. The above case of motion includes that of a body 
falling from a great height above the Earth's surface. For a 
sphere attracts an external particle with an intensity varying 
inversely as the square of the distance of the particle from 
its center, and therefore if x be the distance of a body from 
the Earth's center, R the Earth's radius, and g the kinetic 
measure of gravity on unit of mass at the Earth's surface, the 
equation of motion will be 

d^x IP 

the same equation as before, if we write fi for gS^. The re- 
sults just obtained will therefore apply to this case. Thus if 
we wish to find the velocity which a body would acquire in 
falling to the Earth's surface from a height h above it, we 
have from (1), putting fi = gR\ 



i'^=5'^S-ra)' 



and therefore if V be the velocity when a? = iJ, i.e. the re- 
quired velocity, 

If h be small compared with B, this may be written 
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from which we see the amount of error introdaced by the 
ordinary formula, § 82, 

If the fall be from an infinite distance, h=^oo,' and we 
have 

Expressed in terms of the radius and the mean density of 
the earth, this becomes 

2 ^ " 3 ' 

which is the kinetic energy acquired by unit of mass falling 
from rest in infinite space to the earth's surface. 

99. A particle is constrained to move in a straight line, 
and is acted on by an attraction, always directed to a point 
outside that line, and varying inversely as the square of the 
distance from that pointy to aetermins the motion. 

Let AB be the straight line, P the position of the particle 
at any "time, the point to which the attraction is always 




directed, ji the strength of the center. Draw O-^T perpendicular 
to AB and let ON = 6, NP = x ; then the attraction on P 

along PO is -^a, and, as in § 95, the only part of this 

which produces motion is the resolved part along PN, There- 
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fore the. equation of motion is 

fix 



{»? + h')i' 



(1). 



dx 
Multiplying by -^ and integrating, we have 



lr^V=l«'= 






a 



2\dtJ 2 {a^ + b')i {a' + b')i* 
where a is the distance from N where the velocity is zero; 

100. This equation cannot generally be integrated farther, 
but in this and every similar case the integration can be per- 
formed if we suppose x always very small. Suppose the 
particle to have been at rest at N, and to have been slightly 
displaced from this position of equilibrium, the displacement 

x^ 
being so small that throughout the motion -rj may be neglected 

X 

in comparison with t . We have from (1), 



df ""T« V ■*"Fy 



d^x ux ^ 
5? +5^ = ^' 



nearly ; 



the same form of equation of motion as that of § 88. The 
motion will therefore be oscillatory, the time of each small 

oscillation being 27r a / — ♦ 
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101. A partide moves in a straight line under the dction 
of attraction varying inversely as the n*** power of the distance of 
the particle from a fixed point in that line; to determine the 
motion. 

Measuring x as before, the equation of motion will be 

dx 
Multiplying by -j- and integrating, we have 

i/^V_i ,__^f_/_i \j_\ ... 

2[dtJ "2^ "n-lU""' a--V ^ ^' 

supposing the particle to start from rest at a distance a from 
the fixed point. 

102. This equation cannot generally be integrated farther, 
but if we suppose the particle to have started from a point at 
an infinite distance, we have a = oo , and 

where v is the velocity from infinity, at the distance x. 
We have therefore in this particular case 
dx / 2fi\i 1 



dx^f 2fi \ i 1 
dt U-l/ ^x' 



dx' \ 2fi J 



Integrating this between the limits a? = a, a? = /8, we have 
for the time of moving from x =- a to x = fi, 

^-»-fi("-^)V--/''^). 

Digitized by VjOOQIC 



BECTILINEAB MOTION. 77 

103. To find T, the time of oscillation, when the ampli- 
tude of oscillation is 2a, 



2\dt 



/ n-1 U"'' aT'J ' 

dx V 2/* Var-'-x"-" 

. /n-1 f I «"-' a;"-' , 

Put py" = .; ^= « .A*; 

W ' dz n-l ' 

4,/, » /"» JL 1 -1 

and T= . ^° ^ a"-' Vl-«) '(f« 

2+1 

V2/t(n-l) U-1 2' 2; 



ii+i 

4a' 



V2/*(n-:i) r(-^+l) 



r 



^{^^ • 



104. The above solution fails when n = 1, but the time of 
falling to the center may be found as follows. The equation 

for this case, as given in § 94, is 



1 (dx^s} . a 



UnJG 

since when a; = a, ^ = 0. Hence, 

^1- 
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the negative sign being taken since x diminishes as t increases. 
Put T for the required time, then 



J a 



dx 




To transform the integral, put a /log - =y. Then we 

have 

dx 

a; = oe- ^, and 3- = — 2a€^«^ V, 

and the limits of y are and 00 , Hence 

^ 
which {Oregorys Examples, p. 466) 

Hence ^ = «\/^' 

and is therefore directly as the distance traversed. 

105. A particle is constrained to move in a straight line, 
and is aci^d on by an attraction directed to a point not in 
that line, and expressed by a function (f> (r) of the distance; to 
determine the time of a small oscillation. 

Employing the same notation as in § 99, the acceleration 

A* 

along PO being ^ (r), its component along PN' is ^ (r) - , 
therefore the equation of motion is 
ax » / \ X 

But r = V(6'+aO = &y(l + ^ 

= 6 approximately. 
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and therefore by § 90, the time of a small oscillation is 






2- ^ ' ^xs) 



EXAMPLES. 

"^ (1) A body is projected vertically upwards with a velocity 
which will carry it to a height 2g ; shew that after three 
seconds it will be descending with a velocity g. 

V (2) Find the position of a point on the circumference of 
a vertical circle, in order that the time of rectilinear descent 
from it to the center may be the same as the time of descent 
to the lowest point. 

'^ (3) The straight line down which a particle will slide in 
the shortest time from a given point to a given circle in the 
same vertical plane, is the line joining the point to the upper 
or lower extremity of the vertical diameter, according as the 
point is within or without the circle. 

)C (*) Find the locus of all points from which the time of 
rectilinear descent to each of two given points is the same. 
Shew also that in the particular case in which the given 
points are in the same vertical, the locus is formed by the 
revolution of a rectangular hyperbola. 

(5) Find the line of quickest descent from the focus to 
a parabola whose axis is vertical and vertex upwards, and 
shew that its length is equal to that of the latus rectum. 

(6) Find the straight line of quickest descent from the 
focus of a parabola to the curve when the axis is horizontal. 

-y (7) The locus of all points in the same vertical plane for 
which the least time of sliding down an inclined plane to 
a circle is constant is another circle. 
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i^(8) Two bodies fall in the same time from two given 
points in space in the same vertical down two straight lines 
draAvn to any point of a surface, shew that the surface is an 
equilateral hyperboloid of revolution, having the given points 
as vertices. 

^ (9) Find the form of a curve in a vertical plane, such 
that if heavy particles be simultaneously let fall from each 
point of it so as to slide freely along the normal at that point, 
they may all reach a given horizontal straight line at the 
same instant. 

^ (10) A semicycloid is placed with its axis vertical and 
vertex downwards, and from different points in it a number of 
paiticles are let fall at the same instant, each moving down 
the tangent at the point from which it sets out ; prove that 
they will reach the involute (which passes through the vertex) 
all at the same instant. 

4^ (11) A particle moves in a straight line under the action 

(gxth 
^1 power of the 

distance, shew that the velocity acquired by falling from an 
infinite distance to a distance a from the center is equal to the 
velocity which would be acquired in moving from rest at a 

distance a to a distance -j . 

4 

/^ (12) A particle moves in a straight line from a distance a 
towards a center of attraction varying inversely as the cube 
of the distance ; shew that the whole time of descent 



7^ (13) A particle is placed at a given point between two 
centers of equal intensity attracting directly as the distance ; 
to determine the motion and the time of an oscillation. 

Let 2a be the distance between the centres, x the distance 
of the particle at any time from the middle point between 
them, then the equation of motion is 
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= — 2 fix. 
Hence, the time of an oscillation = 



V(2/*)* 

r (14) If a particle begin to move directly towards a fixed 
center which repels • with an intensity =/* (distance), and 

with an initial velocity = fi^ (initial distance), prove that it 
will continually approach the fixed center, but never attain 
to it. 

^ (15) A particle acted upon by two centers of attraction, 
each attracting with an intensity varying inversely as the 
square of the distance, is projected from a given point be- 
tween them, to find the velocity of projection that the particle 
may just arrive at the neutral point of attraction and remaiu 
at rest there. 

If fi, /j! be the strength of the centers; a., a, the distances 
of the point of projection from them; and F the initial velo- y 
city;wehave . " JT S 'v^A>v, ^c. ^"^ 



. JCt^ 'V^A>V, 0^« , 



(16) Supposing the earth a homogeneous :spheroij 
eq uilibriu m, the time of descent of a body let fall from any 
point F on the surface down a hole bored to the center C^ 
varies as CP, and the velocity at the center is constant. 

f^l7) A material particle placed at a center of attraction 
varying as the distance, is urged from rest by a constant force 
which acts for one-sixth of the time of a complete oscillation 
about the center, ceases for the same period, and then acts as 
before, shew that the particle will then be retained at rest, 
and that the distances moved through in the two periods are 
equaL 

/ (18) A body moves firom rest at a distance a towards 
a center of attraction varying inversely as the distance, shew 
that the time of describing the space between fia and /3^a will 

be a maximum if ^ = — j— . 

T. D. 6 
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^— S^'^ (19) If the time of a body's descent in a straight line 
CC J- towards a given center of attraction vary inversely as the 

square of the distance fallen through, determine the law of the 

attraction. 

\i A (20) Assuming the velocity of a body falling to a center 

^ p of attraction to be as a / , where a is the initial and x 

^' the variable distance from the center, find the law of the 
•i*^ attraction. 

(21) Find the time of falling to the center when the 
attraction x (dist.)'"^. 

(22) Shew that the time of descent, to a center of at- 
traction oc (dist.)"*, through the first half of the initial dis- 
tance, is to that through the last half as tt + 2 : tt — 2. 

\ ^ (23) A particle descends to a center of attraction, inten- 
\j' sity QC (dist.)*. Find n so that the velocity acquired from 
•^ infinity to distance a, shall be equal to that acquired from 
distance a to distance Ja, from the center. 

^ (24) A particle is placed at the extremity of the axis of a 
thin attracting cylinder of infinite length and of radius a, 
shew that its velocity after describing a space x is propor- 
tional to 

/l^gaj + V(^ + a») 



V' 



a 



(25) A particle falls to an infinite homogeneous solid 
bounded by a plane face, find the time of descent. 

(26) Every point of a fine uniform ring repels with an 
intensity oc (dist.)"*, find the time of a small oscillation in its 
plane, about the center. 

(27) Shew that a body cannot move so that the ve- 
locity shall vary as the distance from the beginning of the 
motion. And if the velocity vary as the cube root of that 
distance, determine the acceleration, and the time of describ- 
ing a given distance. 
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(28) Shew that the time of quickest descent down a focal 
chord of a parabola whose axis is vertical is 

where I is the latus rectum. 

(29) An ellipse is suspended with its major axis vertical, 
find the diameter down which a particle will fall in the least 
time, and the limiting value of the excentricity that this may 
not be the axis major itself. 

X (30) Particles, slide down chords from a point to a curved 
surface, under the attraction of a plane whose attraction is as 
the distance, and they reach the surface in the same time ; 
shew that the surface is generated by the revolution (about a 
line whose length is a through perpendicular to the plane) 
of the curve whose polar equation about is 

p cos ^ = a {1 — cos (k cos 9)}. 

X, (31) If the particles commence their motion at the surface, 
and reach after a given time, the equation of the generating 
curve is 

p cos ^ = a {sec (k cos 0) — 1}. 

(32) Prove that the times of falling through a given dis- 
tance AC towards a center 8, under the action of two attrac- 
tions, one of which varies as the distance, and the other is con- 
stant and equal to the original value of the first, are as the 
arc (whose versed sine is AC) to the chord, in a circle whose 
radius is A8. 

(33) The earth being supposed a thin uniform spherical 
shell, in the surface of which a circular aperture of given radius 
is made, if a particle be dropped from the center of the aper- 
ture, determine its velocity at any point of the descent. 

>(, (34) If a particle fall down a radius of a circle under the 
action of an attraction oc (Dy in the center, and ascend the 
opposite radius under the action of a repulsion of equal in- 
tensity at equal distances from the center, shew that it will 
acquire a velocity which is a geometric mean between the 
radius and the intensity at the circumference. 

6—2 
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(35) If a particle fall to a center of attraction of inten- 
sity oc (P) ; determine the constant attraction which would 
produce the effect in the same time, and compare the final 
vel6cities. 

(36) Find the equation of the curve down each of whose 
tangents a particle will slide to the horizontal axis in a given 
time. 

(37) A sphere is composed of an infinite number of free 
particles, equally distributed, which gravitate to each other 
without interfering ; supposing the particles to have no initial 
velocity, prove that the mean density about a given particle 
will vary inversely as the cube of its distance from the center. 

(38) Prove that if PQ be a chord of quickest descent from 
one curve in a vertical plane to another, the tangents at P and 
Q are parallel and PQ bisects the angles between the normals 
and the vertical. 

^ (39) A rough horizontal plane has the co-efficients of fric- 
tion at any point proportional to the distance from a fixed 
point S to which an attraction tends whose intensity is 
fi (dist.)"', prove that if a particle be placed at a distance 
a tan a fi:om 8 it will arrive at /S in time 

-^ log (sec 2a), 

a being the distance at which the particle must be placed so 
as to be on the point of moving. 

(40) If a particle P move from rest under the action of 
an attraction tending to a point 8 measured by the accelera- 
tion n^8P, determine the time from rest to rest; and shew 
that, if a small constant retardation /act through a portion of 
the path extending equally on each side of 8 the time will be 
unaltered, and the diminution of the amplitude of one oscilla- 
tion will be -4 cos nr, r being the time when the disturbance 
begins. 
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"^ (41) A fine thread having two weights each equal to P 
suspended at its extremities is hung over two smooth pegs in 
the same horizontal line ; a weight Q is then attached to the 
middle point of the portion of the string between the pegs, 
and allowed to descend under gravity; shew that the velocity 
of Q at any depth o) below the horizontal line is 

V Q{x' + a') + 2Px' 

(42) An elastic string has its ends fastened to the ends 
of a rod of equal length. The middle point of the string is 
fastened, and at that point is placed a center of repulsion, 

which repels every particle of the rod with an intensity . . ,g . 

The rod is then moved parallel to itself through a distance 
equal to half its length. If in this position the elasticity of 
the string is such that the rod is in equilibrium, shew that if 
slightly displaced perpendicular to its length, the time of a 
small oscillation 



= 47r 



/nzn 

V fi{o+j2y 



Y^ 43. A particle moves in a straight line under an attraction 

x^ 
to a centre in the straight line fix+2fjb —^, and starts from 

rest at a distance a from the centre; shew that after a time t 
the distance from the centre will be 



^fl §08 am \Ifi (mndnhm a!)^ 



OLK 



Ir-'^t 



">»- '■-P^- '^[■f'^'^'J 
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(86) 
CHAPTER IV. 

PABABOLIC MOTION. 

106. In this chapter we intend to treat principally of the 
motion of a free particle which is subject to the action of 
forces whose resultant is parallel to a given fixed line. 

The simplest case of course will be when that resultant is 
constant. The problem then becomes the determination of 
the motion of a projectile in vacuo and unresisted, since the 
attraction of the earth may be considered within moderate 
limits as constant and parallel to a fixed line. This we will 
now consider. 

107. A free particle moves under the action of a vertical 
attraction whose intensity is constant; to determine the form 
of the path, and the circumstances of its description. 

Taking the axis of x horizontal and in the vertical plane 
and sense of projection, and that of y vertically upwards, it 
is evident that the particle will continue to move in the plane 
of xy, as it is projected in it, and is subject to no force which 
would tend to withdraw it from that plane. 

The equations of motion then are 

df'^' df ^' 

if ^ be the kinetic measure of the attraction per unit of mass. 

Suppose that the point from which the particle is projected 
is taken as origin, that the velocity of projection is F, and • 
that the direction of projection makes an angle a with the 
axis of X. 

The first and second integrals of the above equations will 
then be 

— .= Fcosa, -—= Vsina — fft (1). 

a;= Fcosa. ^, y= Fsina.^-^ (2). 
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These equations give the co-ordiaates of the particle and 
its velocity parallel to either axis for any assumed value of 
the time. 

Eliminating t between equations (2) we obtain the equa- 
tion of the trajectory, viz. 

^ 2F*cos''a ^ ^^ 

which shews that the particle will move in a parabola whose 
axis is vertical, .and vertex upwards. 

108. Equation (3) may be written 

, 2F^sinacosa 2F'cos*a 
or a? = y, 

I F*sinacosa\* 2 F" cos' a/ F'sin*a\ 
or (. ) ^_(y ^). 

By comparing this with the equation of a parabola re- 
ferred to its vertex as origin, we find for the co-ordinates x^ y^ 
of the vertex 

_ F* sin a cos a _ F'sin'g 
""' ~9 ' ^'-~^- 

Hence we obtain the equation of the directrix 

, , F'sin'a . F«cos«a F« 
y = yo + i (parameter) ^ __ 4. ___ = _. 

Now if t; be the velocity of the particle at any point of 
its path, 

= {V cos* a) + (V* sin* a -2Vg sin a. t+g'f) 

^V*-2ffiVwiia.t-ye) 

= V*-2gy, by (2). 



Digitized by VjOOQIC 



88 PARABOLIC MOTION. 

To acquire this velocity in falling from rest, the par- 
tide must have fallen, § 82, through a height ^, or 

5 y, i.e. through the distance from the directrix. 

109. To find the time of flight along a horizontal plane. 
Put y = in equation (3). The corresponding values 

of X are and sin a cos a. But the horizontal velocity 

is Fcos a. Hence the time of flight is ; and, ceteris 

paribus, varies as the sine of the elevation (inclination to the 
horizon) of the direction of projection. 

110. To find the time of fiight along an inclined plane 
parsing through the point of projection. 

Let its intersection with the plane of projection make an 
angle /8 with the horizon ; it is evident that we have only to 
eliminate y between (3) and y = a? tan )8. 

This gives for the abscissa of the point where the pro- 
jectile meets the plane, 

2F* . 

a?j= — - (sm a cos a — tan )8 cos' a) 

if 

^ aF'cosasin(g-y8) 
"~ gcoa^ 

Hence time of flight 

^ ^1 ^2F sin(g-)8) 
"" Fcos a"" g cosfi 

111. To find the direction of projection which gives ilie 
greatest range on a given plane. 

F* 

The range on the horizontal plane is — sin 2a. For a 

given value of Fthis will be greatest when 
2a = 2,ora = j. 
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SB 

That on the inclined plane is • — ^ , or 
^ cos /8 

. ^-5 cos a sin (a — ^8). 

^ cos^ p ^ ^ 

That this may be a maximum for a given value of Fwe 
must equate to zero its differential coeflScient with respect to 
o, which gives the equation 

oosacos(a — y8)-sinasin (a — )8) = 0, 

or co8(2a-)8) = 0; 



whence 



'W*A 



Hence the direction of projection required for the greatest 
range makes with the vertical an angle 



-«.=i(i-^)' 



that is, it bisects the angle between the vertical and the plane 
on which the range is measured. 

112. To find the elevation necessary to the particle* s pass- 
ing through a given point. 

Suppose the point in the axis of x and distant a from the 
origin. Then we must have 
72 



sin 2a = a. 
9 



ga 



Let a' be the smallest positive angle whose sine is ^ 

The admissible values of \ are ^ and • — ^ — ; so that we 

see there are two directions in which a particle may be pro- 
jected so as to reach the given point, and that these are 

equally inclined to the direction of projection fa =.7] which 

gives the greatest range. 
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Suppose the given point to Ke in the plane which makes 
an angle /3 with the horizon. Then if its abscissa be a, we 
must have 

^ cos a sm (a — ^) = a. 

K a', a" be the two values of a which satisfy this equa- 
tion, we must have 

cos OL sin (a' — yS) = cos a ' sin (a" — )8) ; 
and therefore a" — )8 = ^ — a', 



or 



'"-2(I^^) = Kl + ^)-'' 



Hence, as before, the two directions of projection, which 
enable the particle to strike a point in a given plane through 
the point of projection, are equally inclined to the direction of 
projection required for the greatest range along that plane. 

113. To find the envelop of ail the trajectories correspond- 
ing to different values of ou 

Differentiating equation (3) with respect to a, we get 

, qx sin a 
sec*a — ^;^ — 8-= ^> 
Faces' a 

or tana = — (4). 

gx ^ ^ 

The elimination of a between (3) and (4) gives us as the 
equation of the required envelop 



or 



_ V\ go? 



This represents a parabola, whose axis is vertical, whose 
focus is the point of projection, and whose vertex is in the 
common directrix of the trajectories. 
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It will easily be seen from what has gone before that there 
are two directions of projection, so that the particle may pass 
through any given point within this parabola, only one for a 
point in it; and of course there is no possibility of its reaching 
(with the given velocity F) any point without this parabola. 

114. By a somewhat simpler method of considering the 
problem we might easily have arrived at some of the more 
obvious properties of the trajectory, thus. 

Take the direction of projection as the axis of x, and the 
vertical downwards from the point of projection as that of y. 
By the second law of motion we may consider the velocity 
due to projection to be maintained constant (=F) parallel to 
the axis of a?, while we have in addition parallel to the axis 
of y the portion due to gravity as investigated in § 82. 



Hence 



60= Vt) 



at any time, 



2F* 

and therefore a' = y, 

*/ 

the equation of a parabola referred to a diameter and the 
tangent at its vertex. The distance of. the origin from the 

directrix, being J*^ of the coefficient of y, is ^— , and the 

velocity due to a fall through that height is as before 



y(^^-^-''- 



115. Many properties of parabolic motion are more easily 
obtained by geometry than by analysis. We proceed to give 
a few examples. 

Thus suppose in the figure to be the point of projection, 
MN the directrix common to the trajectories of all particles 
projected from in the plane of the figure with a given velo- 
city, and suppose it be required to determine the direction of 
projection for the greatisst range along the plane 0^. Since 
is a point in each trajectory and MN the common directrix, 
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the foci of all possible trajectories lie in the circle MF'FF'* 
described with center and touching MN in M. 

Take any point in this circle as P, then the path whose 
focus is F' will intersect 08 again in a point P such that if 
FN' be drawn perpendicular to MN, F F^ PN\ Now in 
order that P may be as far as possible from 0, at P suppose, 
it is evident (ex absurdo) that the focus must be taken at the 
point F where 08 meets the circle. But the tangent at 
bisects the angle between the diameter MO and the focal 
distance OF, Hence the direction of projection for the 
greatest range on an inclined plane bisects the angle between 
the plane and the vertical. 

Again, if with center P and radius PF an arc be de- 
scribed cutting F'FF' in F" y it is evident that the trajectories 



h 






Q 


M 


r 


.r s 




/^ 


P' 


^^ 


u 
T 


y 





whose foci are F^ F\ will intersect 08 in the same point P, 
Hence, since the directions of projection for these cases will 
bisect the angles MOF, MOF respectively, we see that to 
strike a given object there are in general two directions of 
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projection, and that these are equally inclined to the di- 
rection which gives the greatest range on the plane passing 
through the object and the point of projection. 

Again, for the envelop of all the trajectories. It is evi- 
dent that P must be a point in the envelop ; since it is the 
ultimate position of P', when the two* parabolas which inter- 
sect in that point have become indefinitely nearly coincident. 
Draw PN perpendicular to MN, and produce it till NQ = FO. 
Draw QR parallel to NM, and cutting OM m R. ^Q is a 
fixed line since RM= MO, and as 0P= PQ we see that the 
envelop is a parabola whose focus is and directrix RQ. 

It may be seen at once that it touches in P the only tra- 
jectory which can pass through that point. For the tangent 
to either curve at P bisects the angle OPQ or FPN. 

116. Ex. It is required to throw a shell with given 
velocity so as to strike at right angles an inclined plane through 
the point of projection. 

The letters being the same as before, join ST cutting 




MFF" in F". Draw F'FN" perpendicular to MS cutting 
OS in F. Find F' so that P'F^FF"^FN\ P' is a 
point in the trajectory whose focus is F\ Hence the tangent 
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at r bisects FFN\ But OF bisects F'FF\ Hence the 
trajectory at F is perpendicular to 08. 

Also as F" is the focus of the other path by which the 
point F might be reached, F will be the vertex of that path, 
and therefore the particle will be moving horizontally when 
it reaches F\ 

117. Even if the plane along which the range is mea- 
sured do not pass through the point of projection, a somewhat 
similar construction will enable us to find the direction of 
projection for the maximum range. Thus, 

Let it be required to find the direction of projection from 

A P' P 




with velocity due to -40 in order that the range on a hori- 
zontal line MNmsij be a maximum. 

Suppose Q^ the point where the projectile falls. Join 
^F, F'O, F being the focus of the path. Then if QF be 
vertical and meet the horizontal line through J. in P', we 
have F'Q ^QF. This is true of each of the paths, and 
QF is constant. The farthest point Q which can be reached 
will therefore be determined by inflecting OQ to MN, where 
OQ— OA + FQ^ and therefore if AO = a, AM = 6 the cosine 

of double the requisite angle of elevation will 



'K^)- 



Should lOTbe an inclined plane, we must evidently draw 
a line (^0^ and the corresponding vertical QF\ such that if 
0,0 meet the circle in F, FQ == QF 
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This resolves itself into the well-known geometrical 
problem of describing a circle whose center is in a given line, 
and which touches a given circle, and a given straight line. 




Of the two solutions, which this problem admits of, one 
belongs to MN, the other to Jf^ produced to the other side 
of the point of projection. 

118. Perhaps, however, the most satisfactory method of 
solving all such problems about the maximum range, is to 
describe the parabola which envelops all the trajectories. 
The point where this cuts the plane, &c. on which the range 
is estimated, gives the maximum value of the range, and it is 
then easy from known properties of the envelop to construct 
for the required path. 

119. Let P be any point in the trajectory, S its focus, 
BNy ALy the directrix, and the tangent at the vertex. 



A 
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Then (velocity at P)' = "ig PiV= "Ig 8P 
= (by a property of the parabola) -^ 8L^ ^9^4 ^^' 

Hence velocity at PccSN; and, since by the figure 
SL = LN, PL is the tangent at P and is perpendicular to 

8N. 

Hence as SNis perpendicular to the direction of motion 
at P, proportional to the velocity at P, and drawn from a fixed 
point 8, the locus of N is the Hodograph (§ 20) turned through 
a right angle about 8. As this is a horizontal straight line^ 
the Hodograph is a vertical line. 

This result will be found of considerable utility in 
solving various problems in the common vacuum theory of 
projectiles. It is evident that 8B, jBJV represent the hori- 
zontal and vertical velocities at P, in the same scale in which 
8N represents the entire velocity at that point. 

120. It may be interesting to anticipate a little here, by 
introducing matter properly belonging to the next chapter. 
We wish to shew that the above geometrical constructions 
can easily be extended to paths of projectiles when they are 
so large as to require us to take account of the variations in 
the direction and amov/nt of gravity. The following sections 
are taken from the Proc. B.8.E. 1865-6. 

121. When, instead of supposing gravity to be of constant 
amount, and to act in parallel lines, we take the more accurate 
assumption that it tends to the center of the Earth, and varies 
inversely as the square of the distance from that point. Chap- 
ter V. shows us that in general the path of a projectile is an 
Ellipse, one of whose foci is at the Earth's center, and the 
length of whose major axis depends only on the velocity of 
projection. The following propositions (among many others 
analogous to those just given) may then be enuntiated. 

1. The locus of the second foci of the paths of all. pro- 
jectiles leaving a given pointy with a given velocity, in a 
vertical plane, is a circle. 
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2. The direction of projectioti, for the greatest range on 
a given line, passing through the point of projection, bisects 
the angle between the vertical and the line. 

8. Any other point on the line, which can be reached at 
all, can be reached by two different paths, and the directions 
of projection for these are equally inclined to the direction 
which gives the maximum range, 

4. If a projectile meet the line at right angles, the jpoint 
which it strikes is the vertex of the other path by which it 
may be reached. 

6. The envelop of all possible paths in a vertical plane 
is an ellipse, one of whose foci is the center of the earth, and 
the other the point of projection. 

The proofs of these propositions are extremely simple. 
Thus, let E be the earth's center, P the point of projection, 




A the point which the projectile would reach if fired vertically 
upwards. With center E, and radius EA^ describe a circle in 

T. D. 7 
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the common plane of projection. This, the circle of zero 
velocity, corresponds to the common directrix of the para- 
bolic paths in the ordinary theory. If F be the second 
focus of any path, we must hav^ EP+PF constant, be- 
cause the axis major depends on the velocity, not the 
directiouy of projection. Hence (1) the locus of F is the 
circle AFO, Again, since, if -F be the focus of the path 
which meets PR in Q, we must have FQ = Q/S, it is obvious 
that the greatest range Pq is to be found by the condition 
Oq = qs. is therefore the second focus of this trajectory, 
and therefore (2) the direction of projection for the greatest 
range on PB bisects the angle APB. If QF= QF' = QS, F 
and F are the second foci of the two paths by which Q may be 
reached ; and, as ^ FPO = ^ FPO, we see the truth of (3), 
If Q be a point reached by the projectile when moving in 
a direction perpendicular to Pft, we must evidently have 
PQF' = jlPQF=^^ SQR = z EQP; i.e. EQ passes through 
F\ This case is represented on the other side of the diagram 
-— where fg=^gh= fg. The ellipse whose second focus is/ 
evidently meets Pr at right angles: and that whose second 
focus is jT has (4) its vertex at g. The locus of j is evidently 
the envelop of all the trajectories. Now 

Pq^P0+0q--PA+0q, 

Eq^Ea^aq^EA- Oq. 

Hence 

Pq'\-Eq^PA+AE, 

or (5) the envelop is an ellipse, whose foci are E and P, and 
which passes through A. 

122. When a particle move$ subject to the action of two 
centers y one attractive cund the other repulsivey where the law is 
the direct distance and the strengths the same, its motion loill 
be the same as that of a projectile in vacuo. 

For the whole force on the particle resolved perpendicular 
to the line joining the centers is evidently zero, and that 
parallel to this line is equal to that which would be exerted 
by either of the centers on a particle placed at the other; and 
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always tends in the direction parallel to that from the repelling, 
to the attracting, center. It corresponds therefore exactly 
to gravity, withm moderate elevations above the earth's sur- 
face. 

. 123. Again^ if a particle moves on a plane inclined to the 
horizon at an angle 6y the acceleration is, by § 84, g sin 
parallel to the line of greatest slope on the plane, and there- 
fore the trajectory will still be a parabola, whose dimensions 
will depend upon 0. 

Ex. A particle is projected from a given point with a 
given velocity, and moves on an inclined plane ; find the locus 
of the directrices of its path for different inclinations of the 
plane. 

It will be easily seen that when a particle moves on an 
inclined plane, the velocity at any point is equal to that 
which would have been acquired by sliding from the directrix; 
that is (§ 85) equal to the velocity due to the fall from a hori- 
zontal plane through the directrix. Now the velocity is given 
constant, hence the locus of the directrices is a horizontal 
plane. 

124. A particle moves subject to an aUraction always 
perpendicular to a given plane, its intensity being a ^function 
of the distance of the particle from the plane : to determine 
the motion. 

It is evident that the motion will be confined entirely to 
a plane through the direction of projection perpendicular to the 
attracting plane. Let us take the plane of motion as that of 
xy, the axis of x lying in the attracting plane. Let (f/ (J9) be 
the acceleration at distance D, where 0' is the derived function 
of 0. Then the equations of motion are 

Suppose the particle projected from a point (a, 5), in a 
direction making an angle a with the axis of x, and with a 
velocity F. 

7-2 
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Multiplying by -^, ^, and integrating we get 

Hence 

a particular case of conservation of energy. 

To find the diflFerential equation of the path, we have 
dy 

di_dy_ ^/[^sm*a+2{<f>{b)^<|>(y)]] 
^ dx Fcosa ' 

dt 

an equation integrable for particular forms only of the func- 
tion ^. 

An interesting case is that in which the attraction of the 
plane is inversely as the cube of the distance. 



or 



^'(y) = 4, and therefore ^(y) = -i^. 
The differential equation becomes 



or 



dx 
dx 


Fcosa 
ydy 


i) 


F cos a ^ / . / Tr« • a 


-M 



Digitized by VjOOQIC 



PARABOLIC MOTION. 101 

and integrating 

x^a :::;':•.• 

Fees a ^. . - - - . 

F»sin»a-^ 

the equation of a conic; an ellipse, parabola, or liypert)ola, 
according as 

F'sin'a-^ 

is negative, zero, or positive. 

We might have obtained the above results by integrating 
separately the two equations of motion, and then eliminating 
t between them. 

For a repulsion, instead of an attraction, it is easy to see, 
by a slight modification of the above process, that there is 
only one case, and that the curve described is a hyperbola 
whose conjugate axis lies in the intersection of the plane of 
projection and the attracting plane. 

From this we see that the conic sections are the only 
curves which can be described by a free particle moving in 
a plane with acceleration in the direction, and inversely 
as the cube, of the perpendicular distance from a given line in 
that plane. 

The converse of either of the above propositions is easily 
investigated ; thus, taking the first, our problem becomes 

126. To find the attraction perpendicular to an axis that 
a free particle may describe a conic section. 

Take the axis as that of x, and the vertex as origin, then 
the equation 

y* = 2ma?+yw3'.... .(1) 
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will represent, by properly taking m and n, any parabola, any 

* 'hypetbolli: jrefeired to its transverse axis, or any ellipse re- 
•ierreJ*lo'eitter*axis. 

* -• ' Smoe? the* attraction is perpendicular to the axis, we have 

dx 

Hence y-^'=^nic + nxc ; 

= 8" by equation (1). 

For a repulsion, the curve is a hyperbola with its con- 
jugate axis in the axis of x, and the equation is 

•rr dy » dx 

Hence vir^^^Tt 

^fox, 

from which we have immediately 
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■f('-^ 



~ }t ' 

126. To find the repulsion which must act perpendirular 
from a plane, in terms of the distance from that plane, t/uit 
a given path may be described. 

Take the axes as before; then, Y being the acceleration 
due to the repulsion (a function of y only), we have 

d^x ^ dx 

— ss 0, or -1- = const. = a, suppose ; 

s-^- «. 

I^ot y =/(») be the equation of the given curve, then 

orby(l). Y=ay"ix) 

by the equation of the curve. Hence, as/ is a given function, 
the acceleration and the repulsion are found. 

127. It is necessary to observe that, in the case of § 124, 
when the particle actually reaches the axis, it will not proceed 
to describe the portion of the same curve which lies on the 
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other side of the axis, as this would involve a change in sign 
of the constant horizontal velocity. It is, in fact, evident that 




in such cases the particle having described -45 (7 will, instead 
of pursuing the course Cba, actually describe CDE similar 
and equal to Cba, but turned in the opposite direction. 
And a similar remark applies to the general problem in 
§ 126. 

Although, in the case of ABC being a conic, one of whose 
axes is CO, and therefore cutting it at right angles in C, it 
might seem that at C the horizontal velocity vanishes, yet it 
is to be recollected that the velocity at C is infinitely great ; 
and it may easily be shewn by independent methods, such as 
the method of limits, if the foregoing analysis do not appear 
satisfactory, that the velocity parallel to CG is really constant 
throughout the motion. 

128. It may be useful to notice that case& of this kind 
are reduced at once to investigations similar to those of the last 
Chapter, by considering, separately, the equations of motion 
parallel and perpendicular to the attracting plane. 

Whenever, then, we can completely determine the motion 
of a particle in a straight line towards a center, we can also 
completely solve the problem of the motion of a particle 
anyhow projected, ancl attracted by an infinite plane; the 
intensity in terms of the distance being the same in the two 
cases. 
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129. OeneraUy, when a pa/rtide is anyhow projected and 
subject only to an a,cceleration whose direction is 'perpen- 
dicular to a given plane, and whose magnitvde depends solely 
on the distance from the plane; the velocity parallel to that 
plane is constant; and, in passing from a/ny point to another, 
the sqttare of the velocity is altered by a quantity depending 
only upon the distances of those two points from the given 
plane. 

Take the axis of y perpendicular to the given plane, and 
the axis of x in it, so that the direction of projection lies 
in osy. This will evidently be the plane of motion; and the 
equations are 

Hence -77 = c, 

dt 

or •|t^ + ^(ir) = |F« + ^(yJ, 

V being the velocity of projection, and y^ the co-ordinate of 
the point of projection; which proves the proposition. 

This is, of course, merely a particular case of the general 
principle of Conservation of Energy (§ 78); (f>{y) being the 

Potential, and ^ v* the Kinetic Energy of unit mass. 



130. As another example of the motion of a particle 
under the action of forces whose direction is constant, let us 
consider the motion of a particle of light in the corpuscular 
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theory y at the confines of two homogeneous media whose bounds 
ing surface is plane. 

In this theory the h3T)othesis is that the attractions or 
repulsions, exerted by the particles of any medium on a 
particle of light passing through it, are insensible at sensible 
distances but enormously great at infinitely small distances. 
Hence of course the path of such a particle in a hcHBC^neous 
medium will be a straight line, and will be described with 
constant velocity, until the particle is ixijSnitely near to the 
bounding surface of the medium. 

Thus, suppose AB to be the common plane surface of two 
such media. Draw CD at a distance from AB equal to that 
at which the intensity of thie attractions of the particles of 
the medium %egins to be sensible ; and draw JFi'^ parallel to 
CD and equidistant from it with AB. By what we have just 
noticed, a particle of light moving along FQ will arrive at Q 
without any change of velocity or direction. Also from the 
symmetry of the figure, the resultant of all the sensible at- 
tractions or repulsions on it will always be perpendicular to 
AB. This shews, § 129, that the velocity resolved parallel to 
AB is constant throughout the motion, and also that what- 
ever be the direction otFQ, the change in the square of the 
velocity in passing from Q to any point of the path will 
depend only on the distance of that point from AB. 

Let PQB represent a portion of the path. 

We have no means of determining its actual form, since 
the extent through which the attraction is sensible, the law 
of its variation, and whether it change from attraction to re- 
pulsion with the distance, are unknown. 

Through any point R draw KRL parallel to AB, and let 
GH be equidistant from KL with AB, 

Then at R the particle is subject only to the actions of the 
upper medium beyond OH, and of the lower medium. 

If the resultant effects of these two should, at a point 8 in 
the superior medium, destroy the velocity perpendicular to 
AB, the particle will evidently pursue a course SR'Q'P' 
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similar and equal to SRQP, and the angles P'Q'(7and PQD 
will be equal, as also the velocities in PQ and P'Q'. (§ 129.) 
Here we have the case of a ray reflected at a plane surfo^e. 

If, however, the attraction of the lower medium should 
so prevail that the particle actually enters it, then we may 
consider its motion, while it is still within the range of 
action of both media, precisely as before; but there will be 
two cases. 

I. At some point as 8 whose distance from AB (the 
bounding surface) is less than that of ^jB from CD, the velo- 
city perpendicular to A£ may be destroyed; then, as before. 




the particle will pursue the path STQ'P^, similar and equal 
to STQPy and will be reflected at an angle equal to that of 
incidence and with its original velocity. 

II. The particle may pass into the lower medium so far 
as to be independent of the action of the upper medium. 
After this it will move in a straight line as before, and the 
dhange of the square of its velocity will be, § 129, independent 



Digitized by VjOOQIC 



108 PARABOLIC MOTION. 

of the path pursued. Hence, if Fbe the velocity, and a the 
angle, of incidence; F', a those of refraction, we have, by the 
condition that the velocity parallel to the surface is unaltered, 

Fsin a = F' sin a\ 

Also by the fixed amount of change in the square of the 
whole velocity, 

T^ = F*±a», 

where a is a constant depending on the nature of the two 
media. 



^^^^^' S^ = T = \/(l^^)' 



and, therefore, for particles of light which have the same velo- 
citv the ratio of the sines of the angles of incidence and 
refraction is constant. This is the known law of ordinary 
refraction. Unfortunately, however, in order that a ray may 
be bent, at refraction, towards the normal to the refracting 
surface (i.e. so that ol <a) we must have V'>V \ a result 
lately shewn to be inconsistent with experiment. 

We have introduced this example, although belonging to 
a theory now completely exploded, as it forms a good illus- 
tration of the application of the results of this Chapter, and 
afforded the first instance of the solution of a problem con- 
nected with molecular actions. It is due to Newton. 



EXAMPLES. 

(1) The time of describing any portion PQ oi the para- 
bolic path of a particle under gravity, is proportional to the 
difference of the tangents of the angles which the tangents at 
P and Q make with the horizon. (§ 119.) 

(2) If a shell burst, all the fragments receiving equal 
velocities from the explosion ; shew that the locus of the foci 
of the paths of the fragments is a sphere, of the vertices an 
oblate spheroid, and that the particles themselves at any 
instant will lie on a sphere. 
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(3) Two bodies, projected from the same point A, in 
directions making angles a, a with the vertical, pass through, 
the point B in the horizontal plane through A ; prove that 
if t, t be the times of flight from A to B, 

sin(g-a0 ^f^'-^ 
sin(a+a') T+t"' 

(4) If U and v be the velocities at the ends of a focal 
chord of a projectile's path, F, the horizontal velocity, shew 
that 

(5) From a point in an inclined plane two bodies are 
projected with the same velocity in the same vertical plane in 
directions at right angles to each other; prove that the diflfer- 
ence of their ranges is constant. 

(6) If V, V, v\ be the velocities at three points P, Q, 5, 
of the path of a projectile where the inclinations to the horizon 
are a — ^8, a, a + /8 ; and if i, t' be the times of describing 
FQ^ QB respectively, shew that 

r;"<=<andl + ^,=ii|i^. (§119.) 

(7) If two particles be projected from the same point at 
the same instant in the same vertical plane, with velocities v 
and Vj in directions making angles a and a^ with the horizon ; 
shew that the interval between their transits through the 
other point which is common to their paths is 

2 vv^ sin (g '^ g J 
flr'VjCOSaj + vcosa* 

(8) Particles slide from rest at the highest point of a 
vertical circle down chords, and are then allowed to move 
freely; shew that the locus of the foci of their paths is a circle 
of half the radius, and that all the paths bisect the vertical 
radiu& 
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(9) If the particles slide down chords to the lowest 
point, and be then suflfered to move freely, the locus of the 
foci is a cardioid. 

(10) Down what chord from the vertex of a vertical circle 
must a particle slide so as to have when falling freely the 
greatest range on a given horizontal plane? 

(11) Find the locus of the foci of all trajectories which 
pass through two given points, 

(12) Particles fall down diameters of a vertical circle ; 
the locus of the foci of their subsequent paths is the circle. 

(13) If a body describe a cycloid upder an attraction 
to the axis, shew that the attraction varies inversely as 
2 sin ^ — sin 2^, 6 being the corresponding arc of the gene- 
rating circle measured from the vertex. 

"^ (14) If the acceleration be perpendicular to a plane and 
vary as the distance, shew that the curves described have 
equations of the form 

y =5 Aa^-\' BaT^, ) for a repulsion or attraction 
or y = -4 cos {mx + jB) j respectively. 

Find the circumstances of projection in the two cases that 
the curves may be the catenary, and the companion to the 
cycloid, respectively. 

(15) Particles are projected in the same plane and from 
the same point, in such a manner that the parabolas described 
are equal ; prove that the locus of the vertices of these para- 
bolas will be a parabola. 

(16) Find the direction of projection, with a given velo- 
city, from a given point, so that a given plane, not passing 
through the point, may be reached in the least possible time, 

(17) Particles slide down radii vectores of the curve 
whose equation is r=f{6)j the plane of the curve being 



Digitized by VjOOQIC 



PAKABOLIC MOTION. Ill 

vertical and 6 being measured from a horizontal line, prove 
that the locus of the foci of their future paths is the curve 



•=^«i-^(D- 



(18) Through a point an inclined plane is drawn, and from 
that point a particle is projected with a given velocity so that 
its direction of motion when it meets the plane again cuts it 
at right angles; shew that the locus of the point of meeting 
for different positions of the inclined plane is an ellipse. 

(19) The attraction between two particles is ^-g-, where 

m is the mass of each particle, and r the distance between 
them, and they are projected with equal velocities on the 
same side of the line (c) joining them in directions not pa- 
rallel but equally inclined to that line ; prove that the path 
of each will be an ellipse, parabola, or hyperbola, according as 
the initial component of each velocity in direction of the line 

(c) is less than, equal to, or greater than - ^ - • 

c 

(20) A perfectly elastic particle is projected so as to strike 
on the inside a surface of revolution of which the axis is 
vertical and given in position. Shew that the vertices of all 
the parabolic orbits described after successive rebounds Hq 
on a surface which is independent of the surface of revo- 
lution. 

(21) If a be the angle of elevation required in order that 
a bullet may have a certain range on a horizontal plane, the 
additional elevation required above a plane inclined to the 
horizon at an angle ^, 

, ^ sin )8 sin* a 
sm (2x + p) 

(22) A particle is projected from a given point with a 
given velocity u so that the range on a given inclined plane 
may be the greatest possible : prove that, if v be its final 
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velocity, and a perpendicular be let fall on the given plane 
from the point of intersection of the initial and final directions 

of motion, the length of the perpendicular is — . 

(23) A cycloidal arc is placed with its axis vertical and 
vertex upwards, and a particle is projected so as, after moving 
in contact with the arc for a finite distance, to describe a 
parabola freely ; prove that the focus of the parabola lies on 
a cycloid of half the dimensions having the same base. 

(24) Shew that the whole area commanded by a gun 
on a hill-side is an ellipse whose focus is at the gun, whose 
excentricity is the sine of the inclination of the hill to the 
horizon, and whose semi-latus-rectum is the greatest height 
to which the gun could send a ball. 
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CHAPTER V. 

CENTRAL ORBITS. 

131. In this part of the subject we consider the motion 
of a particle under the action of an attraction or repulsion 
whose direction always passes through, and whose intensity 
is some function of the distance from, a fixed point. The 
fixed point is called the Center. The case of attraction, as 
including the most important applications of the subject, we 
will take as our standard case ; but it will be seen that a. 
simple change of sign will adapt our general l&rmul® to 
repulsion. If the center of attraction be itself in motion, 
the methods of §§ 26, 31, enable us easily to treat it as 
fixed; but in this case the relative acceleration is not in 
general directed to the center, so that the problem no longer 
belongs to Cmtral OrhiU strictly so called It will be con- 
sidered later. If the center be moving with constant velocity 
in a straight line, the results of this chapter are at once 
applicaUe to the relative motion. 

132. A particle is projected in a plane, cmd is (wted on 
by an attra^ctton P directed to the fixed poin^ m^ that plane ; 
to determine the motion^ 

The whole motion will clearly take place iti the plane, as 
there is nothing to withdraw the particle from it. Let Ox, 
Oy, any two lines through at right angles to each other, be 
taken as the axes of co-ordinates. Let M be the position of 
the particle at the time t ; and draw MN perpendicular to 
Ox, and join MO. Let ON^x, NM^y, OM^r, and the 

X 1/ 

angle NOM = 0. Then^ since cos tf = - , sin ^ = ^ , the com- 

T. D. 8 
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ponents of P, parallel to the axes, are — P - , — P^ . But by 
the second law of motion we may consider the accelerations. 




in the directions of x and y separately, and we have therefore 



de" 



r J 



.(A)' 



In these, since P is a function of r, and therefore of x 
and t/, the second members will generally contain both these 
variables, and the equations must be treated as simultaneous 

diflferential e^juations. Their integrals will give ^> y> ;it , --n , 

in terms of t ; from which the position and velocity of the 
particle at any instant will be known, and the problem com- 
pletely solved. In one case, however, viz. when P is pro- 
portional to r, the first equation will involve x and t, and the 
second y and t, only, and each equation may be integrated 
by itself. As it is the simplest example of its class, and of 
great importance in its applications, especially to Acoustics 
and to Physical Optics, we will begin by considering it. 

133. A particle moves about a center of attraction 
varying directly cw the distance : to determine the motion. 

' Let /u be the acceleration at unit of distance, called the 
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strength of the center, then P = fir, and equatlong {A ) 
become 



■{B), 



d^'-f^] 



d^U 

the integrals of which, see § 83, are 

x=^AcoByfit'{-B} (1), 

y^A'cosyfit-^B] (2), 

A, B, A\ E being the constants introduced in the integration, 
to be determined by the initial circumstances of motion. 
Consider the particle projected, from a point on the axis of x^ 
at distance a from the center, with velocity F, and in a 
direction making an angle a with Ox. When ^ = 0, we have 

a; = a, y =5 0, -^ = F cos a, -^ = Fsin a. Hence, 

a = -4 cos By 

= ^'cos5', 

F cos a = — -4 Va^ sin 5, 

Fsin a == — -4' Vm sin B\ 

Expanding the cosines in (1) and (2), and substituting 
these expressions for the constants, we obtain 

Fcosa . , . , , . ,«. 

a? = — - — sm Va^^ + « cos VM^ (3), 

tjfjt 

Fsin a . , . ,.v 

y = -JiT^^'^^ ' ^ ^' 

which contain the complete solution of the problem. Elimi- 
nating t, we have 

/ • M . /^^' f 1 • f 

[x 8in a - y cos a) + ^ y = « sin' a, 

8—2 
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the equation of the path of the particle; which is therefare an 

ellipse whose center is 0, Equations (3) and (4) give periodic 

dsc d'u 
values for x. t/, ji , -^ , such that all the circumstances of 
*" at at 

27r 
motion will be the same at the time < + -7- as at the time t. 

The period of revolution is therefore -j- : a most remarkable 

result, as it is independent of the dimensions of the ellipse, 
and depends solely on the intensity of the force. 

By taking fju negative in equations (jB), we may apply 
them to the case of a repulsion varying as the distance from 
0. In the integration for this supposition the sines and 
cosines would be replaced by exponentials, and the curve 
described would be a hyperbola having as center; but 
the motion would not be one of revolution, as the particle 
would necessarily always remain on the same branch of the 
hyperbola. 

134. Recurring to equations (A), it will in all cases but 
the one we have just considered be more convenient to trans- 
form them to polar co-ordinates, especially as the general 
polar differential equation of the orbit described by a particle 
under the action of a central force can be easily formed, as 
follows. 

135. A particle being acted on hf a central attraction; 
it is, required to determine the polar equation of the paJOi. 

Multiplying the second of equations {A), § 132, by «, and 
the first by y, and subtracting, we obtain 

""df ^df ^' 
Integrating, 

dy dx , J 

fl? -^ — y -^ = constant = h suppose. 

Changing the variables from x, y, to r, 0, where x^rcosO, 
y =r sin ti, ^e get, as in § 24, 
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''m-" •■••(»• 



or, substituting - forr. 



!=*«• (2)- 



. . /I COS 5 

Again, « = rcos^ = ; 

whichgiyes ^= JJ5 ^- 

^^h(usm0 + cos0^'j, by (2); 

and therefore -^ = - A fw cos ^ + cos ^^^ 

^-AVTucos^ + cos^^V by (2). 

But, by the first of equations (A), 

-^= — Pcosft 
air 



have 



cPx 
Equating these values of -t\ , and dividing by cos 0, we 

P=AV(^ + tt) (3), 

5^+"-^' = ° (*> 

This is the differential equation of the orbit described ; 
and as, in any particular instcuice, P will be ^ven in terms 
of r, and therefore in terms of u, its integral will l)e the polar 
equation of the required path. 
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136. It may easily be obtained by the formulae of § 16, 
and, as this method is instructive as well as useful, we give it 
in addition for the general casie, when in addition to the 
central acceleration due to the attraction P there is a trans- 
verse acceleration T impressed on the particle. 

Instead of equations {A) we may evidently write 
(by §§16, 69), ^ 

df "^[dtJ 

rdt\ dtj" ' 

=hu^, and the second 



Putting 


^d0 
*■ dt 


= h, and w = - , then -j- 
r at 


equation becomes 


dh_T 








dt u' 


or 






dh* 2T 
de~u" 


Also 




dr 

dt' 


dr d6 , du 
^dddi~ dd' 



df ^"^ d^'-^ udd' 



and 

Therefore 



■(D'-*v. 



-*vg-*v-rl^-P, 



cPu P T du 

^"^ d^"*"^~AV h'u'dd' 

137. The general integrals of {A), which are differential 
equations of the second order, ought to contain four constants. 
One of these has been already introduced in (1), and two. 
more will be introduced by the integration of (4). If the. 
-salue of r in terms of 6 deduced from the integral of (4) be. 
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substituted in (1), and that equation be then integrated, the 
remaining constant will be introduced, and the path of the 
particle and its position at any time will be obtained. The 
four constants involved in the resulting equations must 
be determined from the initial circumstances of motion; 
namely, the initial position of the particle (depending on two 
independent co-ordinates), its initial velocity, and its direction 
of projection. 

138. Equation (3) may be used to ascertain the law of 
central attraction which must act upon a particle to cause it 
to describe a given curve. To effect this we must determine 
the relation between u and 6 from the polar equation of the 
proposed orbit referred to the required center as pole : we 
must then differentiate u twice with respect to 0, and substitute 
the result in the expression for P; eliminating 6, if it be in- 
volved, by means of the relation between u and 0. In this 
way we shall obtain P in terms of tc alone, and therefore of ?• 
alone. 

When we know the relation between r and 6 from (4), we 
make use of equation (1) to determine the time of describing 
a given portion of the orbit; or, conversely, to find the posi- 
tion of the particle in its orbit at any time. 

139. The equation of the orbit between r and p, the 
radius vector and the perpendicular on the tangent at any 
point, may be easily obtained from (4). For by Diff.Calc. 
we have 

dV _ ^ dp 

and therefore P = — « -^ . 

j>' dr 

140. The sectorial area swept out by the radius vector of 
the particle in any time is proportional to the time (§ 24). 

If A denote this area we have, by Diff. Calc, 

dA^l.dd^ 
dt 2 dt' 
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and therefore, by equation (1) <rf § 185, 

It ~r' 

whenpe A =p |i^, 

if A and t be supposed to vanish together. 

Therefore the areas described in different intervals are 
proportional to these intervals. 

We also see, by talking t^ 1, th^ the value ^f A is twice 
the areK^ described i^ a unjLt of time. 

141. The velocity of the particle at each point of its path 
is inversely proportional to the perpendicular from tff^ center 
on the tan^erjit at that point, (§ *23.) 

ds 
For Velocity =s v = — 

ds^dd 
^dUB dt 

-"^t^^yM^Cah. 

(p being the perpendicular on the tangent from the center) 
= - , by equation (1) of § 135. 

Hence, as above, t; oc - . 

P 

142. This equatiou enables us to express h im terms of 
the initial circumstances of the motion. For, let B be the dis- 
tance of the point of projection from the center, Fthe velocity, 
and /8 the a^le which the direction of projection makes with 
that of B. Then evidently the perpendicular on tangent at 
point of projection = -B sin ^ ; 
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or F= y. . ^ , 

li sin p 

whence A= FiJ sin )8. 

Again, gince by Diff. Calc., 

1 ,_^/M" 

weh^^ye 

another impprtant expression for the velocity. 

143. The velocity at any point of a central orbit is inde-^ 
pendent of the path described, and depends solely on the inten- 
sity of the attraction, the distance of the point from the center, 
and the velocity and distance of projection. 

. Multiply equations {A) § 132, by J, ^respectively, and 

add, then 

dx^ dy^^^Pf dx djf\ 
dtdf^dtde rVdr^diJ 

^dr 

(since a? + 3^ = r*, we have ^J+yJ = r^). 

„ ld(v^_ dr 

Also, since P is some function of r, let P = ^ (r), then 

J B 

if at the point of projection v=^V,t^R. 
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If the velocity vanishes at a distance a from the center, 

and a is called the radius of the circle of zero velocity. 
(Compare § 78.) 

144. The velocity of a particte at any point of a central 
orbit is the same as that which would be acquired by a par- 
ticle moving freely from rest along one-fourth of the chord of 
curvature at the pointy drawn through the center, under tlie 
action of a constant force whose intensity is equal to that of 
tlie central attraction at the point. 



By § 143, 



I djv^ ^ pdr 
2~dr"' dt* 



dv T5 
or i; -1- = — P. 



And by § 141, 



dr 



h 
P 



Diflferentiating the logarithm of the latter, we obtain 

ldv_^ldp 
V dr'^ pdr* 

and, dividing the former equation by this, 
* * ^dp r 4 dp 

where q is the chord of curvature through the center. Hence 
the proposition, § 82. 

From this it follows that the velocity, F^ of a particle 
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moving in a circle of radius JB, under the action of an attrac- 
tion P to the center, is given by the equation 

a simple, and most useful expression \ 

145. Def. An Apse is a point in a central orbit at 
which the radius vector is a maximum or minimum, and the 
corresponding value of the radius vector is called an Apsidal 
Distance. 

The analytical conditions for such a point are that 

-j^ should vanish, and that the first succeeding differential 

coefficient which does not vanish should be of an even order. 
The first condition ensures that the tangent at an apse is per- 
pendicular to the radius vector. 

1 The results of the last few Articles may be obtained in the following 
manner. 

By §§ 49 and 65 

~ = Resolved part of P along the tangent of the orbit = -P — (1), 

v' P 

— = Resolved part of P along the normal=P- (2). 

ds 
Multiply (1) by ^ and integrate, then 



m-i' 



jPdr. 
From (2) i*^=^^i (2/>f) 

^•4- 

Also if in (2) we put - for v, § 141, and r ^ for /», we obtain 

^ dr r 
which is the reBolt contained in Art. 139. 
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Every wpsidcd Une divides the orbit into two parts -which 
are equal and similar. 

For the acceleration at any point being a function of the 
distance from the center of attraction^ when the particle has 
reached an apse it must proceed to describe on the other 
side of the apse a path equals similar and symmetrical with 
the path it has already described, and hence an apse line 
divides the orbit into two parts which are equal and similar. 

146. In a central orbit there cannot be more than two 
apsidal distances. 

For, since the parts of the orbit on opposite sides of an 
apse are similar, the particle after passing two apses must 
come next to one at an equal distance with that of the first, 
then to one at an equal distance with that of the second, and 
so on. Hence there can be but two apsidal distances. 

147. When the central attraction varies as a power of the 
distance, we ; may obtain the above result, as well as the 
equation for determining the apsidal distances, directly from 
equation (4) of § 135. Suppose P=/[iw*, then we have 

Multiplying by A' ^^ and integrating, we have 

Suppose the particle projected with a velocity equal to 
a times the velocity from infinity at the same distance^ and 
let c be the initial value of u, then when u = c, 

J^ = _^ „«-.(§ 102); 
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f 



whence C= (g* - 1) -^ c' 

and therefore J h' j^^)" + Ji = -^ {u"'* + (s* - 1) c""*}. 

To determine the apsidal distances we must P^t;ja = 0* 
which gives 

The form of this equation shews that it can have at most 
two positive roots, which are therefore the two apsidal dis- 
tances. 

Although there can be but two apsidal distances, there 
may be any number of apses, and the angle between two 
consecutive apsidal distances is called the apsidal angle. 
Generally, to determine this angle, the equation of the orbit 
must first be found for the particular case considered ; but the 
apsidal angle may be determined approximately for any law 
of attraction, without first finding the form of the orbit, if we 
assume that it does not di£&r much from a circle. 

148. A particle revolves in an orbit which is very nearly 
circular, and is a^ted on by an attraction varying as any func- 
Hon of the distance and directed tovMirds the center of the 0>rcle: 
to determine the apsidal angle. 

If we put P in the form fiu* (f> (u) the differential equation 
of the orbit is 

If the orbit were circular, we should have 



and ;7^ = ^> 

in which case 



dff" 
c-6^(c) = (a). 



r 
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When the orbit is very nearly circular we may put 
t6 = c + a?, where x is always very small. Hence 

or d^"*"^"*"^"^' {^ {c)-^x4> (c)l = 0, nearly; 

and (a) enables tis to reduce this to 

g.»(i-^>).«. 

or, by a second application of (a), 
the integral of which is (§ 88) 

Hence the general value of 6 which renders --Th^^* is 
given by the equation 

n being any integer ; and consequently the diflTerence between 
any two such successive values of 6 is 

TFfi' 

the approximate apsidal angle. 
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, Thus if the attraction vary directly as the n^ power of 
the distance, we have 

fiu^ <f> (u) = fjLU^ ; and ^ (u) = w"^"', 

whence (j) (u) = - (n + 2) w"*"', 

and the apsidal angle is 



V(3i-n)' 

This shews that n cannot be less than — 3, or that the 
attraction must not vary according to a higher inverse power 
of the distance than the third, if the circle with the center 
of attraction at its center is to be an approximation to the 
path of the particle: and the investigation furnishes a simple 
example of the determination of the conditions of Kinetic 
Stability, which we cannot discuss in this elementary treatise. 

To find the law of attraction that the apsidal angle in 
the nearly circular orbit may be equal to a given angle, a 
suppose, we have 

from which ^> I = - ( 1 ? ) ; 

^(c) c\ aV 

or, by integration, 



i«^-c^=(^-3^°g^' 



whence ^ (c) = Cc^~^' ; 

and therefore the law of attraction, fiu^<l> (u), is fiu^v^. 

Thus for a = 7r we have the law of the inverse square of 
the distance, for a = ^ the law of the direct distance, while 

a == -;;r corresponds to a constant central attraction. 
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149i A particle is projected from a given point in a given 
direction ana with a given velocity , and moves under the action 
of a central attraction varying inversely as the square of 'the 
distance; to determine the orbit 

We have P=s fiu*, and therefore 

351+.-J.-0, 

the integral of which is 

tt-^ = ^cos(5 + 5), 
or, as it is^ usually written, 

u=^^{l+ecos{0-a)} (1). 

This gives 5fl'*""l^^^"^ (^ — a) (2). 

Let It be the distance of the point of projection from the 
center; /8 the angle, and Fthe velocity, of projection ; then 
when ^ = 0, 



«"5' 



^«*^=-SSL- 



Hence, by (1), —^ — 1 = 6 cos a, 
.and, by (2), ~».^^* )8 = - e sin a. 
From these^ tan a= —75 — f! 



•(3). 



h* ,« 2/* 



and **=';?^<^<'*'^-;i5+-^ W- 
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ButA'=Pi?sm*/S,§142; 

, ^ . F*5sin^cos/3 
wherefore tana= t/«p - »z^ (3) 



and 1 — e* = 



F^i?sin'y3/2 F' 



a-^i (*■)■ 



Now (1) is the general polar equation of a conic section^ 
focus the pole ; and, as its nature depends on the value of 
the excentricity e given by (4'), we see that 

111 
if V^>jJ,e>l, and the orbit is a hyperbola, 

F*=^, e = l, a parabola, 

F*<-^, e<l, an ellipse. 

• 150. By § 102, the square of the velocity from infinity at 
distance B, for the law of attraction we are considering, is 

-^, and the above conditions may therefore be expressed 

more concisely by saying that the orbit will be a hyperbola, 
a parabola, or an ellipse, according as the velocity of pro- 
jection is greater than, equal to, or less than, the velocity 
from infinity. Illustrations of this proposition are found in 
the cases of comets and meteor swarms. 

The velocity of a particle moving in a circle is also often 
taken as the standard of comparison for estimating the velo- 
cities of bodies in their orbits. For the gravitation law of 
attraction with which we are dealing the square of the velo- 
city in a circle of radius ii is ^ ; and the above conditions 

may be expressed in another form by saying that the orbit 
will be a hyperbola, a parabola, or an ellipse, according as 
tlie velocity of projection is greater than, equal to, or less 
than, V2 times the velocity in a circle at the same distance. 

T. D. 9 
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151. Supposing the orbit to be an ellipse, we shall obtain 
its major axis and latus rectum most easily by a diflferent pro- 
cess of integrating the differential equation. Multiplying it 

by h^ -r^ and integrating, we obtain 
But when m = t, > w = F; which gives 



R' 



^ 2 ^ E' 



Now to determine the apsidal distances, we must put 

dd "' 



and this gives us the condition 



V-i-^-h-'^^"' («• 



which is a quadratic equation whose roots are the reciprocals 
of the two aspidal distances. But if a be the semiaxis major, 
and e the excentricity, these distances are 

a (1 — e) and a (1 + e). 

Hence, as the coefficient of the second term of (6) is the 
sum of the roots with their signs changed, we have 



1 . _1_ = 2/. 
a (1 - a) a (1 -h 0) U 



,« ' 



or 0(1-6*) = - (7). 
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And, as the third term is the product of the roots, 
1 _^f- v\ 

■ 1 2 F» ... 

a^S-J ^^^' 



and therefore 



2 R 2a' 



1, ,._/»_/* (Q\ 



Equations (7) and (8) give the latus rectum and major axis 
of the orbit, and shew that the major axis is independent of 
the direction of projection. 

Equation (9) gives a useful expression for the velocity at 
any point, and shews that the radius of the circle of zero 
velocity is 2a. 

152. The time of describing any given angle is to be 
obtained from the formula,. 

= hJ{yLa (1 — e^}, by equation (7). 

From this, combined with the polar equation of a conic 
section about the focus, we have 

dt r" 



dd v{/^«(i-e*)} 

measuring the angle from the nearest apse. To integrate 
this, let 



^ sm 
1 + e cos ^ 



9—2 
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1 



1 1-e* 

i(l + ccosd) 



''■ ^®° de~il + e cos e)' (1 + e cos ^j' 

1 1 l-c» 1 



e 1 + e cos ^ e (1 + e cos d)" ' 

de 



■■J(l+ecos^)' l-e* 1-Wl + ecos^ 

_ c sin 5 1 r 

"''"r^'l-tecosd 1-eV 



8ec*5<f^ 



(l+e) + (l-e)tai.'^' 



(ife<l); 

, sing 1_, ( V(^+l)co4+^^^-^>^"'2 | 

-%'_ll+aco.g-(e»-l)i^ °^j^(,^l),os|-V(.-l)sin-^( 

(ife>l). 

Hence the time of describing, about the focus, an angle 6 
measured from the nearer apse is, in the ellipse, 

that is, T of the sectorial area ASP (figure to § 160) ; and, 
ill the hyperbola, 

[ V(e+l)cos|-V(.-l)sin| ^.^^ 

lV(«+l)cos2 + \/(^-l)sin2l -* 

2 

that is, , of the sectorial area -^1/SP of the hyperbola. 
k 
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Hence these expressions for the time through any area 
of an elliptic or hyperbolic orbit about a focus might have 
been written down from the known expressions for the area 
of an elliptic or hyperbolic sector. 

153. In the parabola, if J be the apsidal distance, the 
integral becomes 

{since e = 1, a(l — e)=^d, a (1 — c*) = 2d}, 
_ /ScPf dd 

^ ~ V y j (1+COS0/ 

sd'fi ,e .^ 






H-tan»Drftan| 



154. From the result for the ellipse we see that the 

periodic time is 27r^— . This might also have been found 

from the consideration of equable description of areas by the 
radius vector. 

Thus T = ^ ^^^^ Q^ ellipse 

h 



-y?- 



In the notation commonly employed we have 
where n, which is called the Mean Motion, is 



J 
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155. By laborious calculation from an immense series of 
observations of the planets, and of Mars in particular, Kepler 
enunciated the following as the laws of the planetary motions 
about the Sun. 

I. The planets describe, relatively to the Sun, Ellipses 
of which the Sun occupies a focus. 

II. The radius vector of each planet traces out equal 
areas in equal times. 

III. The squares of the periodic times of any two planets 
are as the cubes of the major axes of their orbits. 

156. From the second of these laws we conclude that 
the planets are retained in their orbits by an attraction 
tending to the Sun. For, 

If the radius vector of a particle moving in a plane describe 
equal areas in equal times about a point in that plane, the re- 
sultant attraction on the particle tends to that point. 

Take the point as origin, and let x, y be the co-ordinates 
of the particle at time t] X^Y the component accelerations 
due to the attraction acting on it, resolved parallel to the 
axes ; the equations of motion are 

ff = x, ^ = r...... (1). 

But by hypothesis, if J. be the area traced out by the 

radius vector, -^- is constant. 
dt 



Hence, 2 -^ =^;^^ - y ;^ = a 



dt 



Diflferentiating, x -^ "" ^ ;?? ~ ^ > 



or,by(l), xY^yX^O. 

Digitized by VjOOQIC 



CENTRAL ORBITS. 135 



Y 



Hence, v-=-> 

A. X 

and by the parallelogram of forces (§ 67) the resultant of X 
and F passes through the origin. 

157. From the first of these laws it follows that the law 
of the intensity of the attraction is that of the inverse square 
of the distance. 

The polar equation of an Ellipse referred to its focus is 

2 

w » y (1 -f e cos 0\ 

where I is the latus rectum. 

ilence, -j^ = j cos a, 

and therefore the attraction to the focus requisite for the 
description of the ellipse is (§ 135) • 



.p.»v(g^„) 



Hence, if the orbit he an ellipse, described about a center 
of attraction at the focus, the law of intensity is that of the 
inverse square of the distance. 

158. From the third it follows that the attraction of the 

, Sun (supposed fixed) which acts on unit of mass of each of 

the planets is the same for each planet at the same distance. 

For, in the formula in § 154, T* will not vary as a^ unless 
/i be constant, i. e. unless the strength of attraction of the 
Sun be the same for all the planets. 

We shall find afterwards (Chap. XII.) that for more 
reasons than one Kepler's laws are only approximate, but their 
enunciation was sufficient to enable Newton to propound the 
doctrine of Universal Gravitation ; viz. that every particle 
of matter in the universe attracts every other with an attrac- 
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tion whose direction is that of the line joining them and whose 
magnitude is cw the product of the masses directly, and as 
the square of the distance inversely ; or according to Maxwell's 
*' Matter and Motion," hetyjeen every pair of particles there is 
a stress of the nature of a tension, proportional to the product 
of tlie masses of the particles divided by the square of their 
distance. 

On this hypothesis, neglecting the mutual attractions of 
the planets, Kepler's third law should be stated (Chap. XI.) : 
The cubes of the major axes of ilie orbits are as the squares of 
the penodic times and the sum of the m/isses of the Sun and 
the planet 

159. Suppose APA' to be an elliptic orbit described about 
a center of attraction in the focus 8. Also suppose P to be 
the position of the particle at any time t. Draw PM per- 
pendicular to the major axis ACA\ and produce it to cut the 
auxiliary circle in the point Q, Let G be the common center 
of the curves. Join CQ. 

When the moving particle is at ^, the nearest point of 
the orbit to S, it is said to be in Perihelion. 

The angle ASP, or the excess of the particle's longitude 
over that of the perihelion, is called the True Anomaly. Let 
us denote it by 0. 

The angle ACQ is called the Excentric Anomaly, and is 

generally denoted by u. And if — be the time of a complete 

revolution, nt is the circular measure of an imaginary angle 
called the Mean Anomaly; it would evidently be the true 
anomaly if the particle's angular velocity about S were 
constant. 



160. It is easy from known properties of the ellipse to 
deduce relations between the mean and excentric, and also 
between the true and excentric, anomalies; this we proceed 
to do. 



Digitized by VjOOQIC 



ELLIPTIC MOTION. 



137 



To find the relation between the mean and excentric ano- 
nialies. 




In the figure QCA is the excentric anomaly, and the 
mean anomaly is evidently to 27r as the area PSA is to the 
whole area of the elliptic orbit (§§ 154 — 160), or as area 
QSA to area of auxiliary circle. 

Now area QSA = area QCA — area Q CS 

= ^a\ — l^a.ae. sin u 

{a being the major semi-axis of the orbit and e the excentricity) 

a f . . 

= ^ (i/ ~ e sm u). 



Hence 



or 



rd 2 



^ (w - e sin v) 



Tra 
n^ s u — e sin w. 
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161. To find the relation between the true and egocentric 
anomalies. 

We have (by Conies) 

1 + 6 cos ^ ^ 

But 8P= a - eGM= a (1 - e cos u). 

Hence * , t? = 1 -- e cos w. 

1 + e cos u 

-rr ^ cos 1^ - e 

Hence cos = 



and tan 



1 — e cos w 

_ / I - cos 

2" V T+cosd 

l — ecosu — cos ii + e 
1—6 cos u 4- cos t* ~ e 



= /— 
I vn-< 



(1 + e) (1 — cos ic) 
(1 — e) (1 + cos u) 



tan^; 



therefore tan zi = a / (-. — ) tan ^ , 



/-; i, sin 

sm u — Ji — e^ 



1 +ecosd' 

substituted in n^ = m — e sin w give the expressions obtained 
in § 152. 

162. By far the most important problem is to find the 
values of and r as functions of t, so that the direction and 
length of a planet's radius vector may be determined for any 
given time. This generally goes by the name of Kepler's 
Problem. 

Before entering on the systematic development of w, r 
and in terms of t from our equations, it may be useful to 
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remark, that if e be so small that higher terms than its 
square may be neglected, we may easily obtain developments 
correct to the first three terms. 

Thus / w = 7i^ + esin2^ 

= 7it + e sin (nt + e sin nf) nearly, 

= nt+ esmnt-\-^ sin 2nt 

Also - = 1 — e cos w 

a 

= 1 — e cos (n^ + e sin nt) 



= 1 — e cos n^ + ^ (1 — cos 2nt). 

d0 
dt 



And r'f = VlMa (1-^)1, 



which may be written 

a'a-^ey d0 ,.. „,i 
(l + ecos^j* dt ^ ^ ^ 

or (l-6')»(H-ecos^)-^ = M. 

Keeping powers of e lower than the third 

ri~2ecos^ + 26'cos2^J^ =rw, 

3 
or n< = ^ — 2e sin ^ + T e* sin 2^ ; 

3 '' 

whence ^ = n< + 2e sin ^ — - e' sin 20 

4 

3 
^nt-\-2e sin {nt + 2e sin nt)—-r^ sin 2?i^ 

3 

^nt + 2e sin n^ + 4e* cos nt sin nt — -re^ sin 2n^ 

4 

5 

= n^ + 2e sin n^ + y e* sin 2nt 
4 
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163. Kepler's Problem. To find r and as functions 
of t from the eqiuitions 

r = a(l — ecos ia) (1) ; 

•-IVl^:)*"! <■'>■■ 

n< = w— esinw (3). 

These equations evidently give r, 0, and t directly for any 
assigned value of % but this is of little value in practice. 
The method of solution which we proceed to give is that 
of Lagrange, and the general principle of it is this — 

We can develop from equation (2) in a series ascending 
by powers of a small quantity, a function of e, the coeflScients 
of these powers involving u and the sines of multiples of m. 
Now by Lagrange's theorem we may from equation (3) ex- 
press u, 1 — e cos w, sin u, sin 2u, &c. in series ascending by 
powers of e, whose coeflScients are sines or cosines of mul- 
tiples of nt. Hence by substituting these values in equa- 
tion (1) and in the development of (2), we have r and ex- 
pressed in series whose terms rapidly decrease, and whose 
coeflScients are sines or cosines of multiples of nt. This is 
the complete practical solution of the problem. 

164. To eocpress the true, as a function of the excentric, 
anomaly. 

Substituting in (2) the exponential expressions for the 
tangents, and writing i for i^— 1, we have 

i0 i0 iu iu 



€' -€ ' _ /(I +e\ € »-€ ^ 



whence 

..• ^ V(l4-e)~V(l-e) e 

or, putting \ = ^(i + ,)+^(i.,) = l4-V(l-0 ' 



gt« - gtif 



l-\6-^^ 
1 - X€»~ • 
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Taking the logarithm of each side and dividing by t, 

~ tt + 2 (Xsin w + ^ sin 2t^ + - sin 3u + &c.) (4). " 

165. To develop u in terms of t ^ "^^ trr<Xc^ 

If we have 

y-^z^-x^iy) (5), 

we obtam, by Lagrange's Theorem, the development 

'■^ri3(iyt'^^^^^^ («)• 

Now equation (3) may be put in the form 

u = n^ 4- e sin w, 

which is identical with (5) if 

y = w, z = nt, aj = e, and ^ (y) = sin y. 

Also, as it is the development of u that we require, we must 
put 

f(u) = u, and /' {u) = l. Hence, by (6) 

y = ;. + xsm^ + j-^^(sm^)+^^-^(^^-J(sm»^)H-&c.; 

and, substituting for the powers of sin z their corresponding 
expressions in sines and cosines of multiples of z, 

a:* rf /l-cos2^\ x^ / d WSsin^^-sin.^^N 
X* /c?^'/3 — 4cos2^ + cos 4^\ ^ 

+r:2-;3T4UJ( « )+**=• 

a;' a;' . 
s^z -\'Xsmz + jrUiti2z'{ -- (3 sin 3^ — sinr) + 
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or, substituting for a?, y, z their values as above, 
i*=n^ + esin7i^4-H"sin2w^ + — (3 sin 3w^ — sin n^) 

4-^ (2 sin 4ne- sin2wO + &c (7). 

To develop sin u, we recur to equation (3), which gives, 
after the elimination of u by means of (7), 

e . ^ . 

sin tt = sin w< + 5 sin Int + o (3 sin int — sin nt) + &c. . ..(8). 

By the application of Lagrange's theorem to equation (3), 
it is easy to deduce the "following expressions: 

sin 2w = sin Znt + e (sin Znt — sin nt) + e* (sin 4w^ — sin 2nt) 
4- ^T (4! sin nt - 27 sin int + 25 sin 5w<) + &c. 

3e 
sin 3w = sin ^nt + -— (sin 4n^ — sin 2?i^) 

+ g (15 sin 5n^ — 18 sin Znt + 3 sinn^) + &c. 

&c. = &c. 

Substituting these values in (4), we obtain the value of Q, 
containing however the quantity X. K we take as its approxi- 

6 6* 

mate value « + q- , and make the requisite substitutions, we 
obtain 

1 5 13 

^ = n^ + (2e- T O sin n^ + T e* sin 2n^ + jo ^'^in 3ne+ 



which is correct as far as e^ 

166. In proceeding farther with the development, it be- 
comes necessary to expand \ and its powers in series ascending 
by powers of e. This is readily done as follows. 
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We have 

Hence E=2-^, 

from which, by Lagrange's Theorem, 

-^ 2^ 2^^ 2 2^* 

and thus the value of V, being e^'JE'"^, is known. 

The correct value of Q to the fifth power of .e is thus found 
to be 

nt + 2e sin nt + - - sin 2n^ + ^t^-q (13 sin 3m« - 3 sin nt) 

^* 
+ ^g-^ (103 sin ^nt - 44 sin 2«0 

+ ,, , (1097 sin hnt - 645 sin %nt + 50 sin ni), 

167. ?b develop r in terms oft. 

From (1) it is evident that all we have to do is to de- 
velop by Lagrange's Theorem, 1 — e cos m as a function of t, 
from nt^u — e sin u. 

To develop (1 — e cos u) in terms of t 

Here / (y) = 1 — e cos y, 

/'(y) = esiny; 

and the form of ^ is the same as before ; hence 

1 — e cos y = (1 — e cos 0) + ic sin z (e sin z) 
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Hence, as before, substituting for the powers of sines their 
equivalent expressions in sines and cosines of multiple arcs, 
differentiating, and substituting u for y, nt for z, and e for x, 
we have 

1 — e COS w = - =» 1 - e cos n^ + - (1 - cos 27it) 

-f- ^ (3 cos nt — 3 COS 3nt) 

+ — (cos 27it — COS 4n^) + &c. 
o 

which gives the radius vector in terms of the time. 

168. Lambert's Theorem. The area of a focal elliptic 
sector and therefore the time through any arc of the ellipse, 
described about the focus, can he expressed in terms of the 
chord and the focal distances of the ends of the arc. 

If Tj, r J be the focal distances of the ends and c the chord 
of the arc, it is proved in Williamson's Integral Calculus, 
§ 137, that the sectorial area is 

i aft {^^ - ^8 - (sin ^1 - sin ^J}, 

where ^^ and <f>^ are given by the equations 

and therefore if t denote the time in the arc, 
w* = ^1 - 0a -.(sin 0j - sin ^J. 

EXAMPLES. 

(1) A particle describes an ellipse under an attraction 
always directed to the center, to determine the law of the 
attraction. 

From the polar equation of the ellipse, center pole, 

, cos'5 . sin'5 , du fl 1\ ^ . ^ 
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p-.'' 



and therefore the law is that of the direct distance. 

(2) A particle describes a conic section under an at- 
traction always directed to one of the foci, to find the law of 
attraction. 

In this case 
and therefore P = 7aV (-tk% + w) 

(3) Find the attraction to the pole under which a 
particle may describe an equiangular spiral, 

P«^, 
T. D, 10 
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(4) Find the attraction by which a particle may describe 
the lemniscate of Bemouilli, the center being the node. 

r 

(5) Find the attraction by which a particle may describe 
a circle, the center of attraction being in the circumference 
of the circle, 

(6) Find the attraction to the pole under which a 
particle will describe the curve 

r* = a* cos n0f 

and interpret the result when w = — 1. Deduce the law of 
attraction for (1) a rectangular hyperbola, (2) a lemniscate, 
(3) a circle about a point in a circumference, (4) a cardioid, 
(5) a parabola. 

(7) Prove that the attraction to the pole under which a 
particle will describe the n^ pedal of a cardioid varies as 

r~ ""^^ . Peduoe the law of attraction for a circle about a point 
on the circumference. 

(8) A particle is projected from a given point in a given 
direction with the velocity from an infinite distance, and is 
under an attraction varying inversely as the n*^ power of the 
distance, to determine the orbit. 

Here P=/aw*, and therefore 

du 
Multiplying by h* ^ and integrating. 



©•-»•- 



A»(n-1)* 
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Now if a be the apsidal distance, 

n — 1 n- 1 ' 



therefore (^V + w» = a*^u*-\. 



(: 



|y«uM(aur-l}, 



de 



du uJiauy-'l" 

integrating (n — 3) = sec"^ (au)^, 

or ra^= a^ cos (yi-3 ) ^, 

the polar equation of the required orbit. 

(9) A particle, under an attraction varying inversely as 
the cube of the distance, is projected from a given point with 
any velocity in any direction ; to classify the paths described 
according to the circumstances of projection. The curves in 
question are called Cotes* Spirals. 

The equation of motion is 

^a + t^-pt^ = (1). 

The integral of this equation involves exponential or 

circular functions according as f^ is greater or less than 

unity, that is, according as the velocity at an apse is less or 
greater than the velocity from infinity. 

I. Let p be > 1, and let ^ — 1 = Ar* ; then 

the integral of which is 

u^A^^ + Br^ (2). 

10—2 

Digitized by VjOOQIC 



14a CENTRAL ORBITS. 

Species 1. Let A and B have the same sign ; then 

and ^ ==& (-46*^ — Be'^. 

The values of A and B may in these equations be ex-' 
pressed in terms of the initial distance, and angle of projection ; 
but we may put the equation of the curve in a simpler form 
as follows. Let a be the value of corresponding to an apse, 

then when ^ = a, ^ = ; 

or = ^€**-5€-**, 

which always gives a possible value of a; and therefore 
^6** = £€"** = ^ , suppose. 

Substituting, aw = ^ {€*<^-*> + €"*t«-a)|. 

Hence when ^ = a, au=-l, or a is the apsidal distance. 
As increases, u increases, or r diminishes; and when ^ = oo , 
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tt = 00 , or r = 0. Hence the curve forms an infinite number 
of convolutions about the pole ; and, as it is symmetrical on 
both sides of the apse, it will be as represented in the figure, 
where A is the apse and the center of attraction. 

Species 2» Let^>l, 5 = 0, then the equation (2) 

becomes 

au = €*^, 

the equation of the logarithmic spiral. The nature of the curve 
will be the same if A, instead of B, vanish. 

Species 3. Let p > 1, and B negative, then by equa- 
tion(2), 

u^A^'^Be-^. 
Putting M = 0, we obtain as for Species 1, 

Hence, when ^ = a, w = Oorr=oo* AaO increases r de- 
creases, and when 6 is infinite r = 0; so that there is an 
infinite number of convolutions round the pole. The curve 

has an asymptote parallel to OA, at a distance t. 
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II. Species 4. Let ^ = 1, then equation (1) becomes 

cPu ^ 
-—=0 

the integral of which is 

aw = ^ — a, 
the equation of the reciprocal spiral. 

III. Species '5. Let ^ < 1, and let 1 -|^= A;*, then by 
equation (1), 

the integral of which is 

au = cos Z; (^ — a) ; 



whence 



a^ = — A;sini(5 — a). 



Then a is the value of corresponding to an apse, and a 
is the apsidal distance. The asymptotes to this curve are 
easily found for any assigned value of h One case is repre- 
sented in the annexed figure. 
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(10) A particle of mass m under a central repulsion 
-j^ is projected from an apse at a distance a with velocity 

f- . Find the orbit, and prove that the time from the 

apse to the distance atj2 is g ^/2 -y=r . 

(11) A particle under an attraction inversely propor- 
tional to the fourth power of the distance from a center is 
projected in any manner; for instance, from an apse with 
velocity n times the velocity from infinity: determine the 
orbit. 

(12) A particle under a central attraction varjdng in- 
versely as the fifth jHJwer of the distance is projected in any 
manner, determine the orbit. 

Here P = fjLU^, and we have 

whence lh*{{P^w}^^=l^u*+a 

If the particle be projected from an apse at a distance a 
with velocity n times the velocity from infinity, then 



1 



and therefore C =^ (n* — 1) ^ ; 

and 






2 a- 



Therefore ( ^ ) + w' = ^-^ + ^ , , > 
\d6j n* wV 
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/du\*_a*f ^ n*u* , w'-l N, 

-^("•-3(«--^). 

and therefore r is an elliptic function of 0, 

For instance, suppose w< 1, we have 
r = a en wi^, 

where m* = — o— and 1(^=7^ s. 

(13) A body moves under a central attraction 

4{(a« + j« + c»)t^»-2a«JV}, 
c 

being projected from an apse whose distance is a (> b) with a 

velocity — , shew that it will proceed to describe the orbit 

whose equation is 

r^cidnT ^ r^ = a«cn»-+£»sn»-, 

the modulus of the elliptic functions being the excentricity of 
an ellipse whose semiaxes are a and h. 

(14) If the central attraction be 

/i{2(a*+£')w"-3a'JV}, 

and the body be projected as in the last example, prove that 
the orbit will be the pedal of the ellipse with respect to the 
center. 
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(16) A particle under a central attraction varying in- 
versely as the fifth power of the distance is projected from 
a given point with a velocity which is to the velocity from 

infinity as 5 to 3, in a direction making an angle sin"^— ^ 

with the radius vector ; find the orbit 

Here we have 

But if F be the velocity of projection, c the initial value 
of w, 

"^ ^ 9 2 * 
and when w = c, v = F, /. (7 = -— ; 



©■--f.(¥4) 



But h^—^ -i8?"25' 

Substituting and integrating we find, after the necessary 
reductions, 

^_V3^ 1--€V«c^-«) , 

^"" 2 l + €>^2(d-«)» 

where B is the initial distance, and a a constant to be deter- 
mined by the position of the initial line. 
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(16) If P = 2/i 3 + fiu*, and a particle be projected at an 

angle of J tt with the initial distance (jB =) - , with a velocity 

c 

which is to the velocity in a circle at the same distance as 

V2 to V3> fiiid the curve described. 

(17) A particle under a central attraction, varying partly 
as the inverse third, and partly as the inverse fifth, power of 
the distance, is prcgected with the velocity from infinity at 
an angle with the distance, the tangent of which is \/2, the 
intensities being equal at the point of projection ; determine 
the orbit. 

tsiL 

(18) If P = ^(5r"+8<f)^ and a particle be projected 

from an apse at a distance c with the velocity from infinity ; 
prove that the equation of the. orbit is 

r=2.c(/*-6-^.. 

(19) If P= 2/A T-^- ^j y and the particle be projected 

from an apse at a distance a with velocity , prove that it 

will be at a distance r after a time 

(20) The attraction tending to the center of a circle 

whose radius is a h^ing >* (f + — r ) > fiiid the velocity with 

which a particle will describe the circle ; and shew that if 
the velocity be suddenly doubled the particle will come to 
an apse at the distance 3a^ 
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(21) If P=/Ar + 3, prove that the equation of the 
orbit is of the form 

?"" a" "^ 6' • 
If the particle be projectecl from an apse at a distance 

= a/- , with velocity i^fiv, prove that the equation of the 



a 

orbit is 



r*=. 



1 + ^' 
and that the time of describing the angle from the apse is 

4=tan-^^. 



(22) If, a particle move^nder a central attraction 
fiu* + vu*, shew that the equation of the orbit is generally 
of the form 

\a 
1 — e COS {kd) * 
In the case when the projection takes place at an apse, 
the apisidal distance being ^, and v being equal to h\ shew 
that the equation of the path is 

and that the time of describing an angle a is 

-tan^ (tf + J sin 20) where *^^ ^ = J7^- 

Determine generally the relation between the orbits 
when F=:fMu*<l> {ii) and when P = /ai*'^ (u) + vu\ 

(23) A particle is projected in any direction from one 
end of a uniform straight line each particle of which attracts 
it with an intensity proportional to the distance, prove that 
the particle will pass tlu'ough the other end. 
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(24) A particle moves in an ellipse under an attraction 
tending to a fixed point ; prove that the acceleration due 

to the attraction at any ppint P varies as jjpr-^wi* where 

PP is the chord of the ellipse passing through 0, and DD' 
the diameter parallel to PP. 

(25) A particle describes an equilateral hyperbola about 
a center of attraction in the center, shew that an angle 
from the apsidal line is connected with the time t of its 
description by the formula 

sm 20 = —Yz — 7 . 

(26) If V be the velocity of a particle moving in an 
ellipse about the center, v' its velocity when the direction of 
its motion is at right angles to the former direction, the time 

of describing the intercepted arc = — sin"* — v • 

(27) A particle moves under a central repulsion which 
varies as the distance from a fixed point; shew that the 
equation of the path described is 

X Jy* — 6* — 1/ J a? — a^^C, 

where a, i, c are constants, and determine the curve which this 
equation represents, 

(28) Find the time in which a particle would move from 
the vertex to the end of the latus rectum of a parabola, the 
center of attraction being at the focus ; and sh^w that if 
the velocity be there suddenly altered in the ratio m to 
1 (m being < 1) the body will proceed to describe an ellipse, 

the excentricity of which is (1 — 2m* + 2m*) . 

(29) If the Earth's orbit be taken an exact circle, and 
a comet be supposed to describe round the Sun a parabolic 
orbit in the same plane; shew that the comet cannot possibly 

(2 \*** 

of a year. 
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(30) If a particle, under a central attraction varying 
inversely as the square of the distance, be projected with 
a velocity equal to n times the velocity in a circle at the 
same distance; the angle a between the major axis and this 
distance may be determined from the equation 

tan (a - i8) = (1 - 71^ tan/?, 

)9 being the angle between the radius vector and the direction 
of projection. 

(31) A particle describes a parabola about a center of 
attraction (x IT*) residing in a point in the circumference of 
a given ellipse, the foci of which are in the circumference of 
the parabola ; shew that the time of moving from one focus 
to the other is the same, at whatever point in the circum- 
ference of the ellipse the center of attraction is placed 

(32) A particle is projected from a given point with a 
given velocity and is under a central attraction varying 
inversely as the square of the distance ; shew that whatever 
be the direction of projection the center of the orbit described 
will lie on the surface of a certain sphere. 

(33) A particle revolves in a circle about a center of 

attraction in the center, the intensity cc j^ ; the strength is 

suddenly increased in the ratio of m : 1 when the particle 
is at any assigned point of its path, and when the particle 
arrives again at the same point the strength is again in- 
creased in the same ratio; shew that the path which the 
particle will describe is an ellipse whose excentricity 

m«-l 



(34) A particle is moving in an ellipse about a center of 
attraction in the focus; supposing that every time the particle 
arrives at the nearer apse the strength is diminished in the 
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ratio of 1 to 1 — w, find the excentricity of the elliptic orbit 
after p revolutions, the original excentricity being e. 



{l^ny 



(35) If the attraction vary inversely as the square of 
the distance, prove that there are two initial directions in 
which a particle can move so that its apse line may coincide 
with a given line. If a^, a be the angles which these direc- 
tions make with the initial distance c, and 2a be the length 
of the apse line, prove that 

cot a. . cot Of, =s — 1. 

(36) If the perihelion distance of a comet^s orbit be J of 
the radius of the Earth's orbit supposed circular, find the 
number of days the comet will remain within the Earth's 
orbit. 

(37) If a comet describe 90^ from perihelion in 100 days, 
compare its perihelion distance with the distance of a planet 
which describes its circular orbit in 942 days, 

(38) In the case of planets and comets prove the follow- 
ing formulae, the letters being the same as in the text, 



- sin p = ■^'-^ ■' (m — nt) ; 



a e 



log^ = -log(l + X7 



— 2 (X cos ^ + iV cos 2u + JV cos 3w + &c.). 

(39) A body describes an ellipse about the focus : prove 
that the times of describing the two parts, into which the 
orbit is divided by the minor axis, are to one another as 
w + 2e to TT — 2e, where e is the excentricity of the ellipse. 
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(40) If Pp, Qq be chords parallel to the major axis of an 
elliptic orbit, shew that the diflference of the times through 
the arcs jPQ, pq varies as the distance between the chords. 

(41) If a comet whose orbit is inclined to the plane of 
the ecliptic were observed to pass over the Sun's disc, and 
three months after to strike the planet Mars, determine its 
distance from the Earth at the first observation, the Earth 
and Mars describing about the Sun circles in the same plane 
whose radii are as 2 : 3. 

(42) Shew that the arithmetic mean of the distances of a 
planet from the Sun, at equal indefinitely small intervals of 
time, is 



»o+^' 



(43) The time through an arc of a parabolic orbit 
bounded by a focal chord x (chord)*. 

(44) If a circle be described passing through the focus 
and vertex of a parabolic orbit, and also through the position 
of the moving particle at each instant, shew that its center 
describes with constant velocity a straight line bisecting at 
right angles the perihelion distance. 

(45) Shew that the velocity of a comet perpendicular to 
the major axis varies inversely as its radius vector. 

(46) Dj, D^ being two distances of a comet, on opposite 
sides of perihehon, including a known angle, shew that the 
position of perihelion may be found from the equation 

/T} i /n = ^^ i (su^a of true anomalies) . tan J (diflference). 

(47) In an elliptic orbit find the relation between the 
mean angular velocity about the center of attraction and the 
angular velocity about the other focus, and thence shew that 
when-e is small the latter is nearly constant. 
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(48) If a, ^ be the greatest and least angular velocities 
in an ellipse about the focus, the mean angular velocity is 

2Ay(a'yy) 

(49) rind the maximum value oi 0-nt in an elliptic 
orbit, and develop it in powers of e, shewing that it cannot 
contain even powers. 

If be this quantity, 

(50) If P = /iw« (1 + h^ sin« ey*, find the orbit, and in- 
terpret the result geometrically. 

Find the equation of the orbit generally when P=/iuy{ff). 

(51) Shew that if the central repulsion be constant 
(^f, suppose) we have -the following relation between the 
radius vector and the time. 



-/: 



/s/2/F(r+a)-A-' 

and from this, with the help of the equation of constant mo- 
ment of momentum, deduce the diflferential equation of the 
orbit. Shew also how the apsidal angle may be determined. 

If a particle, under a constant central repulsion, be pro- 
jected from an apse with the velocity acquired from the 
center, find the orbit, 

(52) A particle moves about a center of attraction, and 
its velocity at any point is inversely proportional to the dis- 
tance from the center of attraction ; shew that its path will be 
a logarithmic spiral. 

(53) Shew that the only law of central attraction for 
which the velocity at each point of the orbit can be equal to 
that in a circle at the same distance is that of the inverse 
third power, and that the orbit is the logarithmic spiral. 
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(54) If a number of particles, describing dififerent circles 
in the same plane about a center of attraction oc X)"*, start 
together from the same radius, find the curve in which they 
all lie when that which moves in the circle whose radius is a 
has completed a revolution. 

(55) If V be the velocity, and P the attraction at distance 
r in a central orbit, and if v, P', r be similar quantities for 
the corresponding point of the locus of the foot of the perpen- 
dicular on the tangent, shew that 

Pr V 

(56) A particle attached to one end of an elastic string 
moves on a smooth horizontal plane, the other end of the 
string being fixed to a point in the plane. If the path of the 

particle be a circle, shew that the periodic time oc f j , 

a and r being the natural and stretched lengths of the string. 
If the orbit be nearly circular, find the apsidal angle. 

(57) A particle is describing a curve about a center of 
attraction, and its velocity oc — , find the law of attraction and 
the equation of the path. 

^*i^' 0""=«>s(n-J)(^-a). 

(58) A particle projected in a given direction with a 
given velocity and attracted towards a given center has its 
velocity at every point to the velocity in a circle at the same 
distance as 1 to V2 ; find the orbit described, the position of 
the apse, and the law of attraction. 



■^\/^'*^^^-*«>' ^^^*- 



(59) If a particle move in a circle of radius r, about a 
center of attraction distant a from the center of the circle, 

T. D. 11 
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shew that the time from distance r to the nearer apse 13 

;;;;^Hl:-?\/(>-^)}- 

where ^ is the initial attraction ; and that the periodic time is 

where (p is the attraction at the nearer apse. 

(60) If the m^ power of the periodic time be proportional 
to the n^ power of the velocity in a circle, find the law of 
attraction in terms of the radius, 

(61) A particle is projected at a distance c from a fixed 
center of attraction with a velocity a /^ > and in a direction 

making an angle sin"* - with the distance ; the intensity of 

■ • iJLV 

the attraction at the distance r being , , »,» . Shew that 

(^ + c ) 
the orbit described will be a circle, of radius a, 

(62) A point describes a parabola, latus rectum 4a, with 
an acceleration tending to a point in the axis distant c from 
the vertex : prove that the time of moving from the vertex to 

a point distant y from the axis is proportional to t^-- + y. 

(63) If a body describes a parabola under an attraction 
tending to a point on the axis, prove that the acceleration. 

(1 1 \"* 
jjp + 7)- ) OP^, p being the point of 

intersection of PO produced with the curve* 

Also prove that the time of passing from one end of the 

8 /2 
ordinate through to the other = « V ~ • 



Digitized by VjOOQIC 



CENTRAL ORBITS. 163 

(64) A particle P describes a cycloid ABG under an 
attraction tending to the middle point of the base. If 
PM be drawn peiyeridicular to the axis OB, and PT the 
tangent meet OB in T\ the angular velocity of the tangent 
will vary as OM . OT inversely. 

(65) If r, p be the radius vector and perpendicular on the 
tangent at any point of the curve describea by a particle under 
an attraction P towards the pole, and a force T along the 
tangent, shew that 

J7^^ dr\f^dpj' 

For an attraction P to the pole, and a force -N^in the 
normal, prove that 

-^ dr\ djpj dr\ -^ dp J 

(66) A particle describes the nth pedal freely imder 
an attraction tending to a pole: find the law of at- 
traction. If the curve be a rectangular hyperbola, and 
the pedals be formed with respect to its center, prove that 
the nth pedal will be the orbit of a particle moving under 

an attraction varying as r"2»-i, wh§re r is the distance from 
the center of attraction. 

(67) A particle describes an orbit round a center of at- 
traction in a periodic time P. Straight lines are drawn from 
a point to represent the accelerations of the particle at equal 
intervals of time t, during a complete revolution. If P= nr, 
when n is an indefinitely great whole number, shew that 
these straight lines will represent a system of forces in equi- 
librium. Shew also that if the attraction vary directly as the 
distance, the result is true if n be not great. 

(68) A particle describes an orbit about a center of at- 
traction. If the center of attraction be replaced by the 
particle, and the orbit for any complete number of revolutions 
by a fine wire whose section varies inversely as the velocity 
in the corresponding orbit, and every point of which attracts 

11-2 
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by the same law as the center of attraction did, sh6w that 
the. particle will be in equilibrium: determine also the 
natiire of this equilibrium (1) when the attraction Varies as 
the distance, (2) when it varies inversely as the square of the 
distance. • • ' 

- Shew that if tha orbit be an ellipse, described ajbout a 
center of attraction in the focus, the centre of mass of the 
wire is midway between the center and the other focus. 

(69) If a uniform string under a central repulsion P per 
unit of length assume the form of a certain curve, prove that 
the same curve will be described by a particle of unit mass 
under a central attraction PT, the velocity at any point being 
numerically equal to the tension T of the string. 

(70) If P= .a .,.^ , and if the particle be projected 

(r "^ c) . 

from an apse at a distance nc (n > 1) with velocity which is 
to that in a circle as Jn'' — 1 : n, prove that it will describe 
a branch of an epicycloid, and find the time to a cusp. 

(71) Shew that if an ellipse be described under an 
attraction / to the focus 8, and an attraction f to the focus 



dr dr ^ \r r'J ' 



(72) Prove that if /=M^', /' = /-^'. the 

ellipse can be described freely, and that the velocity at any 

r^^rr' + r* 
point will be n j^=j: — , n being the mean m,otion in 

2vrr 

the ellipse under an attraction -^ to a focus. 

(73) A particle describes an ellipse under two attrac- 
tions tending to the foci which are to one another at any 
point inversely as the focal distances : prove that the velocity 
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varies as the perpendicular from the center on the tangent, 
and that the periodic time =x(r + "")> ka, kh being thfe 



(74) Prove that a particle can describe a parabola under 
a repulsion in the focus varying as the distance, and another 
force parallel to the axisalwaysof three times the magnitude 
of the repulsion ; and that if two equal particles desci:ibe the 
same parabola under these forces, their directions of motion 
will always intersect in a fixed. confocal parabola. 

(75) Prove that a lemniscate can be described freely by 
a particle under two central attractions of eqiial sta-ength to 
the foci each varying inversely as the distance ; and that the. 

velocity will be always equal to * / -~ , /* being the strength 

of each attraction. 

(76) If a particle move under an -attraction -^r to the 
point S, and a repulsion /ir from the point S\ prove that 

a constant, where ^, ff are the angles r, r make with 8S\ 

(77) The velocity of a point is the resultant of the 
velocities v and v along radii-vectores r and r pleasured 
from two fixed points at a distance a apart. Prove, that the 
corresponding accelerations are 

dv , vv f^ „ , «\ 

(78) A particle describes a circular orbit about a center 
of attraction situated in the center of the circle-; prove that 
the form of the orbit will be stable or imstable according as 

the value of -tt^ — , for w = - , is less or not less than 3, P 
dlogt^ a 
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being the central attraction, u the reciprocal of the radius 
vector, and a the radius of the circle* 

(79) If the equation for determining the apsidal distances 
in a central orbit contain the factor (u — a)', shew that w = a 
cannot correspond to an apse unless p be of one of the forms 

4m + 2 or -^ r • K the factor u-^a occur twice, then a 

2/1 + 1 

will be a root of the equation 

where ^ [u) is the central attraction. 

(80) Examine carefully the case of an apse where the 
center of attraction coincides with the centre of curvature. 
Shew that the particle will, after passing such an apse, de- 
scribe a circle about the center of attraction, but that the 
motion will be unstable. 

(81) A particle is projected from an apse under the 
attraction ^-\^ with a velocity ^^ ^^-^ ^ \ n bemg very 

small and a the initial distance, determine the apsidal angle 
and the other apsidal distance. 

(82) A particle moving in an ellipse about the focus 

is under a central disturbance which varies as -^ cos kd^ 

where 6 is the longitude measured from the nearer apse, 
and h is nearly unity. Prove that in one revolution the 
apse line turns through an angle a, given by 

(27r + a) cot « = constant 
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CHAPTER VL 

CONSTRAINED MOTION. 

169. We come now to the case of the motion of a 
particle subject not only to given forces, but to undetermined 
reactions. Such cases occur when the particle is attached to 
a fixed, or moving, point by means of a rod|fcp^^tring, and 
when it is forced to move on a curve or surfaoJf^ 

In applying to a problem of this kind the general equations 
of motion of a free particle, we must assume directions and 
intensities for the unknown reactions, treating them then as 
known, and it will always be found that the geometrical 
circumstances of the motion will furnish the requisite number 
of additional equations for the determination of all the un- 
known quantities in term& of the time, said the position of 
the particle. 

One* case of this kind has been already treated of {§ 84), 
namely, that of a particle moving on an inclined plane under 
gravity. There the undetermined reaction is the pressure 
on the plane, which however is evidently constant, and equal 
to the resolved part of the particle's weight perpefidicular to 
the plane. 

The laws of kinetic, friction are but imperfectly known, 
and the few investigations which will be given of motion on a 
rough curve or surface are of very slight importance. 

. 170. The simplest case is 

A particle is constrained to move on a given smooth plane 
curve, under given forces in the plane of the curve, to determine 
the motion. 

Taking rectangular axes in this plane, the forces may be 
resolved into two, X, F, parallel respectively to- the axes of x 
and y, the mass of the particle being taken as unity. In 
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addition there will be R, the pressure between the curve and 
particle, which acts in the normal to the curve, since the 
curve is smooth and there is therefore no friction. 

Let P be the position (rf the particle at the time t ; and let 




the forces X, Y, iZ, act on the particle as in the figure, It 
being estimated positive towards the centre of curvature. 
J)raw TF, a tangent to the constraining curve at P. Then 
the direction cosines of TP are 



and of PR are 



dx dy 
ds' Is' 



d^x d^y 



The equations of motion 



tt' 






"(1)-. 



•. (2). 



These two equations, together with the equation of the 
giveu curve, are suflScient to determine the motion completely* 
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dx dii 

To eliminate B, multiply (1) by ^ > i^)^7 ';u> ^^^ ^^^* 

We thus obtain, 

• • . dx cPx , dy cPy ^ 

' dx d^x dy d^y __ds d^s _^ ^dx ydy .^v 

or, as we may write it, 

d^s ydx ,Y^dy 

which might at once have been obtained by resolving along 
the tangent. 

Now, it has been shewn in Chap. II. that if the forces re- 
solved into X and Y are such as occur in nature, 

Xdx + Ydy 

ia the complete diflferential of some function — ^ (x, y). 

Integrating (3) on this hypothesis, we have 

supposing V to represent the velocity of the particle at the 
point xy. 

Suppose the particle to start at the time ^ = 0, from a point 
whose co-ordinates are a, J, with a velocity V, 

We have, from (4), 

and therefore ^ ^'"^ 5^ + ^ (^> ^) "" (^> y)...... (5). 

This shews that a particle, constrained to move under the 
forces. JT, T, along any path .wbajtever from the point a, 5 to 
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the point x, y, has on arriving at the latter point, the kinetic 
energy increased by a quantity entirely independent of the 
path pursued: another simple case of the conservation of 
energy. 

171. To find ihe reaction of the constraining curve. 

Resolving along the normal PR, towards the center of 
curvature, 

which may also be written 

p as as 

172. To find the point where ihe particle will leave the 
constraining curve. 

For this it is evident that we have only to put JJ = 0, as 
then the motion will be free. 

This condition gives 

=^FcobFPR, 
if f be the resultant of X and Y. 
Hence 

where Q h the chord of Curvature in the direction PF. 

Comparing this with the formula it;'=/« (§ 82), we see 
that ihe particle toiU leave the curve at a point where ita 
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velocity is such as would he produced by the tesultant force 
then acting on it, if continued constant during its fall from rest 
through a space equal to I of the chord of curvature parallel 
to that resultant. 

173. The formulae just given are mucli simplified when 
we consider gravity only to be acting. Taking in this case 
the axis of y vertically upwards, our forces become 

X=tOand Y^-^-gi 

and the velocity, and the pressure on the curve, are given by 

if t; = Fwheny = A:; 

and ^ ^^^R^g-. 

Suppose we change the origin to the point from which the 
particle's motion is sujpposed to commence; and take the axis 
of y vertically downwards; we shall evidently have 

and if the particle starts from rest 

This shews that the velocity depends merely on the 
distance beneath a horizontal plane through the original 
position of rest. Hence, whatever be the nature of the curve 
on which a particle slides under gravity, its motion will 
always be in the same direction till it rises to the same level 
as that to the fall from which its velocity is due. If it 
cannot do so, its motion will be constantly in the same 
direction ; if it can, its velocity will become zero, and the 
particle will then either come permanently to rest, or return 
to the point from which it started. 

174. To find the time of a particle^ s sliding down any 
arc of a curve under gravity ^ from rest at the upper extremity 
of the arc. 
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Taking the upper extremity as origin and the axis' of y 
vertically downwards ; we have 



and 



tn ds 

^ Jo7W( 



.(1) 



•<7y 

if yj be the vertical cO-ordinate of the lower extremity of the 
given arc. 

Or, taking the lower point as origin, and axis of y upwards, 
we have, since in this case v tends to decrease *, 






t. 



■V{2£r(y.-y)l J« Vl2<7(y,-y)l 



.(2). 



175. To find the time of descending from rest at any 
point of an inverted cycloid to ike vertex. 




' Taking formula (2) ; since in this case the vertex is the 
origin, and the axis is the axis of y, we have from the figure 

« = 0P= 2 chord OF = 2 V(^ O.ON)^ 2 V(2ay), 

if a be the radius of the generating circle. 
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Hence, 
and 



ds^ /2a 






dy 



.^fim-y')' 



-(v'r-i):' 

/a 

which is independent of y^, that is, of the point from which 
the particle begin^s its descent. 

The reason of this remarkable property will be more 
easily seen if we take the formula for the acceleration in the 
direction of the arc. We have thus 

(since OP' is parallel to the tangent to the cycloid at P) 
=.-gam(OAP') 
' OP' 

8 

or the acceleration is proportional to the distance from the 
vertex measured along the cycloid. 

176. A particle, under gravity, moves in a vertical 
circle, to determine the motion. 

Taking the vertical (diameter as axis of y, and its lo"wer 
extremity as origin, the equation of the circle is 

ds a ^L .^- i ^ 



Hence 



Digitized by VjOOQIC 



174 qOKSTRAINKD MOnOK, 

But |— V{2y(y»-y)l. 

if we suppose the motion to be due to the level y^ above the 
lowest point ; and therefore 

^__^^a 1_ >-.' 

^ dy" V(25r)V{(yx-y)(2ay-2^)l ^'^' 

I. Suppose y^ less than 2a, the particle will then oscil- 
late, and we must put y = y^ sin' ^, and then / ^ ',. ^ j^ 1 L 




^.v?.(.«,.4r" 



an elliptic integral of the first kind, of wl^ch ^ is the ampli- 
tude and h the modulus. 

Instead of considering < as a function of ^, we must con- 
sider <^ as a function of % given by this equation, and then 
with Jacobi's notation put 

and therefore y = ^i sn* a/ - ^, 

and the time of vibrating from rest to rest is therefore 
2jBr a/ - , where K is the complete elliptic integral 

If the oscillations are indefinitely small, A; = and K= \tr, 

and the time of vibration from rest to rest is ir */ - , and 

y 

therefore the time of a complete oscillation is 27r a/ - • 
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II. Suppose y, greater than 2a, the particle will then 
perform complete revolutions, and we must then put 

y=s2asin*^, 
and then 

^"^VyioV(l-A'sin»'*^ = ^' 

and therefore ^ = am ^ •- ^ , 

and y = 2asn«^^|; 

and the time of a complete revolution is 

When the particle is supposed to be suspended by a 
thread without weight, it becomes what is termed a simple 
pendulum. Such a machine can exist only in theory, but 
Dynamics furnishes us with the means of reducing the calcu- 
lation of the motion of such a pendulum as we can construct, 
to that of the simple pendulum. It is evident that by its 
means we may determine the value of ^r, if the length of the 
pendulum, its arc of oscillation, and the number of vibrations 
it makes in a given time, be known. Since gravity decreases 
(according to a known law) as we ascend above the Earth's 
surface, the comparison of the times of vibration of the same 
pendulum on the top of a mountain and at its base would 
give approximately the height. One of the most important 
applications of the pendulum is that made by Newton. It is 
evident that if the weight of a body be not proportional to its 
mass, the value of g will be different for different materials. 
Hence the fact that pendulums of the same length vibrate in 
equal times at the same place whatever be the matter of which 
the bob is made, proves, by means of the above formula, the 
truth of one part of the Law of Gravitation: viz. that, ceteris 
paribus, the attraction exerted by one body on another 
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is proportional to the quantity of matter it contains, and inde* 
pendent of its quality. 

177. "We may detern^ine the motion of the simple circular 
pendulum by resolving along the arc. 

Let be the center of the circle, OA the vertical radius, 
P the position of the particle at the time t, and let A OP = 6. 

Suppose the motion to be due to the level BG: then we 
must distinguish the two .cases in which BG dpes and does 
not cut the circle. 




I. Suppose BG to cut the circle in B and (7, and let 
u40jB=a; then the pendulum will oscillate through an 
angle 2a. 

The equation of motion will be 



de 



But 
therefore 



=— ^rsin^. 

— - = - ^ sm ft 
df a 
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JQ 

Multiplying by -j- and integrating 



i(fy=fH^-^°^«) (!>• 



Let BG cut OA in J) ; on -42) as diameter describe a circle, 
and let PM drawn perpendicular to OA cut this circle in Q, 
andlet J[OQ=<^. 

Then since AM = Ja (1 — cos 0) = 2a sin^ ^ 

and AM = AD sin* ^ = 2a sin' ^ sin* <^ ; 

therefore . sin ^ = sin ^ sin <^. 

Substituting in equation (1), we obtain 

_ /a [^ d<l> . . a 

and ^ = V^JoV(l-A:-sin'^<^)' ^ = «^^2- 

Therefore as before 

C08| = dn4/'|<; 
therefore AP=J.BsaA^^t, 



T. D. 



12 
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II. Suppose BG not to cut the circle, then the pendulum 
will perform complete revolutions ; let AD = y,. 

Then, as before, resolving along the tangent 



and 
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Let AEP = ^, therefore 6 = 2^, 

=i(i-f-.*) 



=^(i-i^ri,.-«,j?.g. 



Therefore ^ = am (a/ - T, > ^j ' 



>^ 



and J.Jlf = 2asii*A/-^T, 

as before. 

In the separating case BG touches the circle at its highest 
point E, and y^ = 2a, A; = 1 ; therefore 



= ;y/|logtan(| + |). 



tan 

1 + sin <^ _ s^/j* 
1 — sin ^ " * 

sinp = — 7= 7=-* 

which determines the motion completely. 

Since ^ = J tt when < = oo , the pendulum will continually 
approach the.highest position, but never reach it 

12—2 



Digitized by VjOOQIC 



180 



CONSTRAINED MOTION. 



178. Let DM he a horizontal line, and let DA be taken 
equal to the tangent from D to the circle BPC\ whose center 
C is vertically under D. Al^o let iM ^ be any line through A, 




cutting in Q the semicircle on A C. Also make E the image 
of -4 in DM. . Then if P move with velocity due to the 
level of DM, Q moves with velocity due to the level of ^; so 
that we have the means of comparing, arc for arc, two differ- 
ent continuous forms of pendulum motion, in one of which 
the rotation takes place in half the time of that in the other. 

Let 6) be a small increment of the circular measure of 

AP ,PC 
BAP, then arc at Q = GA. o, arc at P = — t^^ — . o. 



Also, 



velocity at P = J2g . PM= , 



PQ 



.AR 



Hence, 



.elcci^M«.^^-^y^. 



AP: 



Jg.AO 

' FO • 



PQ. 
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But 



= JCP^-Cfi.CA (where QR is horizontal) 
= ^/^CZy ^^'qF^^ + AR^ JCA . ER. 



Hence, 



velocity at Q = pj^JgTEM. 



Thus Q moves with velocity due to the level of E, and con- 
stant acceleration 

We have at once the means of comparing continuous rota- 
tion with oscillation, as follows: 

Let two circles touch one another at their lowest points ; 
compare the arcual motions of points P and j>, which; are 




always in the same horizontal line. Draw the horizontal tan- 
gent AB. Then, if the line MPp be slightly displaced, 



arc at P 
arc at p 



AO 
'MP 



Mp^AO l aM.MO _A0 / 
aO aO V AM.MO aO V '. 



aM 
AM* 
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Thus, if P move, with velocity due to g and level a, con- 
tinuously in its circle, J) oscillates with velocity due to 

g • -jj^ and level AB. 

Combining the two propositions, we are enabled to compare 
the times of oscillation in two different arcs of the same or of 
different circles. 

Professor Cayley has pointed out to me that results of this 
kind depend upon one of the well-known fundamental trans- 
formations of elliptic functions. In fact, it is obvious that the 
squares of the sines of the quarter arcs of vibration which the 
combination of the above processes leads us to compare are 
(in the first figure), 

GA , G'B ^. , 

^ and -^jr^ respectively. 

Calling them 75 and ^ra, and putting DA^a^AG^e^ we 
have 



Hence 



e 


e' 


1 2^/2a« + e' 




2o+ 


*i* o + e+V2ae + 


? 




1 


4 
h 






'-^-r 






1^ 


27* 





or 

Lagrange's transformation is equivalent to 

. ^ 2 VA sin ^ 
^^ = l + ibsin-d' 
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which, for limits and sin"^ t for 6y gives and sin"* v- for <^; 
and we thus have 

r ^ ' d<i> 2fe. r * rfg 

whose application to the pendulum problem is obvious, 

Proc.RS.JE., 1871— 2. 

179. To find the pressure between the circle and the par- 
ticle, or the tension of the string. 

The reaction R being measured positively as a tension 
between the particle and the centre, 

jB = — + ^cosa. 
a 

Let AD^y^y BO being the level to which the motion is 
due; then 

and therefore 

5=flf|^-2(l-cos^) + cosdl 

=3,{ooa«-|(l-|.)}. 
This expression for B admits of the value zero, if 

It may happen however that when the particle oscillates, 
the points thus found may not lie within the arc which the 
particle passes over. 
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The particle will oscillate if ^i < 2a. Now in order that 
the points where E vanishes may lie within the limits of 
oscillation, the value of cos d for the former must not be less 
than that for the latter, and therefore 



•(i-J)<i-|s 

\ a/ a 



or - 3^,<i:a. 

5 

Hence, if a<y^<-xa, there will be a point at which R 

vanishes; and if the particle be moving on the concave side 
of a smooth circle, or be attached by a string to a fixed point, 
the circular motion will cease at this point; the particle will 
fall off the circle in the one case, and the string will cease to 
be stretched in the other. 

If, however, the particle be confined in a circular tube, or 
attached to th6 center by a light rigid rod, the pressure on 
the particle will act loutwards from the center, or the 
stress in the rod will change from a tension to a pressure. 

Beyond these limits it is evident we shall have complete 

5 
revolutions if y^>^(iy and oscillations if y^<ay without 

change of sign of jB, or without the string becoming slack 

Also by what we have before shewn, if the particle be 
constrained by a circular tube or light rigid rod, it will 
oscillate if y^ < 2a ; if y^ = 2a, the particle will reach the 
highest point after the lapse of an infinite time, and if 
y^ > 2a, the particle will revolve continuously. 

180. Two points being given, which are neither in a ver- 
tical nor in a horizontal line, to find the curve joining them, 
down which a particle sliding wnder gravity, and starting' from 
rest at the higher, mil reach the other in the lea^t possible 
time. 

The curve must evidently lie in the vertical plane passing 
through the points. For suppose it not to lie in that plane^ 
project it orthogonally on the plane, and call corresponding 
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elements of the curve and its projection <r and a. Then if a 
particle slide down the projected curve its velocity at <r' will 
be the same as the velocity in the other at <r. But <r is neftier 
less than a, and is generally greater. Hence the time through 
<r' is generally less than that through <r, and riever greater. 
That is, the whole time of falling through the projected curve 
is less than that through the curve itself. Or the required 
curve lies in the vertical plane through the points. 

Taking the axes of x and y, horizontal, and vertically 
downwards, respectively, from the starting point; iix^ be the 
abscissa of the other point, the time of descent will be 

ds ^ 
f^^dx .^.. dy 

' Jo V(%y) 

Applying the rules of the Calculus of Variations, we have, 
since V or ^^ ^^ is a function of y and p, the condition 
for a minimum, 

the differential coefficient being partial. 

Thisgives ^^^)= , /^ ., + a, 

or VyV(l+p')=Y^=V^ suppose. 

Hence t- = 



dy p V a-y' 



the differential equation of a cycloid, the origin being a cusp 
and the base the axis of x. 

This is a problem celebrated in the history of Dynamics. 
The cycloid has received on account of this property the name 
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of Brachistochrone. Farther on we propose to investigate 
the nature and some of the properties of Brachistochrones 
for other forces besides gravity. For an investigation not 
directly involving the Calculus of Variations see Appendix, 

181. A particle moves on a smooth plane curve, under 
an attraction to a fixed center in the plane of the curve; to 
determine the vrntion. 

Let r =/(^) be the polar' equation of the constraining 
curve about the center of force as pole, and let P = ^ (r) be 
the attraction on a particle whose distance from the center 
is r. 



Resolving along the tangent at any point, 
'M^ ^ds 



""'--Pi (1). 



Equation (2) contains the complete solution of the problem 
so far as the motion is concerned ; since, by means of the 
equation of the curve, either r or s may be eliminated from 
it, and if the resulting differential equation be integrable, it 
will give « or r in terms of ^. 

For the pressure on the curve. Eesolving along the 
normal at any point, p being the radius of curvature, we 
have 

r "*<■■■■: ; (»). 

an expression which by means of the foregoing equations will 
give M in terms of t or r. 

Hence the solution is complete. 

182. When the constraining curve is tortuous. 

All we know directly about R is that, it is perpendicular 
to the tangent line at any point. 
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Eesolve then the given forces acting upon the particle into 
three, one, Ty along the tangent, which in all cases in nature 
will be a function of x, y, z and therefore of s ; another, -W, 
in the line of intersection of the normal and osculating planes 
(or radius of absolute curvature) ; and the third, P, perpen- 
dicular to the osculating plane. 

Let the resolved parts of -S in the directions of N and 
P be JSj, jBj. Now the acceleration of a point moving in any 

manner is compounded of two accelerations, one j^ or w -7- 

along the tangent to the path, and the other — towards the 

P 
center of absolute curvature, the acceleration perpendicular 

to the osculating plane being zero ; and therefore 

%'■'■■■ (1)- 

This equation together with the two of the curve is suflS- 
cient to determine the motion completely. 

Also ^ = i?, + iV' (2), 

r 

iJj and T being considered positive when acting towards the 
center of absolute curvature; this equation determines B,^. 

Now R^ is the reaction which prevents Ps withdrawing 
the paiiicle from the osculating plane ; and therefore 

•B. = --P- (3), 

(2) and (3) give tte resolved parts of the pressure on the 
curve. 

Also B = V(^i* + ^r^y ^^^ ^^^ direction makes an angle 
sstan'^f-^^j with the osculating plane. 

183. In Art. 180 we arrived at the remarkable property 
of the inverted cycloid, that a particle falling imder gravity 
from rest at any point of the curve reaches the lowest point 
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in the same time, whatever be the point of the curve from 
which it starts. Let us find for what forces an analogcms 
property is possessed hy any otner given curve. 

Let the forces resolved along the curve have a component 
= ^(f> (s)y where s is the distance from the point to which 
the time of fall is constant : then, 

S=-*'(^) • • (!)• . 

If the particle starts at a distance k from the fixed point, 
the velocity = when s = k. Hence the corrected integral 
of (1) is 



and we have 



Jo 



o{<f>ik)-4>(s)}i' 



if T be the time of fall to the fixed point, which is by 
hypothesis to be independent of k. - 

Put s = kzy the limits of z are 1 and 0, and 

kdz 



^^'-/.'i 



Jo{<l>{k)-'(f>{kz)}i' 
and, that this may be independent of k, we must obviously 
have ^ (k) — (f> (kz) = l^f («)• 

This may be put in the form 

4>{k) j, ii>{kz) _. . 

from which, by inspection, we obtain 

^l,^=c+f (2). : 
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Or we might have proceeded as follows. 
By differentiatiou with regard to z 

The only solution of this which is not nugatory is 

^ii;{hz) = hf{z) = ^Chz. 
Hence, or by (2), 

Thus, by (1), 1? = -"^^ (3)> 

that is, the resolved force along the curve must be propor- 
tional to the arcual distance from the fixed point 

Hence, if X, Y, Zhe the impressed forces, 

is the condition they must satisfy at every point x, y, z of the 
given curve. For such forces the given curve is said to be a 
Tautochrcyne. 

By equation § 90, the time of descent is 
^ = 2V^- Hence C=^. 

184. To find the Brachistochrone for a particle svhjected 
to any forces which make Xdx + Ydy + Zdz a complete dif- 
ferential of three iridependent variables. 

Generally 

.between proper limits, is to be a minimum ; and therefore, 
taking its variation, v . . 

.• S*=J??*^ = (1). 
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But the equation of energy is 

|ty"=/(X(ia?+ Ydy^Zdz)\ 

and gives vSi? = Z8a?+ Yly-^-Zhz^ . 

or dsBv^{XBx+YSy + ZSz)dt (2). 

Again d^=:da? + dy* + dz\ 

and %^d8==vSd8=^^Sdx + ^^Uy + ^Sdz (3). 

Hence (1) becomes, by (2) and (3), and since d and S fol- 
low the commutative law, 

- ft (XBx +YBy + ZSz) dt 

by integrating the first tenn by parts. The integrated terms 
in [] belong to the superior, those in { } to the inferior, limit. 

But, if the terminal points are given, we have at both limits 

&B = 0, 8y=0, Sz=0, 

und therefore the terms independent of the integral sign 
vanish. In order that the integral may be identically zero, 
we must have, since Sa?, Sy, Bz are independent, 

s(^S)-^» W' 
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with similar expressions in y and z. The eKmination of <, 

ds 
and V0T-=-y from these equations will give us the two differen- 
tial equations of the curve required, the forces X, Y, Z being 
by hypothesis functions of x, y, z only. 

185. But without getting rid of v we may prove two 
properties common to all such Brachistochrones. 

Elimifiating t from (4) we have 

d fldx\ , X ^ 
'ds[vd^)^^-^' 

^^'-"rfidF^^-^^ (5), 

with similar expressions in y and z. 

Multiplying these in order by \, /*, v and adding; if we 
take \ fi, V such that 

we shall have also 

^X-^-fiY+vZ^^Q (7). 

Now (6) shows that the line whose direction cosines are as 
\, ft, 1/ is perpendicular to the radius of absolute curvature of 
the path, and also to the tangent; that is, it is normal to the 
osculating plane. Also by (7) the same line is perpendicular 
to the resultant of X, Y^ Z, 

Hence, the osculating plane at any point contains the r^ 
sultamt of the impressed forces. 

Again, if p be the radius of absolute curvature, 

i=(S)'-(S)V©)'- . 



.(6). 
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and its direction cosines are 

d'a; cPv ^^ 
^d?' ^d?' ^d?^ 

therefore, multiplying equations (6) by 

d*aj d^ ^ 
da'*' d?' d?' 

and adding; noting that, since 



we have 



dsd8'^ds~d?'^d^d?'' ' 



we obtain the equation 

^-(^4'-^''S-^'■s) («)• ' 

or the noimal component of the impressed forces in a Brachis- 
tochrone is equal and opposite to the normal component of 
the forces which with the same velocity would cause the 
Brachistochrone to be described freely. 

. The velocity in the curve supposed to be a Brachisto- 
chrone or a free path being the same, the tangential com- 
ponent of the impressed forces must be the same, and there- 
fore if we reflect the impressed force in the tangent at every 
point, the Brachistochi'one becomes a free path, and vice 
versa; in this way from the known properties of free paths 
we can find for what forces they are Brachistochrones and 
conversely. 

Thus from the properties of free parabolic or elliptic 
motion we obtain that, a parabola for a constant repulsion 
from the focus, or an ellipse for a repulsion from one focus 
inversely as the square of the distance from the other focus 
is a Brachistochrone, the circle of zero velocity being evanes- 
cent. 
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186. If the terminal points are not definitely assigned 
(if, for instance, it be required to find the line of swiftest 
descent from one given curve to another) we havQ no longer 

Sa;=0, Sy=0, Bz = 

at the limits; but, with the requisite modifications, the pro- 
cess in § 184 enables us to find the proper conditions in any 
case. Such questions, however, involve difficulties belonging 
rather to Calculus of Variations than to Kiaetics. 

Thus, suppose that the final point of the path is to lie on 



we have 



S^^f^^f^-" p)- 



Also that [] may vanish, which is necessary in order that 
St may be zero, we must have 



^8, + |s^+^S.^0 (2). 



dt dt dt 

Now the only relation between Sx, Sy and Sz is (1), to 
which (2) must therefore be equivalent : hence 

dx dy dz dF dF dF 
dt ' dt ' dt " dx ' dy ' dz' 

These equations show that the moving particle meets 
the terminal surface at right angles. A similar condition is 
easily seen to hold if the initial point of the path is also to lie 
on a given surface, provided the whole energy be given and 
the given surface be an equipotenticd one. If it be not equi- 
potential, terms depending on Bx^, By^, Sz^, will appear in the 
integral and must be taken along with { }. 

If a terminal point is to lie on a given curve the condition 
is to be determined in a similar manner. 

T.D. 13 
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187. A particle moves under given forces on a given 
smooth surface ; to determine the Tnotion, and the pressure on 
the surface. 



Let 



F(x,y,z)^0, 



(1), 



be the equation of the surface, JR the reaction, acting in the 
normal to the surface, which is the only etfect of the con- 
straint. Then ii\, fi, vhe its direction cosines, we know that 



X = 



\dx) 



Ti^RfRfil 



■(2). 



with similar expressions for fi and v ; the differential coeflS- 
cients being partial. 

If X, Y, Z be the impressed forces on unit of mass, our 
equations of motion are, evidently, 






=^Y-^Iiy. 



.(3). 



%-^^^^ 



Multiplying equations (3) respectively by 

dx dy dz 
Tt' tt' di' 



and adding, wo obtain 

dxd^x di/d^ dz d/^z _ l d(v^ 
dt'de'^'di'd^'^didf^2 dt 

'^^-dt'^^Tt'^^Tt' 



.(4). 
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li disappears from this equation, for its coefficient is 
^ dx , dy . dz 

and vanishes, because the line whose direction cosines are 
proportional to -r , &c. being the tangent to the path, is per- 

Cut 

pendicular to the normal to the surface. 

If we suppose X, Y, Zio be forces such as occur in nature, 
(Chap. II.) the integral of (4) will be of the form 

^v'^<f>{x,f/,z)-\'C (5), 

and the velocity at any point will depend only on the initial 
circumstances of projection, and not on the form of the path 
pursued. 

To find B, resolving along the normal, then 



P 



which gives the reaction of the surface. 



£), Yc^ V-.^^rrata^. 



188. To find the curve which the particle describes on the 
surface. 

For this purpose we must eliminate R from equations (3). 
By this process we obtain 

df ^ de ^ df "^ ,^, 

-X — ^— 7~^"7~ ^^^' 

two equations, between which if t be eliminated, the result is 
the ditferential equation of a second surface intersecting the 
first in the curve described. 

If there be no impressed forces, or if the component 
of the impressed force in the tangent plane coincide 
with the direction of motion of the particle, then the oscu- 
lating plane of the path of the particle, which contains the 

13—2 
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resultant of JR and the impressed force, will be a normal 
plane, and therefore the path will be a geodesic on the 
surface. 

Thus a particle under no forces on a smooth (or rough) 
surface will describe a geodesic. 

189. A particle moves on a surface of revolution, under 
gravity in a direction parallel to the axis of the surface; to 
determine the tnotion. 

Take the axis of the surface as that of z, the equation 
may be written 

This may be put in the form, 

if p be the distance of any point in the surface from the axis. 
Equations (6) become 

d^x d^y d^__ 

de __ df df f ^. 

f{p)-p /(P)^ ""^ 

The first two equal terms give us, for the projection of 
the motion on a horizontal plane, the equation 

cPy d^x ^ 

But if be the angle between the plane containing p and 
the axis of z, and a fixed plane through that axis ; we see 
that this is equivalent to 

/)*-^ = const. =/i (8). 

If the motion be due to the level k, the second integral of 
equations (7) is 
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Let u = - , and z^<f>{v) be the equation of the surface ; 
then 

(S)"-(ir-»-{(S)'--}- 

therefore 

^ *' [(sy + "' ^ "*{*'<")"^* (1)1 =5^ {* - <^ («)}. 

and differentiating with respect to 0, and dividing by -^ , 



^ 
d^"^ 



u = -|f(«)-«»)^pf(«)|}, 



the differential equation of the projection of the path on a 
horizontal plane. 

If we omit the term containing ff, we ^ee that the above 
equation will represent the projection of a geodesic on the 
given surface. 

190. Suppose the motion to take place in a spherical howl; 
or let the particle he suspended by a string from a fixed 
point 

This is the most general motion of the Simple Pendulum. 

Let us take the center as origin, and the axis of ^ vertically 
downwards. 

Then F(x, y, ^) = a?" + y* + «' -a'= 

is the equation of constraint, and the equations of motion are 

dF ^a' 

df ^a' 
d^z J.Z 
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H-.M(sT-(i)"-(S)]=^('-) (■)■ 



if the motion be due to the level z^. 



©• 



""Try^-^^ (^)- 

Ai dx ^ dy dz ,^. 

by the equation of the surface. 

Squaring and adding (2) and (3), 

and therefore from (1), 

o^($^*=^(.^-''.W-^^-^' w. 

and therefore ^ is an elliptic function of t 

The motion will be comprised between two horizontal 
circles, and if the depth of these circles below the center be 
6 + c and 6 — c, the cubic in «^in the right-hand side of (4) 
must have roots 6 + c and 6 — c, and if a^be the third root 

(^ =-^{'>-h-c){z-h + c){z-d). 

If we suppose the particle initially on the lower circle 
and put 

j? = (6 + c) cos'^ + (6 — c)sin'^ 
= 6 4-ccos2^, 
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then ^-6-c = — 2c sin'</>, 

^ — 6 + c = 2c cos* <f). 



T- = — 4csm 9 cos q> 



and therefore 



= g(l-i«smV^). 



where A* — 



and therefore ^ = am (K «y , A 1 , 

where ^ = ^ = | J (& + c-rf). 

Therefore the vertical motion of the bob of the pendu- 
lum will be the same as that of a point on a simple circular 

pendulum of length — performing complete revolutions in 
c 

the same periodic time 2 7^ as the spherical pendulum. 

Now (« — 6 — c) (« — 6 -I- c) (^ — <Q 

= «*-«,«*- a*s + a\+ ^ ; 
therefore 26 + <? = «„ 
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Therefore J= — 

and i^ = 



26 
4ibc 



2J{6 + c) + a' + J'-c» 

4Jc 

'a"+(6 + c)(36-c)' 



or 



If -^ denote the angle which the vertical plane through 
the pendulum has turned through in the time t, then 

2a\a + 'z a— zj 

Now j5 = J + c — 2c sin' <f) 

= ^ + c — 2c sn' ti, 

K 
putting u=^-7pt\ and therefore 



du—^KA. 2c .3^,/i^. 2c ^ 



^ a+6+c a—b—c 

To reduce these expressions to Jacobi's normal form of 
the third elliptic integral, we must put 

^ * ^ a + 6 + c * a — b — c 

and then a^ and a, will be real. 

Therefore sn' (ia. -\-k) = r^ , 

'' , I ^ V 1 / a + b+c 
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a + d 



cn* (ia^ + k) • 



a + 6 + c' 



dn' ua. + k) = t — ; 

^ ' ^ a + b + c' 

a . b+c—d 
sn ia, =a 5 — , 

2 . a — d 

" a—b—c 

J , . a — 6+c 

dn'ta-= ,- 

* a—b—c 



Now f =-(6««.c')rf^aV, 



or -=*-^(& + c + ^)(*-c + ^ 

_aK^ (a'\-b-\'C)(a + b-c)(a-b-\'c){a-'h-c) 
" T" bib + c-'d) ' 

and therefore 

1 }^ 1 ^ -^ (a.+ 6^c)(a~6-hc)(a-5-c) 
4a»(a + 6 + c/ T' 6 (6 + c- d) (a-t- A + c) 

■g^ en' (ia, + A?) dn* (t'g, + k) 

and similarly^ 

Ife' 1 ^ ■g^ cn'^q,dn^V, 
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Therefore 

CD (^a^ + Ic) dn (ia^ + k) en ia^dn ia^ 

^^_ • sn {ia^ 4- k) . sn ta^ 

and therefore, measuring >^ from the lowest position of the 
pendulum, 

, . fen (ia, + k) dn (ia, + k) en laAn ^a^ 
^ ( sn (ia^ + A;) . sn ta^ J 

+ i n (u, ia^ + &) + I n (u, ia^) 

_ ( d log sn (^a^ + k) t?logsnta, 
""( da^ da^ 

, d\oor®(in-^-k) . c?log0mj 

1 .. Q (^ — ^a^ + A;) (^ - ta^) 

_ r c?logJ5r(ta^ 4-^) d log Hia ^ 
" \ da^ da^ J 

■*■ 2 ^ e (t^ + ia,+ jfc) e (t^ + iaj 

""f 2tt' "^ rfa, "^ da, J 

1 ., Q (tf •- ta^ — 1^) Q (u — {g^) -'tF 

where u = K ^^ and i' is the modulus eomplementary to k, 
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If we put ■f = ^^+'f', 

where "^ _ a,+a d]^&(a^ d]ogH(a„k') 
Where -^-'^YKK'^ d^, ^ da^ ' 

, w 1 M 0(«-ia,--K')0(tt-ta,) 

and ^=2*^''Se(«+ta, + ir)e>(« + taJ' 

then "9 will be the apsidal angle, and yp the mean angular 

velocity of the vertical plane through the pendulum : also 
'^\ the periodic part of '^y will be such that 

j^, _ % {u^-ia^-^ K )® {u-k-ia^ 

and therefore 

cos^V^-20(^-.iai-^)e(t*-iaj"*"2©(t^+m,+A')iB)(i^+ia,)' 
a periodic function of t, of period T. 

191. An interesting special case is that of the Conical 
Pendvlimty as it is called, when the particle moves in a hori- 
zontal plane and therefore in a circular path, the string de- 
ficribing a right circular cone whose axis is vertical. 

Here z is constant and equal to 6, c being zero; and 



therefore 
where 



cly\r^ h 






2g 2b -' 

and therefore -^ " V f ' 

and the time of a complete revolution is 
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depending only on the depth of the plane of motion below 
the point of suspension. 

If the motion be slightly disturbed the period of a vibra- 
tion, putting 

A? = 0, A = 5 TT, and — = 



becomes 






and the apsidal angle of the projection of tlw motion on a 
horizontal plan« 

a 



27r 



Ja^-^iSb^ 



192. To determine the natwre of the small oscillations 
executed by a particle, wader gravity, about a portion of stable 
equilibrium on a smooth surface. 

The tangent plane at the position of equilibrium must be 
horizontal, and the contiguous portion of the surface must 
be synclastic and evidently lie above the tangent plane in 
order that the equilibrium may be stable. 

If p, p^ be the radii of curvature of the principal normal 
sections, and if the axes of x and y be tangents to these sec- 
tions respectively, at the point of contact with the horizontal 
plane, we know by Analytical Geometry that the equation of 
the surface in the inmiediate neighbourhood of the origin is 
of the form 

2^-^'-?!^0 (1). 

P Pi 

The equations of motion of the particle are, as in § 187, 

dl'' 
(Py 



dx^ 



cPz „ 



.(2). 
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If X and y axe small, z is of the second order of small 
quantities by (1} £akl. may therefore be neglected, as may 

also-^. 



X 



y 



Hence 76 = , /* = — — , v = 1, approximately. Elimi- 
nating B from equations (2), we have 



d^x _ g 

dc py 



(3), 



which show (§ 177) that the motion consists of simultaneous 
simple pendulum small oscillations in the principal planes, 
the lengths of the pendulums being the- corresponding radii 
of curvature. 

The annexed cut shows a very simple arrangement, due to 
Prof. Blackburn of Glasgow, by which, this species of con- 




straint may easily be produced. Three strings are knotted 
together at the point 6', the other ends A and B of two of 
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them are attached to fixed paints, and the third supports the 
particle D. Suppose CE to be vertical, then the small oscil- 
lations of D will evidently be executed as if on a smooth 
surface whose principal planes of curvature at D are in, and 
perpendicular to, the plane of the paper. The radii of curva- 
ture in these planes are CD and DE respectively. 

If we put - = n", and — = n^, the integrals of (3) are 

r Pi 



y 



= A cos {nt + -B) I ... 

= .4,cos(n,«+5,)r ^^' 



The curves corresponding to these equations are very in- 
teresting, but we cannot enter at length on the consideration 
of them. We may take, as a special case, that in which 
DE^iCD ; in which therefore 

^ = -4 cos {nt + -B) I ,^v 

y = J,cos(2««+£,)J ^^''• 

The circumstances of projection determine in each case the 
particular curve described — a few of the principal forms are 
sketched below, the last of which is a portion of a parabola. 




When n^ is nearly, but not exactly, equal to 2rj., the curve 
described is always for a short time approximately one of the 
above figures, but its form slowly passes in succession from 
one member of the series to the next, completing the round 
when one pendulum has executed one more or less than twice 
as many complete oscillations as the other. 

193. We must next consider the effect of the earth's 
rotation upon the motion of a simple pendulum. Strange 
to say it was left for Foucault to point out, in February 
1851, that the plane of vibration of a simple pendulum 
suspended at either pole would appear to turn through 4 
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right angles in 24 hours — the plane, in fact, remaining con- 
stant in position while objects beneath the pendulum were 
carried round by the diurnal rotation. At the equator, it was 
pretty obvious that no such effect would occur, at least if the 
original plane of vibration was east and west. By some pro- 
cess, of which he gives no account, he arrived at the result that 
the plane of oscillation must, in any latitude, appear to make 
a complete revolution in 24^ x cosec. lat. This curious result 
has been amply verified by experiment. 

194. The equations of motion of the pendulum, referred 
to •rectangular axes fixed in space and drawn from the earth's 
center, the polar axis being that of Zy are obviously 

with similar expressions in y and z ; a, h, c being the co-ordi- 
nates of the point of suspension, T the tension, I the length 
of the string, and X, Y, Z the -components of gravity. 

The equations of motion referred to a new set of axes, 
parallel to the former, but drawn through the point of sus- 
pension, are 



_ d' (a; - a) t^-<^.^(y ^'^^^ 

^'"^?— =-,^-r+^l^"^j) (1). 

&c.= &c. ) 

Let us now refer the motion to axes turning with the 
earth, but drawn from the point of suspension. If the axis 
of f be drawn vertically, and the axes of 17, f respectively 
southwards and eastwards; and if a>t be the angle at time t 
between the planes of xz and f?;, X being the co-latitude of 
the point of suspension, we have at ouce (assuming that f 
intersects z) 

A . A A . 

cos x^ = sin \ cos g)^, cos xr} — cos X- cos at, cos a;f = — sin (ot, 
cos y^ = sin X sin cof, cos yrj = cos \ sin cot, cos y^ = cos cot, 

A A . A 

cos 3^^ =» cos \, COB ^S:^; aa — Sin \, COBZ^^ 0. 
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By means of these expressions we can at once find the 
valuQS o{x — a, y — b, z — c in terms of f, rj, f, t, as follows : 

a? — a = f sin \ cos cot + rj cos \ cos cot — f sin cot, 

y — 5 = f sin \ sin 0)^ + 17 cos Xsin ft)< + fcos mt, 

«— c=fcos\ —17 sin X. 

Let 7 be the acceleration due to the- attraction of gravity 
alone, and v the angle (nearly equal to \) which its direction 
makes with the polar axis. [We have above in effect as- 
sumed that its direction lies in the plane of z^, as we have 
assumed that the axis of f intersects the polar axis, while we 
know that the centrifugal force lies in their common plane.] 
Let r be the distance of the point of suspension from the 
earth's centre, fi the angle its direction makes with the polar 
axis. Then 

a = r sin /Lt cos 01^, li=^rsin^fiaiB tot, c^rcosfi. 

With these data equations (1) become 
sinX (-— — fo)') cos ft)* — 2a) -^ sin wt 

+ cosX ('^~'^^J cos ©^-20)^ sin a>t 

_ f^^ ^J\ sin«<-2a)^cosa)« 

T . 

s= — ^ (f sin \ cos ft)* + ^7 cos \ cos cot — f sin a>t) 

— 7 sin 1/ cos cot + rft)* sin /i cos cot 



sin X (;}^~ ?® ; ^^^ ®* "*■ ^^ ^ ^^^ ®* 
[ -~ - rjcoA sin ft)* + 2ft) -^ cos ft)* 



+ cosX 



+ (-A- ^oA cos ft)* - 2ft) ^ cos cot 






T , . 

: — ^ (^ sin X sin cot + rj cos X sm cot + f cos cot) 

— 7 sin 1/ sin cot + ru? sin 11 sin ft)*. 
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-^ cosX — -^8m\ = — p- (f cos\ — lysmX)— 7COS1/. 

As we contemplate small vibrations only, we may 
treat f as being practically equal to — Z, and omit its differ- 
ential coefficients. We also omit powers and products of 
77, f, and terms in to\ except those in which it is multiplied 
by a large quantity. For it is known that the centrifugal 

force at the equator is about ooQ*b of gravity, or that 

approximately 

With these simplifications our equations become 



cos X f ^ cos 6)* — 2a) -^ sin ©n — -1^ sin o)^ — 2a) ^ cos (ot 

T 
= — V- (— Z sin X cos 6)^ + 17 cos X co&fiDt — f sin (ot) 

— 7 sin y cos wt + ro)' sin /t cos a}t 
cos X ( -1^ sin o)< + 2(» -^ cos tt)t j + -^ cos a^ — 2(» ^ sin ft)< 

sin 0)^ + 17 cos X sin 6)^ + ?cos 
— 7 sin 1/ sin 0)^ + ro)' sin fi sin o)^. 



= — ^ (— Zsin Xsin 0)* + 17 cosX sin 6)^ + ?cos ©i^) 



— -^sinX=T- (IcosX + iysinX) — 7 cosy. 

The two first may be put in the form 
-^' cos X — 2© ^ = — ^ (— i smX + 17 cosX)— 7sm v+ r(ii) sm /*. 

-2a)^co8X-^ = ^?. 

But, when 17 =^ 0, 5'= 0, we have T^mg, so that 
flf sin X — 7 sin V + rto^ sin /li == 0, 
gr cos X — 7 cos V = 0, 
T. D. 14 
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and oar equations become 

^co8X-2«^ = ^--5-jsmX-^,cosX 
^ dv ^ d^K T ^ 

The first and last give 

<7 = ■:- 2a) -^ sin X, 

m ^ at ^ 

and therefore, to the degree of approximation above deter- 
mined upon, 

g+2.o<»x|+f!:=o 

These are the equations of the motion of the bob, referred 
to a horizontal plane fixed to the earth. If we omit the 
middle terms, which obviously depend upon the earth's rota- 
tion, we. fall back upon the equations of § 129. 

195. To interpret equations (2) it is convenient to employ 
a second change of co-ordinates — to refer the motion to axes 
revolving uniformly in the plane of 17, J, with angular velocity 
ft. If B, J be the co-ordinates referred to the new axes, we 
have by Analytical Geometry 

17 = 5 cos fl< — J sinfl^, 5'= 5 sin fl< + ? cos fl^, 

the substitution of which in (2) leads to the equations 

d? +TS-®' d^^V^^ ^^^' 

if we make the assumption 

ft = — 01 cos X (4), 

and omit as before terms of the order cd*. 
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(4) shows that the new axes rotate, in the opposite direction 
to that of the earth, with the component of the earth's angular 
velocity about the vertical at the place. And in the plane, so 
revolving, we see by (3) that the bob of the pendulum de- 
scribes an approximately elliptic orbit. 

A circular path being obviously possible, let us assume as 
particular integrals of (2) 

17 = a cos {pt + a), 5'= a sin {pt + a). 

The substitution of these values gives the same result 

y + 2a)p cos \ - 1 = 

in each of equations (2). 

196. A particle wnder any forces^ and resting on a 
smooth horizontal plane, is attached hy an inextensihle string 
to a point which moves in a given manner in that plane ; to 
determine the motion of the particle. 

Let X, y, X, y be the co-ordinates, at time t, of the par- 
ticle and point, a the length of the string, R the tension of 
the string, and m the mass of the particle. 

For the motion of the particle we have 



^ ^^ - ^ V 7? ^-^ 
m j-5 = mJL — M 

air a 

dt a 



(1). 



with the condition (a; — 5)' + (y — y)* = a\ 

Now X, y are given functions of t. Takefromboth 
sides of the equations in (1) the quantities -^5-, -A , re- 
spectively, and we have the equations of relative motion 



cP(a?-a;) ^ T>a? — a? d^^ 
d^ a, dt* 



.(2). 



14-2 
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These are precisely the equations we should have had if 
the point had been fixed, and in addition to the forces Z, Y 
and B acting on the particle, we had applied, reversed in 
direction, the accelerations of the point's motion with the 
mass as a factor. It is evident that the same theorem will 

hold in three dimensions. The accelerations -ts> -t? are 

df ' d^ 

known as functions of t, and therefore the equations of rela- 
tive motion are completely determined. 

197. Let there he no impressed forces, and suppose first 
that the point moves with constant velocity in a straight line. 

Here -r; » -h ^^^ constant, and therefore no terms are 
at at 

introduced in the equations of motion. We have thus the case 

of §28. 

Again, suppose the point's motion to he rectilinear, hat uni- 
formly accelerated. 

The relative motion will evidently be that of a simple 
pendulum from side to side of the point's line of motion. In 
certain cases, when the angular velocity exceeds a certain 
limit, we shall have the string occasionally untended ; and 
this will give rise to an impact when it is again tended. 
While the string is untended the particle moves, of course, 
in a straight line. 

198. Suppose the point to move, with constant angular 
velocity cd, in a circle whose radius is r and center origin. 

Here, supposing the point to start from the axis of x, 

x^r cos c»#, y^rsma^ 
Hence the equations of motion are, since 

d^x r- dl^ •- 



^ Cv -y) _ r> y-y . , 
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Whence (.-S)^M_(3,_^^Z:M 

or, in polar co-ordinates, for the relative motion, 

d 

dt\ 

or _A__J=_«._sin(^-a>0. 

Now O — mtia the inclination of the string to the radius 
passing through the point; call it ^, and we have 

-T3- = - 0)'* - sin 6, 

which is the ordinary equation of motion of a simple pendulum 
whose length is £L. 

The particle therefore moves, with reference to the uni- 
formly revolving radius of the circle described by the point, 
just as a simple pendulum with reference to the vertical. 

199. To determine the motion of a particle under given 
forces, moving in a smooth tvhe, in the f(yrm of a given plane 
carve, which revolves in a given manner about an aads in its 
plane. 

Let the axis of revolution be that of z, and let the position 
of the particle at time t be given by its distance r from that 
axis, the plane of the tube at that instant making an angle 6 
with a fixed plane passing through the axis. By the con- 
ditions of the problem ^ is a given function of t 

The sole eflfect of the tube will be to produce a pressure 
of constraint, which lies in the normal plane to the tube, and 
may therefore be resolved into two parts, one perpendicular 
to the plane of the tube, the other in that plane and in the 
principal normal to the tube. 

Let the impressed forces be resolved into three, P along r, 
jT perpendicular to the plane of the tube, and S parallel to 
the axis of z. 
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Let R, R' be the two resolved parts of the pressure of 
constraint. 

The equations of motion will then be (by §§ 16, 69) 

S-'(S)'-'-^S 0). 

fK-'a)-^-^ (^)- 

g-s-8s c). 

where s is the arc of the revolving curve. 

In addition to these we have the two equations 

^-/(<) {*), 

which gives the position of the tube at any time, and 

r^<f>iz) (5). 

the equation of the tube. 

By means of (4) and (5) we may eliminate 0, r, and s 
from (1), (2), (3). Then eliminating R between (1) and (3), 
we obtain a differential equation between z and t, whose 
integral together with (4) completely determines the position 
of the particle at any instant. 

R and Rf may then be found from (1) or (3), and (2). 

In the simplest case when the angular velocity of the tube 
is constant, or -i- = o), (4) becomes d^cot i£ the plane from 
which is measured be that of the tube at the time t^O. 

We proceed to give an example or two. 

Jr^ 200. A particle moves in a smooth straight tvbe which 
revolves with constant angular velocity round a vertical aods to 
which it is perpendicular, to determine the motion. 

Here z = constant, -j- = constant = w, P = 0, and we have 
at 
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-ra)' = 0; 



from (1) 



whence r = A^* + Be~*^*. 

Suppose the motion to commence at time ^ = by the 
cutting of a string, length a, attaching the particle to the 
axis. The velocity of the particle at that instant along the 
tube would be zero. Hence at ^ = 

r = a = A+B, 



and 



r = - a (e** + €--*). 



In the figure, let OM be the initial position of the tube, 
A that of the particle ; OL, Q the tube and particle at time t 
Then OA = a, arc AP = cicot, OQ^r, and we have 



1 / «5Jlf 



+ € 



OA 



r 




From this we see that OQ and the arc -4Pare correspond- 
ing values of the ordinate and abscissa of a catenary whose 



Digitized by VjOOQIC 



216 CONSTRAINED MOTION. 

parameter is OA, (It is not necessary for the tube to meet 
the axis of revolution.) 

Here, by (3), we have evidently R=^g. 
Also, by (2), i2' = -2y(6««- €--*)« 

From this equation, combined with tii© value of r, we 
easily deduce 

iJ' = 2a)V(^-A 

and it is therefore proportional at any instant to the tangent 
drawn from Q to the circle APN. 

7^ 201. Suppose the tvbe to revolve with constant crngvlar 

< velocity in a vertical plane about a horizontal axis. 

I f We have from equation (1) of § 199 ^ Je 

VJ' / ^ — rft)' = -5rcosQ)«, yO, 2^^ 

y i V / if we conceive the tube to be vertical when i = 0. The inte- 
i / gral of this equation is Fa L O 

^=>l^j.»^*_^|gy-a>«rcosa><, L M -i 






or r=»-4€-' + 5e-"* + -^ 



dr 
and if r = a, -n^'O, when ^ = 0, 



we have 


'^=^ + ^+2!»" 


and 


= ^-5; 


or. 


/-(I 4fl»)(^ + ^""') + 2t«*^'"*' 



which completely determines the motion. JB and B' may be 
found as before. 
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^ 202. Let the tube he in the form of a circle turning with 
constant angular velocity about a vertical diameter. 

Let AOhe the axis, P the position of the particle at any 
time. Let POA = denote the particle's position. The 
accelerations of the particle in the directions ON' and NP 
being 

-^and-^— oiiVP; 



therefore 







==jg — B COS 0, 



^ d^a sin r 9 • /% ^t% * a 



de 



Eliminating R 
d^0 



a -1^ — a©' sin tf cos ^ = — 5f sin 0. 



.(1). 



The position of equilibrium will therefore be given by^' 
sintf = 0, ortfa=7, where 0037 = — j.^ ^ j 

Integrating (1) 

(^J=zC+2^^coB^ (2). 

V.I- 



<M 



Digitized by VjOOQIC 



218 CONSTRAINED MOTION. 

I. Suppose the particle to be making complete revolu- 
tions, passing through the lowest point with velocity aoj^; 
therefore 

(-^j = (0* — 2ai* cos 7 (1 — cos 0) + a)'sin* 

s 
, = tt>" {(1 — COS 7)' + -T — (cos — COS 7)"}, 

and -t: can never vanish if — y>4cos7, or <»•>—, that 
at €or ' ^ a 

is, if the velocity at the lowest point be greater than that 

due to the level of the highest point. 

To solve the equation, we must put 



*"'f=V^*°"' 



where u = ^a>t *J[{8 + 1) (1 — r)}, 

and s, r are the values of cos that make the right-hand 
side of the equation vanish, s being > 1, and r < — 1. 

II. If a)j' < — , the particle wiU oscillate through the 

lowest point, and if -1- = 0, when 0==a, then 

f-^j = — (cos^ — cosa) — ©'(cos*^ — cos*a) 

= ei)*(costf — cosa) f — J — cosa — cos 0j 

= 0)* (cos — cos a) (2 cos 7 — cos a — cos 0), 

and therefore if 

2 cos 7 — cos a > 1, 

the particle will oscillate through the lowest point 

We must put 

a 

tan ^ = tan ^ cnt^, 

and then u = o)t \/(cos 7 — cos a). 
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III. If 1 > 2 COS 7 — COS a > — 1, 

then putting 

2 cos 7 — cos a = cos ^, 

— J = ©* (cos d — cos a) (cos ^ — cos d), 

and the particle will oscillate on one side of the vertical 
diameter. 

Wemustput tan^stan ^dnw, or tan ^^tan f -t — ^, 
^ 2 2 2 2 dni^ 

^ tan^ 

a. Q 2 

and then w = ©^ sin ^r cos ^ , i' = — . 

2 2 .a 

tan^ 

'^ 203: To fimd the form of the tube in order that the particle 
projected with given velocity may preserve its velocity un- 
changed, gravitydcting parallel to the axis. 

Resolving tangentially, and taking co-ordinates x, y in 
the plane of the curve, the axis of revolution being that of y, 
we have 

^s ^dx dy 

Hence, ( J V = a?o? - 2gy + C. 

But -j\ = constant. 

at 

Hence, a' = ^(y + ^), 

the equation of a parabola whose axis is vertical and vertex 
downwards. This result might easily have been foreseen, as 
the velocity can only be constant if the acceleration due to 
the impressed forces along the curve be zero at every 
point; that is, if the resultant of gravity and the reac- 
tion to circular motion (called the centrifiigal force) lie in 
the normal. That this may be the case, we must have 
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Centrifugal force : Gravity :: Ordinate : Sub-normal. But 
the centrifugal force is proportional to the ordinate, hence 
the subnormal must be proportional to gravity, i.e. must be 
constant : a property peculiar to the parabola. This propo- 
sition has a singular application in Hydrostatics. 

204. A particle moves on a rough curve, under given 
forces; to determine the moUon. 

If /A be the coeflScient of kinetic friction, and 

be the normal reaction, friction will cause a resistance 
fij\/{R^+R^) acting in the tangent to the curve in the 
opposite direction to the particle's motion. 

Equation (1) of § 182 will therefore become 

the other two equations remaining the same. 

If from the three we eliminate R^ and R^, we may by 
• means of the equations of the curve eliminate x, y and z, and 
the final result, involving only s and ^, suffices to determine 
the motion completely. 

205. Ex. A particle moves in a rough tube in the form 
of a plane curve, under no forces; to determine the motion. 

Here 
Now 

hence 

or 

But, if i|r be the angle which the tangent at any point 
makes with a fixed line, 

& _ 
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p,v> 
P 


dv d's 
^ds~df' 




dv 1? 
ds '^ p 
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Hence, v — oe****, where a is the velocity when i|r = 0. 

It may be instructive to compare this result with that for 
the tension of a string stretched over a rough curve. 

ds 
If the curve be tortuous, — is the angle between two 

P . • 

successive tangents. If the surface of which the curve is the 
cuspidal edge be developed, and if <f} represent the angle 
between the tangents corresponding to the initial and final 
positions of the particle. 



V = ae 



-f**. 



206. A particle under given forces moves on a given 
rough surface; to determine the motion. 

If R be the normal reaction of the surface, the friction 
will cause a resistance /aB, and the equations of motion 
become 

from which R must be eliminated. The two resulting equa- 
tions contain a?, y, z and ^, and if the latter be eliminated, we 
have one equation in a?, y, «, which, with the equation of the 
surface, will completely determine the path. In geneiral these 
equations are utterly intractable. 



EXAMPLES. 

>*^ (1) If a particle, attached by a string to a point, just 
make complete revolutions in a vertical plane, the tension of 
the string in the two positions when it is vertical is zero, and 
six times the weight of the particle, respectively. 
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Vv (2) A pendulum which vibrates seconds at a place A 
gains n beats in 24 hours at a place B ; compare gravity at 
the two places. 

^ (3) Prove that a seconds pendulum when taken to the 
top of a mountain h miles high will lose 21 '6h beats in a 
day nearly. 

f- (4) The times of oscillation of a pendulum are observed 
at the earth's surface, and also at a height h above the sur- 
face ; from these data find the radius of the earth supposed 
sphericaL 

^ (5) Shew that a simple circular pendulum under a 
central attraction varying as the distance will move, as it 
does under gravity. 

(6) A pendulum oscillates in a small circular arc, and 
is acted on in addition to gravity by a spaall horizontal 
attraction as the attraction of a mountain. Shew how to 
find this attraction by observing the number of oscillations 
gained in a given time. Also find the direction in which 
the attraction must act so as not to alter the time of 
oscillation. 

'f" (7) Prove that a particle moving under gravity on the 
convex side of a vertical circle will leave the circle at two- 
thirds of the height above the centre of the line to the level 
of which the velocity is due. 

X. (8) A particle is suspended from a fixed point by an 
inextensible string : find the level to which the velocity must 
be due, so that the particle after the string has ceased to be 
stretched may pass through the point of suspension. 

% (9) Two particles are projected from the same point, in 
tne same direction, and with the same velocity, but at dif- 
ferent instants, in a smooth circular tube of small bore whose 
plane is vertical, to shew that the line joining them constantly 
touches another circle. 

Let the tube be called the circle A, and the horizontal 
line, to the level of which the velocity is due, L. Let m, m 
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be simultaneous positions of the particles. Suppose that mat! 
passes into its next position by turning about 0, these two 
lines will intercept two indefinitely small arcs at m and m', 
which (by a property of the circle) are in the ratio mO : (ha. 

Let another circle B be described touching mm in 0, and 
such that L is the radical axis of A and B. Let a be the 
distance between their centers, mp, m'p perpendiculars on L. 
Let mp cut A again in ^ and Buar^s. 

Then by Geometry, 

and therefore m(f = mr. ma = {mp — rp) (mp —sp) 
=5 mp {mp -{-qp — rp-~ sp) 



Similarly 



= 2a . mp = - (velocity of m)". 



Om'" = 2a . my — - (velocity of m')'. 
*/ 

Hence the velocities of m and fn are as mO : Om\ and 
therefore by what we have shewn above about elementary 
arcs at m and m\ the proximate position of mm' is also a tan- 
gent to B, which proves the proposition. 

It is easily seen from this, that if one polygon of a given 
number of sides can be inscribed in one circle and circum- 
scribed about another, an indefinite number can be drawn. 
For this we have only to suppose a number of particles 
moving in A with velocities due to a fall from L, and then if 
they form at any time the angular points of a polygon whose 
sides touch B, they will continue to do so throughout the 
motion. This however does not belong to our subject. 

"A (10) Two segments of circles are described on the under 
side of the same horizontal line, the one subtending at its 
center double the angle which the other subtends; if a 
particle under gravity describes the lower arc, any tangent 
to the upper arc will cut oflf from the lower a portion which 
will be described in half the time of a single vibration. 
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K (11) AB is a vertical diameter of a fine circular tube 
in which move three equal particles P, Q, Q of perfect 
elasticity ; P starts from Af and Q, Q in opposite directions 
from B with such velocities that at the first impact all three 
have equal velocities; prove that throughout the motion 
the line joining any pair is either horizontal or passes 
through one of two fixed points, and that the intervals of 
time between successive impacts are all equal. 

(12) Two equal smooth circles are fixed so as to touch 
the same horizontal plane at their lowest points, their 
planes being at different inclinations ; two small beads are 
projected at the same instant along the circles from their 
lowest points, the velocity of each bead being due to the 
level of the highest point of the other circle above the 
horizontal plane ; prove that during the motion the beads 
will always be at the same level. 

^ (13) Prove that the time of vibration from rest to rest 
of a simple circular pendulum of length a oscillating through 
an angle 2a is equal to the time of complete revolution of 

the pendulum of length a cosec' ^ a, the velocity being due 

1 

to the level 2a cosec* ^ a, above the lowest point. 

(14) A bead can slide on a smooth circular arc AB and 
is attracted by it, with intensity /(r) ; if it be displaced 
from its position of equilibrium^ the time of osciUation 
will be 

2ir 



/ 



2cosy (AC) 



2' 



where G is the middle point of AB, and a the angle A C 
subtends at the center of the circle. 

J (15) (a string passes through a small hole in a smooth 
horizontal table, and has equal particles attached to its ends, 
one hanging vertically and the other lying on the table at a 
distance a from the hole ; the latter is projected with a 
velocity Jga perpendicular to the string; shew that the other 
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particle will remain at restjjand if it be slightly disturbed the 
time of a small oscillation will be 27r a/ q- • 

Ss (16) A particle, under gravity, is attached to a fixed 
point by means of an elastic string of natural length 3a, 
the modulus of elasticity being six times the weiglit of the 
particle; when the string is at its natural length and the 
particle vertically above the point of attachment, the particle 

is projected horizontally with a velocity 3 a/ -^ ;• prove that 

the angular velocity of the string will be constant, and that 
the particle will describe the lima5on 

r = a (4 — cos 6). 

^(17) From a point upon the surface of a smooth vertical 
circular hollow cylinder, and inside, a particle is projected 
in a direction making an angle or with the generating line 
through the point ; find the velocity of projection that the 
particle may rise to a given height (A) above the point, and 
the condition that the highest point may be vertically abovQ 
the point of projection. 

Find the condition that after n revolutions the particl§ 
may be again at the point of projection, 

(18) A particle slides down a catenary, whose plane is 
vertical and vertex upwards, the velocity at any point being 
due to the level of the directrix; prove that the pressure 
at any point is inversely as the distance of that point from 
the directrix. 

(19) A particle projected with given velocity, moves 
under gravity on a curve in a vertical plane; find the nature 
of the curve that the pressure on it may be constai^t thrQugh7 
out the motion. 

If the pressure On the curve is always n times the weight, 

f)rove that the vertical distance between the highest and 
owest points of the curve is - ^, 



T. D. 



2na 


a 


X5 
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f and that the interval between the instants at which the 
particle is at the same level is 



/a n 



the length of the curve between two such points being 

^ TO s . 

/, ] ^ (»«-!)' 

Determine the nature of the evolute of this curve, which 
is such that the string of a simple pendulum must be 
wrapped on it in order that the tension may be constant, 
and prove the relation between the length of the arc and the 
vertical ordinate from the upper cusp 

where I is the length of the string. 

(20) The major axis of an ellipse being vertical, shew 
that in order that a particle projected along the concave 
side of the arc may pass through the Center after leaving the 
curve, the velocity must be due to the level 

8a' + y 

6a VS 

above the center, a and h being the semiaxes of the ellipse. 

(21) A particle is initially at rest at a j)oint of the 
equiangular spiral r = ce""*^, distant d from the pole. Shew 

that if the pole be a center of attraction =-^> the time of 

fall to it is 

Find the pressure on the curve at any instant 

t^ (22) A particle attached by a string to a point moves on 
a horizontal plane. A small ring passing round the string 
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moves with constant velocity in a straight line from the 
point. Shew how to find the equation of the actual path, 
and shew that the path relative to the ring is a reciprocal 
spiral 

(23) A particle moves in a circular groove radius a 
under a central attraction xi)"* situated at a distance h 
from the center of the circle. It is projected from the 
nearest point with velocity V, shew that for a complete 
revolution 

\ (24) Prove that if a particle move in a smooth tube 
tinder given central attractions, the pressure at any point 
of the tube will vary as 



-.{"-^ii^^]' 



JJjt 

where -r- is the acceleration due to the attraction of any one 

dr '' 

of the centers, and p is the radius of curvature ; and hence 
that the pressure at any point of the tube will vary as the 
curvature whenever the orbit is such as could be described 
freely under each of the attractions taken separately. 

(25) A particle of mass m moves in a smooth circular 
tube of radius a under an attraction m/t times the distance to 
a point inside the circle at a distance c from the center. If 
the particle be placed very nearly at its p-eatest distance 
from the center of attraction, prove that it will pass over the 
quadrant ending at its least distance in the time 

V^log(>/5+l). 

+ (26) Shew that a particle moving under gravity on a 
smooth helix whose axis is vertical, makes the first revolution 
from rest in the time 

87ra 
g sin 2jt ' 

15—2 

Digitized by VjOOQIC 



Vi 



^ 

«; 



1 



'228 CONSTRAINED MOTION. 

' (27) A groove is cut on a right cone of height hy making 
an angle ^ with the generating lines. Shew that the time of 
reaching the base, from a vertical height \ below the vertex, 



^^ ' by a particle sliding in the groove is 

;^ t /2 Vati; 

i •^a V a cos a COS /8 ' 

''^ where a is the semivertical angle. 



y 
c 



^<- 




is (28) A particle under a central repulsion varying as the 
distance moves in a tube of the form of an epicycloid, the 
pole being at the center of repulsion. Shew that the oscilla- 
»• ^ ^ tions are tautochronous. 

^ 4 For an attraction, the curve is a hypocycloid. 

jy^^ I y, (29) Prove that the tautochrone when the attraction is 
X «^ as the cube root of the distance from and perpendicular 
X ^ It I to the axis of a? is the hypocycloid 

(30) A particle Pis attached by strings to two points A 
and B in the same horizontal plane, and describes a vertical 
circle. When the particle is at the lowest i)oint, the string AP 
is cut and the particle proceeds to describe a horizontal circle; 
£nd the ratio of the new tension of BP to the old tension. 

1 ^ (31) A smooth ring slides on a circular wire which 
revolves with constant angular velocity about a vertical 
diameter. If the ring be attached to the highest point by 
a fine elastic string of natural length equal to the radius 
of the wire, and be slightly displaced from the lowest point, 

. \ shew that it will just reach the highest point if the modulus 
^ of elasticity is four times the weight of the particle. 

^ (32) A ring slides on a smooth wire bent into the form of 
a plane vertical curve, and is attached by an elastic string to 
a fixed point in the plane of the curve ; if it start initmlly 
from a position in which the string is just not stretched, 
prove that it will descend through a vertical distance which is 
a third proportional to the natural length of the string and its 
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extension at the lowest position, supposing that the modulus 
of elasticity is twice the weight of the ring, and the string is 
stretched throughout the motion. 

"^ (33) Three equal particles are attached to a string of 
length 4a, one at its middle point and the others half way 
between it and the extremities, which are attached to two 
points in a horizontal line at a distance a (JS 4- 1) from each 
other ; find the position of equilibrium, and shew that if the 
middle particle receive a slight vertical displacement the time 
of a small oscillation is the same as that of a pendulum of 
length 

3-73 

-3-^- 

(34) A, particle, under gravity, is suspended by a light 
elastic thread which passes through a ring B above the par- 
ticle and is attached to a fixed point A, AB being the natural 
length of the string. 

If the particle be projected from any point in any 
direction, prove that it will describe an ellipse about the 
position of equilibrium of the particle as center. 

Prove that the same will hold if the particle be suspended 
in a similar way by a number of elastic strings. 

(35) A chord AB of a circle is vertical and the inclina- 
tion of the tangents at A and B to the horizon is the angle 
of friction. Shew that the time down any chord AG or OB 
drawn in the smaller of the two segments into which AB 
divides the circle is constant. 

">^ (36) A particle, under no forces,, is projected with velocity 
Fin a rough tube in the form of an equiangular spiral at a 
distance a from the pole and towards the pole ; shew that it 
will arrive at the pole in time 



Kcosa — /Lcsina* 

a being the angle of the spiral and fi (< cot a) the coefficient 
of friction. 
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(37) A bead is projected along a rough plane curved 
wire, such that it changes the direction of its motion with 
constant angular velocity. Shew that the form of the wire 
must be a logarithmic spiraL 

r^ (38) A particle attached to a point by a string whose 
natural length is a, lies on a rough horizontal plane and is 
projected perpendicular to the string with velocity v. If it 
comes to rest at a distance a from the point, after describing 
a distance 8, v^^2^gs. ( ^(tw-^ V*^ \iJJi»^ u^v^ kM^U Ixj^m^ \ 

ooAv^ CjUh <^^^ LfijJr J 

y (39) A particle descends a rough circular tube from the 
extremity of the horizontal diameter. If it stops at the lowest 
point, shew that < t ^ t. v t 

K (40) If a particle under no forces be projected with 
velocity F along the inner surface of a rough sphere, deter- 
mine the motion, and shew that it will return to the point 
of projection in the time 

where r is the radius of the sphere. 

■ (41) XA particle is attached to a smooth string which 
passes over a rough circular arc in a vertical plane; the 
particle initially at the extremity of a horizont^d diameter 

is drawn up with constant acceleration - : shew that the 

work expended in drawing it to the vertex of the circle is 



Wa 



(| + /*-/*f), 



where W is the weight of the particle, a the radius of the 
circle, and /a the coefficient of friction. 

•^^ (42) A rough wire in the form of an equiangular spiral, 
whose angle is cot"* 2ft, is placed with its plane vertical and 
a particle slides down it under gravity, coming to rest at its 
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lowest poiiit; prove that at the starting point the tangent 
makes with the horizon an angle 2 tan'* /a, and that the 
velocity is greatest when the angle ^ which the direction of 
motion makes with the horizon is given by the equation 

(2/a'— 1) sin ^ + 3/A cos ^ = 2/m, 

% (43) A particle falling under gravity down a rough 
cycloidal arc whose axis is vertical comes to rest at the 
lowest point: prove that if ^ be the angle which the tangent 
at the starting point makes with the horizon, then 

fief^ = sin ^ — /A cos ^, fl J^-CiI,/t A JO 

< (44) Two equal particles attracting each other with in- 
tensity the acceleration of which is p* x distance are placed 
in two rough straight tubes at right angles to one another, and 
the friction is equal to the pressure in each tube ; prove that 
if they be initially at unequal distances, on.e moves for a time 

Y before the other begins to move, and that while they are 

approaching the point of intersection of the tubes they move 
in the same manner as the projections of the two extremities 
of a diameter of a circle upon a straight line on which the 
circle rolls, 

(45) A particle moves on a rough curve under forces T 
in the tangent and ^in the normal, prove that the velocity 
at any point is given by 

lC (46) A circular tube of small bore revolves with con- 
stant angular velocity o) about a vertical diameter, and a 
particle in it is projected from the lowest point with velocity 
due to the level of the highest point. Determine the motion, 
and shew that it is at its greatest distance from the axis 
^ after a time 



f-"' 



^ "^V(l--)V(f--)' 




where a is the radius of the tube. 
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(47) A particle P, attached by a string of given length 
a, to a point ^ in a fixed axis SA, is attracted with constant 
intensity gr in a direction always parallel to a line 8By which 
is inclined at a given angle to the axis SA, and revolves 
about it with a given angular velocity ©: shew that if F= the 
velocity of P, cd' = the angular velocity of the plane PSA 
about SA,<f)^z PSB, d^^PSA, 

I K* = gra cos ^ + d^mco sin* + const. 

Shew also that the dynamical conditions of this Problem 
are the same as those of a ball-pendulum under gravity, when 
the Earth's rotation is taken into account. 

"^X (48) A smooth circular tube is fixed at one point A and 
contains a particle which is initially at rest at the opposite 
end of the diameter through A. The tube is then made to 
revolve with constant angular velocity g> about an axis 
through A perpendicular to the plane of the tube. Prove 
that the angle described in the time t by the particle about 
the center of the tube is 

"^ (49) A ring slides on a smooth elliptic wire which moves 
with constant angular velocity about an axis through its 
center perpendicular to its plane. Determine the motion; 
and find the time of a small oscillation about the position of 
equilibrium where this is possible. 

— ^50) If a particle slide along a smooth curve, which 
turns with constant angular velocity <o about an axis per- 
pendicular to its plane passing through a fixed point 0, 
then the velocity of the particle relatively to the moving 
curve is given by the equation 

where r is the distance of the particle from the point 0\ and 
the pressure on the curve will be given by the formula 

JJ = - + 2g)V + g)V 
P 

where p is the perpendicular from on the tangent. 
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"^ (51) I^ a curve revolve with constant angular velocity 
about a vertical axis in its plane, prove that the time of 
a small oscillation of a particle sliding on the curve about 
its position of relative equilibrium is 



25 r 



psina 



■psmacos'a' 



p being the radius of curvature at the point of equilibrium, 
a the angle made by the normal at that point with the ver- 
tical, r the distance of the point from the axis of revolution, 
and CO the angular velocity of the curve. 

(52) A fine straight tube rotates in a plane with constant 
angular velocity a> about a point in its length while the plane 
rotates with constant angular velocity (o about a horizontal 
axis through that point, prove that the equation of motion of 
a particle placed in the tube is 

d^T . ■ , 

^ — (©' + ©'* cos* a}t)r = g sin a/t cos a>t, 

the tube being initially perpendicular to the horizontal axis 
and the plane horizontal 

^ (53) AB is the diameter of a sphere of radius a; a center 
of attraction at A attracts with intensity (ji x distance) ; from 
the extremity of a diameter perpendicular to AB a particle 
is projected in any direction along the inner surface with a 
velocity {2fi)^a: shew that the velocity of the particle at any 
point P is 2V/rasin^, and the pressure is /xa (3sin*^— 1), 
where is the angle PAB, so long as the particle remains in 
contact with the surface. 

(54) A particle is attached by a fine string to the apex 
of a right vertical cone whose semivertical angle is A and is 
projected from a position of rest on the cone with an initial 
angular velocity w (about its axis) which is less than fi, the 
least angular velocity which would make the particle leave 
the cone. If the coefficient of friction between the particle 
and cone be /*, find the position of the particle and the 
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tension of the string at a given instant; and shew that it 
will come to rest after a time 

1 , a + m 

(55) If a particle be projected horizontally inside a 
right circular cone of vertical angle 2a whose axis is vertical 
and vertex downwards with the velocity which it would ac- 
quire by sliding down a generator from the point of projection 
to the vertex, shew that : 

1. The motion is oscillatory, and that the partible never 
descends lower than its initial position, 

)^ 2. The curve traced out by the particle on the cone if 
developed into a plane has its equation 

where r is the distance of the particle from the vertex, p its 
initial distance. 

3. The reaction is given by the equation 



( sma \r/ 

(56) A particle is in equilibrium on the surface of a 
smooth thin hemispherical bowl which attracts according to 
the law of nature. If it be slightly displaced, shew that the 
time of a small oscillation is 

where a is the radius of the bowl, and Jf the mass. 

'^ (57) If a particle be projected inside a smooth para- 
boloid of revolution, axis vertical and vertex downwards, nori* 
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zontally at the level of the focus with velocity J'lnagy the 
initial radius of curvature of the path will be 



2\/2' 



\na 



Vn'^+l* 



^ (58) A particle is projected in a smooth paraboloid 
whose axis is vertical so as very nearly to describe a circle 
whose diameter is the latus rectum of the generating para- 
bola ; prove that the time of a small oscillation is the same 
as that of a pendulum of length a, where 4a is the latus 
rectum. 

^ (59) A particle moves in the interior of a smooth para- 
boloid of revolution whose axis is vertical and vertex down- 
wards. Shew that the differential equation of its path on 9, 
horizontal plane is 



where 4a is the latus rectum of the generating parabola. 



ag 



(60) A particle under an attraction varying inversely 
as the cube of the distance from a given plane, is constrained 
to move on a smooth spherical surface, having been projected 
with the velocity due to an infinite distance ; prove that the 
resultant .ftcceleration of the particle always passes through a 
fixed point. 

(61) A particle is attached to the highest point of a 
smooth fixed sphere of radius a, by an elastic string whose 

natural length is -^ , and the weight of the particle is suf- 
ficient to stretch the string to double its natural length ; at 
first the particle moves with constant velocity in a small 
circle, the string being stretched to double its natural length; 
prove that if the motion be slightly disturbed the time of a 
small oscillation will be 



S^y/^ ^^ 



9 (4V2-5)ir + 8V2' 
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and find the greatest impulse It can receive along the direc- 
tion of the string without leaving the sphere. 

^ (62) A rough paraboloid of revolution of latus rectum 
4a and coefiicient of friction cot^ revolves with constant 
angular velocity about its axis which is vertical ; prove that 
for any given angular velocity greater than 



or less than 



£~'f 



fe""! 



a particle can rest anywhere on the surface except within a 
certain zone, but that for any intermediate angular velocity 
equilibrium is possible at every point of the surface. 

1^ (63) An anchor ring is formed by the revolution of a 
circle of radius c about an axis in its own plane at a distance 
a from the center. A particle is projected along the smaller 
equator with velocity v and is under an attraction to the 
center of the axis fir\ If the particle be slightly displaced, 
prove that it will cut its original path at equal angular 
intervals a, where 



/ttY __ f g — c fia {a — c)* - ) 



(64) A smooth surface is generated by the revolution of 
the curve a?y^c^ about the axis of y which is directed 
vertically downwards, and a particle under gravity is pro- 
jected along the surface with velocity due to the level of 
the horizontal plane through the origin. 

Prove that its path will intersect all the meridians at a 
constant angle. 
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CHAPTER Vn. 



MOTION IN A KKSISTING MEDIUM. 

207. When a body moves in a fluid, whether liquid or 
gaseous, it must, in displacing the particles of the medium 
and in rubbing against .them, lose part of its own velocity. 
The resistance of a fluid to a body moving in it produces 
therefore a retardation; but, in consequence of the great 
difiiculty of making accurate experiments on the subject, the 
laws of the resistance of fluids have not yet been satisfactorily 
ascertained, . 

For a velocity neither very great nor very small, the 
general approximate law seems to be, that the resistance to 
a plane surface, moving with its plane at right angles to the 
line of motion, varies as the extent of the surface, the density 
of the resisting medium, and the square of the velocity taken 
conjointly; and the retardation due to the resistance is 
therefore equal to the numerical value of the resistance 
divided by the number of units of mass in the body. 

It is well that the student should observe that in all cases 
of resistance, as in those of friction, the motions are essentially 
irreversible. - We are no longer dealing with conservative 
systems of motion, so long at least as we confine our attentioi^ 
to the motion of the resisted body alone. 

208. A particle under no forces is projected in a resistir^ff 
medium of uniform density, of which the resistance varies as 
the n^ power of the velocity; to determine the Tnotion. 

The motion will evidently be rectilinear. Let s be the 
distance of the particle from a fixed point in the line of 
motion at the ■ time t, v its velocity at that time. The 
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retardation due to the resistance may be represented by 
hf", k being a constant, and the equation of motion ip 

t-^ w. 

or ^5; = "^" (2), 

Therefore 

1 rfw_ T, 

1 dv ^ - 

Integrating, supposing the initial velocity FJ 

^-^=(n-l)A:« (3), 

Jp-7S:5=(w-2)fo (4), 

and the elimination of v between (3) and (4) will give 8 in 
terms of t 

We see from (3) and (4) that if n> 1, the velocity never 
vanishes ; and that if w > 2, the distance gone increases 
indefinitely. 

209. The Rev. F. Bashforth, Motion of Projectiles^ found 
that for small variations of velocity we might put w = 3, 

If d = diameter of shot in inches, w = number of pounds 
in the shot, then the retardation due to the resistance was 

put =10"*— Zt/*,so that i = 10-* — Z; and JT was deter^ 

mined by experiment for velocities proceeding by increments 
of 10 between 900 and 1700 feet per second, K attaining its 
maximum value for a velocity of about 1200. 
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The numerical values of K for elongated and spherical 
projectiles are given in Tables I. and II. in the " Motion of 
rrojectiles/' 

Tables also were calculated by Mr Bashforth from formulae 

(3) and (4) (Tables VIH.— XI.), giving ^« and ^ « for every 

decrement of 10 in the velocity between 1700 and 900, using 
the mean value of K between each pair of velocities, and 
from these tables we can determine s in terms of v and t in 
terms of v for any shot, neglecting gravity, and consequently 
8 in terms of t 

210. There is- one case in which the above solution fails, 
namely when n = 1, or the resistance varies as the velocity. 
In this case k is the reciprocal of a time and may be put 

as - , and then 



or 



da 
dt 


V 


Idv^ 
vdt^~ 


1 

• 

T 


< 


t 




ds 

"'It- 


-Fe 



Hence log — =»e^ (3) ; 

and therefore 



i 



V 

Integrating, we have «= Ft(1-6"'') (4). 

• 
Equations (3) and (4) determine the velocity and the 
position of the particle at any instant. They shew that the 
velocity continually diminishes without ever actually be- 
coming zero, but that the distance passed over by the particle 
has a definite limit, for when 

t«oo, 3^Vt. 
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TC 211. A particle, under a constant farce in its line of 
motion, moves in a resisting medivm of uniform density, of 
which the resistance varies as the square of the velocity; to 
determine the motion. 

Suppose the particle projected from the origin with the 
velocity V, and let v be its velocity at any time t, x its 
distance from the origin at that time, and / the constant 
acceleration due to the force. 

Assume JT to be the velocity with which the particle 
would have to be animated that the retardation due to the 
resistance might be equal to /, then the retardation when the 

velocity is v may be represented by / -^. 

I. Let / act so as to diminish x ; then the equation of 
motion is 

Integrating, and determining the constants so that when 

fl!=0, « = 0, v = V, 
we obtain 

;^=tan'^-tan'^=tan -;^qrR, ' 



Let T be the time at which the velocity becomes zero, 
and h the corresponding value of x, then 

y= y tan * ■^^ and h = ^}^S y- + ^t) • 
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After this the* particle begins to return,* the resistance 
therefore tends to increase x, and the equation of motion i& 



-S = -;^(irC,^;*> ^^JifViXl^ 



Integrating, and determining the constants so that when 

i; = 0, a; = A, ^ = r, 
we obtain 

2/,, , , K' 

Let U be the velocity with which the particle will return 
to the point of projection ; then, putting a? = in the latter 
equation, we obtain 





IP 


a-r^ 


or, substituting for h its value, 






F' 




IP 


1 + 2:, 


whence 








1 
IP- 


1 1 



This shews, a^ we might expect, that the particle returns 
to the point of projection with diminished velocity. 

212. The results of the last Proposition are applicable to 
bodies projected in a resisting medium vertically upwards or 
downwards under gravity; for the acceleration due to gravity 

T. D. 16 
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may still be considered constant, although not the same as 
for a particle in vacua The eflfective attraction of gravity is 
in fact the diflference of the weights of the body and the fluid 
displaced, so that if a be the ratio of the density of the fluid 
displaced to that of the body, eflfective gravity 

= Tf(l-a) = %(l-a), 

where W and if are the weight and mass of the body, and 
therefore the acceleration caused by gravity = ^(1— a). By 
substituting this for /in the results of § 211, we may obtain 
formulae for the motion of bodies in a vertical direction 
under gravity. Hailstones and raindrops aflford a good 
illustration of the Terminal Velocity indicated by the result 
of § 211. 

213. To find the equations of motion, in a resisting me- 
dium, of a paHicle vmder any forces. 

Let x,y,zhe the co-ordinates of the particle relative to 
an assumed system of rectangular axes, at the time <, and let 
X, Y, Z be the component accelerations, parallel to the axes, 
due to the forces acting on the particle. Then denoting by jB 
the retardation due to the resistance, which lies in the tan- 
gent to the path described, and in a direction opposed to the 
motion, we have 

d^x «- p^'^ 
— ^X-Mj^, 

These are the general equations of motion. In any par- 
ticular case jB will be given as a function of the density of 
the medium and the velocity of the particle, and particular 
methods will be necessary for obtaining the path of the 
particle and its position at any time. These equations will 
enable us, when X, Y, Z are given, to determine the resist- 
ance that a given path may be described. 
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214. A particle under gravity is projected from a given 
point in a given direction with a given velocity j and moves in a 
uniform rnedium whose resistance varies as some power of the 
velocity ; to determine the motion. 

Take the given point as origin, the axis of x horizontal, 
the axis of y vertically upwards, so that the plane of wy may 
contain the direction of projection ; let g denote the accele- 
ration of gravity, t; the velocity of the particle at any point, 
u its horizontal component, <f> the inclination of the direction 
of motion to. the horizon, and R = kv* the retardation due to 
the resistance. 

Then the equations of motion are, resolving horizontally 
and vertically, 

d^x_ j.dx 

dff ^ ^ ds ^^^' 

or, resolving in the direction of the tangent and normal, 

^ = -5rsin^-jB (3), 

— = ^cos^ (4). 

ds ds 

Since » = t7, « = » cos ^ and p = —-jT, equations (l)and 

(4) may be written 

^ = -^cos^ (5), 

v^==-g<ioa<i> (6), 

and therefore 

du _ Rn 

= -«"«sec"*'^ (7). 

g 

IG— 2 
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Integrating this equation, denoting by u^ the velocity at 
the vertex of the trajectory, 

k-H'-' <'>• 

if P^ denote the integral I n sec"""^ <f>d(f}. 



Ua 



Therefore u = — r , 

ku^ __ retardation at vertex 
where 7 — ^ "" acceleration of gravity 

_ resistance at vertex 

. "" weight of shot 

From equation (6) 

dt V . w 2 I 
-— = -- sec 6 = — sec" d>, 
d^ g ^ g ^ 

therefore, if a be the angle of projection, 

^^»^psec'«^df (9). 

^•'*(l-7P«r 

Again, aj= ( udt=^ I — sec'^d^ 

Jo J^ Sf 

^Upf" sec'<^J<^ ......(10), 

3^^{l-yP,)^ 

- w.^ f'* tan <f) sec' <f) rfi ^-t> 

Equations (9), (10), (11) give t, x, y in terms of ^. 

For n=3, P = 3tan<^ + tan'*^, 

and the integrals in (9), (10), (11) were calculated by quad- 
ratures for diflferent values of 7 and for certain ranges of 
angle, and the nominal values tabulated, in Tables IV. V. VI. 
in Mr Bashforth's ** Motion of Projectiles/' 
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216. For n =<l, putting 5 = -, then r is the measure 

T 



of a time, and 

P = I sec' ^cZ^ = tan <f>, 

Jo 



j^1^p_se( 
5^7* 1- 



sec'' (f>d<f} 



7 tan </> 



^«, i-tW _ (1^ 

5^7 ^ 1 - 7 tan Of ^ ^' 



and since 


-.^' 




'"^^\^^.' 







"•'"U-Ytaaa I-7 tan J •" ^^^' 



^~ 9h (1-7 taa^)' 

^ \1 — 7 tan a 1 — 7 tan </> *=* 1 — 7 tan a/ ^ ^ 

and the elimination of tan ^ between (2) and (3) will give 
the relation between x and y. 

Or immediately, resolving horizontally and vertically, 
d^x 1 dx . . 

df^-^rir^- (5)' 
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and integrating, supposing V the velocity and a 
projection, 

Ax ^-r -- 
^= Fcosoa ^ 


the 


angle of 


^1 + ^7'^= (Fsina+^T)e"s 






and integrating again, 






0?= Ft cosa(l-e~^) 




...(6), 


t 




...(7). 



Eliminating ^ between (6) and (7), 

, - , Ft cos a /, , ff^ \ 

y+g'rlog-Tf ^ tana + -Tr^ ]x, 

^ ^ ^ Ft cos a -0? V Fcosa/ 

the equation of the trajectory. 

DiflFerentiating this equation twice, we obtain 

(ic*^ (Ft cos a- a;)» "' 
the differential equation of the trajectory. 

216. For w = 2, putting 22 = -, then a is the measure 
of a length, and putting p » tan <l>, 

P = [ 2 sec' ^d<^ = 2 [ViT/rfj) 

=j>yrT/ + log(p + yiTp*). 

The equations of motion are, resolving horizontally and 
vertically. 



flPa?^ 1 /d8\*dx 
df'^'^a[dt) da 

cPy 1 fda^dt/ 



__ 1 fdsVdx 

df'^'^aKdt) da W> 
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Equation (1) may be written 

du _ 1 ds 

di" *adt ^ 

1 du ^ 1 ds ^ 

u dt adi' 
and integrating, 

u = Fcosae"« (3). 

From equation (8) of § 214, 

I?- Faces'' a "^^^*""^*^' 

2 * Y* cos* OL ( 

or e ** — 1 = 1 tan a sec a — tan 6 sec A 

. , tana + secaX ,,. 

+ ^^g tan^ + sec^ j W' 

the intrinsic equation of the path. 

Diflferentiating this equation with respect to x, 
2,'-ds F*co8«acZP 2P^cos*a rp— ^cZp 
a dx ga dx gcf^ ^ ax 

^+ J' '^=0 (5), 

dx F'cos'a ^ ^ 

the diflferential equation of the path. 

If /S, 8 denote the arcs of the trajectory in a non-resisting 
and a resisting medium, measured from the point of projec- 
tion to any two points at which the tangents are parallel ; 
then, since in the non-resisting medium a = oo , therefore 

dp Q ^i , 

dp 9 J. 

dS F^cos^a ^ 

J dS *\ 

and "j- = ^ % 

da * 
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and integrating, 

a"2 



l-W''» c«- 



217. For a flat trajectory, p being always small, we may 

ds 
put ;;- = 1> and then equation (5) may be written 



dx F* cos^ a dx 



Integrating, 



(/as- (Jd 

P + "STra — 8- e * = tan a + ^nrf — 5" 5 
^ 2 F' cos* a 2F''cos^a' 

si ^ 2F*cos»a,^ . 

or 6"— 1 = (tana-«). 

And substituting again in equation (5), 

dp 2p or 2. 

j^-— =- T., 8 tana. 

aa? a F cos a a 

Multiplying by e " and integrating, 

^ 2F*cos'^a V^F^cos'^a / 

or « = -/=- — -f — J— e *• + ^r-TFT — 5- + tail a. 
,^ c^d? 2 F'' cos" a 2 K* cos* a 

And integrating again, 

^ \ 2 F"* cos* a/ 4 F* cos* a ^ ^ 

Expanding g * in ascending powers of - , a being sup- 
posed large, 

. go? qx^ 

^ 2F*cos^a 8a F* cos* a 

of which the first two teims will represent the trajectory in 
a non-resisting medium. 
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218. A particle moves in a resisting medium under a 
central attraction; to determine the orbit. 

Let P be the acceleration due to the central attraction, 
R the retardation due to the resistance of the medium ; 
then resolving along and perpendicular to the radius vector, 

^^es)-^f • • (^>- 

df) 
Putting r* -^ = A, equation (2) may be written 



dt 



or 

and therefore 



dh_ -Dji^^ 
dt" ■"'^ ^ ' 

\dh^_R^ 
h dt v' 



h^h.e^^^'' (3). 



Or the equation may be written 
Idh^^R 
hds v'' 
and therefore 

h^hy^> (4). 

Again, putting r = - , we have ~t7 = hu\ 

. dr ^^\ du __ 1 du dd ^ ,du 

^"^^ 'dt"''u'Tt"''u'dddi'"''^dd' 

dW _ __ T d^u d0 ^ dh du 

W^'Wdt^didd 



72 9 d*u . R du 
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and therefore 

d5* + " = AV (^)' 

an equation of the same form as that for the motion in 
a non-resisting medium, h howeyer being now variable^ 

219. If in addition to the central attraction, there is 
a transversal force producing acceleration T, we shall obtain 
the equation analogous to (5) most simply by resolving in 
the normal, and then 

- = P sin ^ + 2^cos ^, 
P 

^ . rd0 udd 
where tan 9 = -5— = — j— . 

^ dr du 

Therefore 

P+Tcot^ = P-T^^ 

p sm ^ \dff* J 

^u _ ^P T^du 

^^ de^'^^^h'u* h'u'dff' 

an equation of the same form as that obtained in § 136. 
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EXAMPLES. 



(1) If the time is a quadratic function of the length 
traversed, prove that the resistance varies as the cube of the 
velocity. 

^ (2) Shew that the solution of the differential equation 
for vibrations resisted by friction proportional to the velocity, 
but otherwise free, viz. . 

u + ku + nu^O, 



may be put into the form 

.J. f . sin n'^ , / u , ^ ' ^Xi 
u = e"**'jt^o — r- + Wo(cosw^ + 2-,smnnk 

where n" = n* — Ji", and %y u^ are the values of thei velocity 
and displacement when ^ = 0. __— ^^ 

Deduce the complete solution of 

in the form 

.,. (. sinw'^ , / f^ k . ,A) 

+ 1^ l^e-m-f) sin n' {t - 1') IT dt, 
n Jo 

where U' is the same function of ^' as U is of U 

\ 
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^ (3) Determine the motion of a body under an attraction 
towards a fixed center proportional to the distance in a 
medium whose resistance is proportional to the velocity, 

--"""^^A body performs rectilinear vibrations in this medium in 
a period T, and the co-ordinates of the extremities of three 
consecutive semivibrations are a, b, c ; prove that the co-ordi- 
nate of the position of equilibrium and the time of vibration 
if there were no resistance are respectively i 4/ *• a 

(4) If chords be drawn from either extremity of a vertical 
diameter of a circle, the time of descent down each of them in 
a medium whose resistance varies as the velocity, is the same. 

(5) One particle begins to fall from the higher extremity 

of a vertical line, and at the same instant another is projected 

upwards from the other extremity with a given velocity, the 

particles moving in a medium of which the resistance varies 

as the velocity ; shew that the time at which they will meet 

Ft 
will be T log T?: , where a is the length of the line, F the 

vT ~- Ob 

velocity of projection, and the retardation due to the resist- 
ance is - of the velocity. 

(6) A light elastic string whose unstretched length is a 
is fastened at one end and to the other end is attached a 
particle, which hanging freely would stretch the string to a 
length 2a. The particle is projected vertically upwards from 
the point at which the string is fastened in a medium of 

resistance producing retardation ^ . If A be the height at- 
tained, U the velocity of projection, F the velocity with 
which the particle returns to the point of projection, 



\u' = g{a{e-l) + {h-d)e'], 
|F«=<7|a(l+i)-(A+a)e--|, 



Digitized by VjOOQIC 



MOTION IN A RESISTING MEDIUM. 253 

(7) Determine the law of attraction that a particle 
may always descend to a given center in the same time from 
whatever distance it commences its motion, the mediiim in 
which the particle moves being uniform, and the resistance 
varying as the square of the velocity. 

(8) If one particle be projected in a medium, the re- 
sistance of which varies as the velocity, and another be pro- 
jected in vacuo at the same angle, and with the same velocity, 
both particles being under gravity, and if t^, t^ be the times 
of describing two arcs in the medium and in vacuo so related 
to each other that the tangents at their extremities shall be 
parallel to each other, th^i 

^ t 

T 

(9) Prove the following equations applicable to the 
motion of a shot resisted by the air with retardation f(v), v 
being the velocity and -^ the inclination to the horizon of the 
direction of motion : 

^cos^-vsin^=-/(t;), 

dyfr . 

V —J- = — ^r cos y. 

Prove also that if -^^ i® ^^^ initial value of yft, and t, a?, y 
the time and horizontal and vertical distances from the point 
of projection, 



gt ^^ \ V sec 'yjtd'yit, 
gy=^ I V* tan i|r(Z^, 



1^ 
Solve completely the case for which 
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(10) If the horizontal distance of a projectile in a re- 
sisting medium from the point of projection be connected 
with.the time by the equation x =ytO> prove that the equa- 
tion of the trajectory is 

where A and B are constants. 

In the case when t = ax + Ix^, shew that the equation of 
the trajectory is 

y = 0? tan a - 5^ ^aV^- ga&o?' + 3 i*^*) • 

(11) A particle moves under gravity in a medium in 
which the resistance varies as the 1^ power of the velocity, 
Vy V^ being its velocities at the two pomts where its direction 
of motion makes an angle ^ with the horizon, and V its 
velocity at the highest point ; prove that 

J^ Jl - 2 cos*^ 

(12) If the resistance vary as the n^ power of the velocity, 
and if / be the retardation due to the resistance when a shot 
is ascending at an inclination ^, f^ when it is moving hori- 
zontally, and /' when it is descending at an inclination ^ in 
the trajectory, prove that 

1 1 _ 2cos*^ 



* 2 r 

7 — ■^'^ ~ <^os* ^ 1 n sec***"* <f>d<f>. 
9 Jo 



112 

/' 7 



(13) A body of mass m is describing a parabola under 
gravity, and a tangential impulse mu acts on it. Prove 
that the focus of the new trajectoiy moves towards the body 

a distance "" u, where v was the velocity of the body. 
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If the body is acted on by a uniform resistance we may 
conceive the path as the envelope of a system of parabolas. 
Apply the above to find the relation between corresponding 
arcs of the path and the locus of the foci of the enveloping 
parabolas. 

(14) A particle of weight W moves under gravity in a 
medium of which the resistance R is always small and varies 
according to a given law ; shew that the velocity of the focus 

of the instantaneous parabola at any time is ^ x velocity of 

the particle. 

(15) Prove that the angular velocity of regression of 
the apse line of a planet F, moving in a medium producing 
retardation E, is 

eV 

where 8 is the sun, H the other focus of the orbit, e the 
eccentricity, and F the velocity. 

(16) Explain how it is that a resisting medium, even 
though acting for a short time only, would accelerate the 
mean motion of a planet. 

(17) A particle is moving amidst rays diverging from a 
point, which offer resistance only to motion across them with 
resistance proportional to the velocity. Shew that it is 
possible for the particle to move with constant angular 
velocity about the point, and find the path and the circum- 
stances of projection. 

(18) A particle describes an equiangular spiral under a 
central attraction in a medium of which the resistance varies 
as the square of the velocity. 

Prove that the distance at which the attraction is a 
maximum is half the distance at which the velocity is a 
maximum, and that these distances are independent of the 
initial distance or initial velocity. 
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(19) The retardation due to the resistance of a medium 
being kv\ prove that the orbit under a central attraction 

^ will be an equiangular spiral if the velocity of projection 

be that in a circle at the same distance^ and the augle of 
projection be cos'^ 2fik. 

(20) Shew that the equation 
^^.2AJ + w•a: = 7l•P(l + 22,"cos^p^), 

in which i has all positive integral values, and k is less than 
n, represents cycloidal pendulum motion, with viscous resist- 
ance, under the action of an infinite series of equal impulses 
(in the same direction) succeeding one another at intervals 

of?^. 
P 

Integrate this equation; and, by comparing the result 
with that obtained by treating the problem for each impulse 
separately from an epoch so distant that the motion has 
become independent of the initial circumstances, shew that 

2ikp sin ipt 



1 -,« (n' — t^p^ cos ip t + 2ikp^ 



( 1 — € ^ COS ^ sm w,< + € P sm ^ cos w,< 

V pi \ p ' 









pn. n « -— 27rn, 
^ * l-2€ P cos ^ + e 



27r 



J^,>U^ 



where n. = Vn^ — Id^, and t lies between and 

p 



^ f\{21) Prove that the cycloid is still a tautochrone Under 
\}A I gravity when the resistance varies as the velocity. 

Prove that the same is true also of any tautochrone. 
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(2?) ' The time of vibration from rest to rest of a cycloidal 
pendulum when unresisted being — , prove that if the resist- 
ance of the air produce retardation 2n sin a x velocity, in order 
that the arc of oscillation may be constantly 2c, each time 
the bob passes through the lowest point, it must receive an 



J ^" 



impulse in the direction of motion , r ^ -i ^- ' \ 

where m is the mass of the bob. 






, V ■ '^'^ 



(23) A particle is projected in a medium the resistance 

3 

of which produces retardation -x velocity, and is under an 

attraction to a fixed point which produces acceleration 

Q 

-^ X distance. Prove that the partidle will describe a para- 
bola, tending to come to rest at the origin. 

(24) If a particle under a central attraction producing 
acceleration /aV move in a medium of which the resistance 
produces retardation 2fc (velocity), prove that it will, describe 
the curve 

2^"^^ (ad ^ hoy +v^rp^^ ^^T^T^-^- 

(25) A particle moving under gravity in a medium, the 

♦ • v^ » 

retardation due to whose resistance = — , slides in a vertical 

a 

plane down the curve 

a^ 

where s is the length of the curve measured from the lowest 
point, y the ordinate of the extremity of this arc referred to 
a vertical axis, and a a constant; shew that the time of 
reaching the lowest point is independent of the height from 
which it starts, 

T. D. 17 
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(26) A particle of mass m falls down' a smooth cycloid 
whose axis is vertical and vertex upwards, in a medium 

whose resistance is -o~ > ^uid the distance of the starting point 

fro m the verte x is c; prove that the time to the cusp is 

y^?^^^«lj, 2a being the length of the axis. c/W^ ^ 

(27) A particle moves in a resisting medium ; state any 
reasons, arising from the principle of the conservation of mo- 
mentum, which render it probable that the resistance at any 
point varies as the density of the medium at that point, and 
the square of the velocity of the moving particle. 

A particle describes in the medium an ellipse under two 
attractions to the foci varying inversely as the n*^ power of 
the distance ; find the density of the medium at any point 
of the path ; and shew that if the attractions vary inversely 
as the distance, being equal at equal distances, the density 
varies as the acceleration with which it would move in a 
non-resisting medium, under the same attraction if it were 
constrained to move in the ellipse. 

(28) A particle is suspended so as to oscillate in a cycloid ^ 

whose vertex is at the lowest point : if it begin to move from 

a point distant a from the lowest point measured along the 

curve, and the medium in which it moves produces a small 

t^ • 

retardation - , prove that before it next comes to rest energy 

Of 

8a 
has been dissipated which is s- of its original value. 

I « b 



.V; 
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CHAPTER Vin. 

GENERAL THEOREMS. 

220. We propose now to prove some of the general 
theorems connected with the motion of a particle under any 
forces, and to investigate the forces requisite for the descrip- 
tion of given paths in a given manner. Several of these 
results have already occurred as immediate deductions from 
the laws of motion ; but to maintain the special character of 
the work we give more formal analytical demonstrations, 
though these are certainly superfluous. 

221. If a particle be subject to forces, whose resultant is 
continually at right angles to the direction of motion; the 
velocity of the particle will be constant. 

Lei B be this resultant, \, fi, v its direction cosines, then 
if m be the mass of the particle, the equations of motion 
are 

Multiplying hy -tt* -..> adding, and observing that 
^ dx dy dz ^ 

since the force B is at right angles to the element of the path, 

, 1 d . r^ dx d^x dy d^y dz d?z ^ 

we have --(f)^--+-^J + --^ = 0; 

therefoie v = coost. 

17—2 
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Or, we might at once have resolved along the arc ; this 
would have given 



whose integral is 



47-''^ 



ds ' 

— - = v = const. 
dit 



v' 



The value of B is evidently m — ; and therefore B varies 

inversely as the radius of absolute curvature of the path. 
It is clear that its direction lies in the osculating plane, for 
there is no acceleration perpendicular to that plane. 

Ex. A particle projected in a plane is under a constant 
force R in that plane continually perpendicular to the direc- 
tion of motion; to find the path described. ■ 

Here -B = — ; and therefore p is constant, or the path is 

P 

a circle. 

222. IfX,Y,Z be the rectangular components of a force 
of forces such as occur in naiure, i,e* tending to fixed centers 
and being functions of the distances from these centers, 

Xdx4-Ydy4-Zdz = -dV, 

i,e, is a complete differential. Compare § 78. 

Let the points a^,b^,c^; c^2» ^2> ^2> *^^- ^® *^® positions of 
the centers of force ; x, y, z the co-ordinates of the attrajsted 
particle; then, if r^, r,,... be its distances from the centers, 
<^/ (D), ^j' (2>), &c. the laws of attraction to those centers, we 
have 

^=^^^;w+^'^/w+ 



=s^--5fw. 



Digitized by VjOOQIC 



•GENERAL THEOREMS. 261 

But r = Vl(a-^)'+(J-y)'H^(c-i^r}; 

which gives (-f-j = , &c., for the values of the partial 

dififerential coefficients of r. r 

Hence 

/rfr> 






These give 



; Xdx+Ydy + Zdi ' 

^'-t^\r)dr^^dV. ..,....,.• (1), 

since every term of the sum is a complete differential IVom 
§ 78 it is obvious that F is the potential at x, y, z. 

223. Under any forces such as occur in nature the 
increment of the square of the velocity of a particle in passings 
fvom one point to another is independent of the path pursued, 
a/nd depehds only on the initial and final positions. This is 
true even if the particle he forced to move in any particular 
path by a constraint continually perpendicular to its direction 
of miction, such a^ frictionless constraint. 

If we choose tangential resolution, the constraint has no< 
compoi^ent in that direction, and, the ec^uatiou of motion is 

d?s y^dx ^dy ydz 
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which becomes by (1) 

Therefore i«» = (7 - 2^ (r). = C7 - F. 

Hence, if Uhe the velocity at a point whose distances from 
the centers are jB,, J8,, , and where V= V[, 

or i^+V^iU*+V„ 

a result which involres only the co-ordinates of the initial 
and final positions. See, again, § 78. 

224. Hence if from any point of the surfSfice 

a particle be projected with a given velocity in any direction; 
its velocity when it meets the surface 

will be the same, in whatever point it meet that surface; 
A and -B being any constants. 

Now on accoimt of equation (1), 

F= 2^ (r) = constant 

is the equation of a surface on which if smooth a particle will 
rest in any position under the action of the given forces. 

Hence a particle leaving any point of a surface of equi- 
librium with a given velocity, wUl have on reaching any other 
surface of equilibrium a velocity independent of the path 
pursued or the point reached. This is evident from § 78 if 
we notice that a surlace of equilibrium is an Equipotential 
Surface. 

225. To find (he condition to which the applied forces 
must he subject when the kinetic energy of a particle depends 
upon its position only. This is merely tiie converse of § 223. 
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Here we have' 
and, therefore, 

^ But, in all cases of motion, 

vdv = Xdx + Ydy + Zdz. 
Hence, in this case we must have 

that is, 

Xdx^-Ydy^-Zdz 

must be the differential of a function of three independent 
variables. 

If the seat of the force be in a definite fixed point, which 
may be taken as origin, the velocity can evidently depend 
only on the distance from that point, not on the direction 
of the distance ; hence, if 

we have s«''*=^W« 

The above process gives, in this case, 

vdv^Xdx + Ydy + Zdz = d4> (r) 

or ^^I^^' 

which fiLhew that Ihe force is in the direcUon oft. 
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From this again it evidently follows tKat its magnitude 
must he a function of r. 

226. The proposition of § 250 contains the Principle of 
the Conservation of Energy for the case of a single particle. 

From this principle it follows that if several particles 
moving under th6 innuence of the same center of attractbn 
have equal velocities at any particular distance from their 
center ; their velocities will alwkys be equal at equal distances 
from that center. 

Now we have seen (§ 151) that the axis major, 2a, of an 
elliptic orbit about a center of attraction in the focus is inde- 
pendent of the direction of projection. Hence, by considering 
the particular ca^e of a very narrow ellipse, we see that the 
velocity at any point is due to a fall, from' rest at a distance 
2a, to that point ; and that, therefore, in any elliptic orbit 
about a focus the velocitjr at any point is that due to a fall 
to the point, througli a distance equal to the distance from 
the other focus. 



227. If the forces acting on a particle^ and ihe sqvxire of 
its velocity, be increased at any instant in the same ratio, (he 
path wiU not be altered. 

For the tangent, apd the osculating plane, which con- 
tains the tangent and «the resultant force, are evidently not 
altered. And the curvature, being 

Normal Component of Forces 
Square- of velocity * 

has its numerator and denominator increased in the same 
ratio. And the ^uare of the velocity at the end of any arc 
is increased in fLe same ratio as that at the beginning. 
Hence each suci^essive elementary arc of the path remains 
unchanged. . 

228. If a number of separate particles whose mmses are 
m^ m„ &c. svhjected to forces f^, f,, <fec. respectively, and 
svccessively prqj^ted from the same point in ihe sams direc* 
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tian with vehcitieB v^, v., Jtc. all describe one 'path; the same 
path will alsojbe described hy a particle of mass M projected 
with velocity \5 from the same point in the sams direction^ and 
a^Oed on at once by the samis forces f^, f^, Jkc. provided 

Suppose that, in addition to the forces f, /,, &c., a force 
B continually acting ia a direction at right angles to that of 
Jbf's motion be required to cause it to move in the given 
path ; i.e. suppose if to be constrained by a smooth tube to 
move in the required path ; the equations of motion are 

M^^XmX+EK (1), 

with similar equations in y and z, 

where \ fi,v are the direction cosines of B, and X, Y, Zthe 
resolved parts off 

^ ' Multiplying ^y "^f sKf 'Jr ii^ order, atid adding, we 
eliminate B and have 

But for the separate particles m^, m,, &c. we have 
^m^d(j}^^m^X^dx + m^Y^dy-\-m^Z^dZf &c.; 
therefore, the path being the same for all, 

^t{md (v*)] = tmXdx + 2m Ydy + tmZdz. 

Hence S [md (f)l^Md(lP), 
or 2(mv0 = -3f£r*+a 

But, by hypothesis, XmV^MU^ 
therefore O»0. 
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[Instead of this analysis, it is jsuflScient (by § 78), to notice 
that the work done on M is the sum of that done on w^, m,, 
&c. Hence the increase of kinetic energy must be the same; 
and if, at starting, the kinetic energy of M be the sum of 
those of TWj, m,, &c. it will remain so throughout the motion.] 

Hence the kinetic energy of M will be at each point of 
the orbit equal to the sum of the kinetic energies of m., wi,, 
&c., at that point. To find B^ notice that in general the 
pressure on a constraining curve depends upon two things, 
the resolved parts of the impressed forces, and the pressure 
due to the velocity. Now the latter part is as the kinetic 
energy, therefore in the case of M it is the sum of the cor- 
responding forces in the case of m^, wij, &c. Also the same 
may be said of the resolved parts of the impressed forces. 
But in the case of each particle, these partial pressures 
destroyed each otherj since the curve was described fireely, 
hence their sums will destroy each other, or the curve will 
be freely destroyed by J£ 

229. If at any instant the velocity of a particle, moving 
under a conservative system of forces, § 77, be reversed, the^ 
particle mil describe its former path in the reverse direction. 

Suppose a smooth tube, in the form of the original path, 
requisite to constrain the particle to move backwards along 
it. The velocity will be, at each point, of the same magni- 
tude as before; the resultant acceleration, and the curvature 
of the path, will also be alike ; hence the normal component of 
the force will produce the requisite curvature of the path, and 
there will be no pressure on the constraining tube. The tube 
is, therefore, not required. Whence the proposition. 

230. LfAST, OB Stationabt, AcnoK. If v be the velo- 
city of a particle whose mass is m, and if ^ be the arc of the 
path described, the value of the quantity 

A = mjvds 

(taken between proper limits) is calkd the Action of the 
particle. 
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If a particle move freeli/, or on a smooth surfacei (under 
forces such as occur in nature,) between any two points, the value 
of the integral mfvds for the whole actual path is generally 
less than it would be if the particle were constrained to pass 
from one point to the other by a different path. This, com- 
bined with the above definition, is for a single particle the 
Principle of Least Action; <rf which in an elementary work 
like the preseint we can give only a very imperfect sketch. 
For further information see Thomson and Tait's Natural 
Philosophy, § 318. 

231, The proposition to be proved is that, 8. being the 
symbol of the Calculus of Variations, and the mass of the 
particle being for simplicity taken as unity, 

BA^BJvds:=0. 
Now SJvds^JS(vds)=^J{vBds + dsBv) 



^ j(vBds+vdtBv)y since v=- 



ds 

dt' 



But generally, 



^v^^f{Xdx+Ydy + Zdz)^ir(x,y,zl 

the constraint, if any, having disappeared ; 

hence vBu=^XBx+ YBy + ZBz. ■' ' * 

But X=^-iJ\,&c/ 

Hence 

i' ■ 

Now if the particle remain on the surface whose equation 
i8^=0, ^ 

TsZx+fiBy + v^z^hBF^Q^ 

and if it leave it iSs 0, so in either ease the latter term on 
the right vanishes. 
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Also d^ = da?^+di/'+d!^', 

■which, gives dsBda a dxSdx + dt/Sdtf + dzMz, 

or . t;S(&= J&ic + ^Srfy + ^&fe 

since the order of d and S is immaterial * 

Hence ' • ' . 

taken between proper limits. Now at botK limits 

hence we have S-4 = 0, 

232. It is commonly said that as, in general, it is im- 
possible to suppose the Action a maximum, this result shews 
that it is a minimum. The true interpretation of the ex- 
pression, hA = 0, is that* the unconstrained path of the particle 
IS such, that a small deviation from it will produce an infi- 
nitely smaller change in the value of ^. Hence Hamilton has 
suggested th$ more ^ppropri:ate title Stationary Action. 

233. If no forces act on the particle except the constraint 
of the surfece, we have t; constant, and the above equation 
shews that in this case the length of the path is generally a 
minimum. '' 

A particle therefore, projected along a surface andjsubject 
to no forces, will trace out betweenr any two points in its path 
the shortest line on the sur&ce. 
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It majr happen, ia ^he case of a sphere for instaiice, that 
the particle wiU not necessarily trace out the shortest line on 
t|;ie surface between the two points; but we cannot here enter 
into the details which ate necessary to. the full elucidation of 
such cases. 

234. We may apply this principle directly to form the 
equations of motion in any particulai^ case, or to find the 
actual path under the action of any fordes. 

Ex. L Let vs take again the case of the refraction of 
light in the corpuscular theory (§ 130), as iUtistrating the 
general principle of Least Action in the case of a particle^ 




A' 



The velocity in the upper medium is supposed to be w, that 
in the lo:wer v, AB being an equipotential surface. 

In this case the^ expression for the Action becomes simply 
uPQ + vQRy 
if PQR be the path of the particle, the mass being unity. 

By making this quantity a minimum, as dependiug on 
the position of Q, P and B being given points ; it is easy to 
shew that Q must lie in the plane through P and R perpen- 
dicular to the surface AB, and also that the resolved parts of 
the velocities in the upper and lower medium parallel to the 
tangent plane to AB at Q must be equal ; and therefore the 
impressed force is perpendicular to AB. 

(If we had made the Time from P to JB a minimum, we 
should have obtained the law of refraction on the undulatory 
theory.) 

236. Ex. II. To find the equation ofth^ pg,ih described 
hy a particle about a center of attarojdtiofn. 
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Let P be the central attraction at distance r, then 



9 1^ (r)}\ suppose, (1) 



■which gives 



2 
fvd8='j^{r)d8. 



Hence 

= /{^'(r)Sr<fo + ^(r)(i&} 

_ j)±(rl (jcSx + y8y + zBz) da 

+ f r^-^ (jc&B + yJiy + zSz) ds 

The integrated part refers only to the limits, and must 
therefore vanish independently of the integral That the 
integral may be identically zero, we must have 

with similar equations in y and z. These may be written 
/a? dr dx\ , , . cPa: 



*'«(?-5l)-*Ws-»l 
*»(MI)-*«g-« 

*'«(;-sS)-*«S-'' 



•(•). 
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Multiplying by any three constants, -4, B, 0, and adding, 
we have 

which is obviously satisfied by 

This equation shews that the orbit is in a plane passing 
through the center of attraction. Let ay be this plane, then 
we may confine ourselves to the first two of equations (a). 

Multiplying the second by x and the first by y and sub- 
tracting, we obtain 

This is immediately integrabloi and gives 

*W(^^-y^) = constaiit. 

Since ^(rjssv, we see by § 24, that thid is in polar 
co-ordinates 

^=^ft=^"-" (J). 

which is the equation for the equable description of areas. 

Finally, multiplying these two first equations of group (a) 
by X and y respectively and adding, we have 

'*'W{'-(l)}-*M(4'^»S)-»;- (* 

But, since 



dr dx , dy 
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3ve hay© by ^ffereptiation 

d*x.. d*y d'r . fdr\* , 

Substituting in (c), and changing the independent variable 
from « to 5 by means of the equation 

ds'^dz^ + f^dd', 
we have 

. Putting - for r, this becomes . , 

But, by (6) as developed in § 142, 

Also ^C^)f(r) = -P, by'(l). 

Thus (<f) bepomes 

d'u . P • c to- 

d^ + ^-'AV' asm§13o. 

. 23R We might hs^ye .treated these equations (§ 235 (a)) 
somewhat differently thus 

., s ds 

Hence ^(,)g = J, &c.; 

and we have the equations 

^-i (I) •».:*"•*-■ 
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which give, at once, 

X y z * 

containing the theorems of constant plane and equable de- 
scription of areas ; and since 

the ordinary equations in three rectangular directions. 

237. We might have simplified the work by using polar 
co-ordinates immediately after having proved that the orbit 
is plane. For we have 

A ^J<l>{r) a/|^+ [£) \ dO, a minimum, 
and therefore (by the formula V^Pp + C) 

or reducing, and putting A for G, 





'TV/ -y ^- . y^dJi • 


•• v^y» 


or 






whence 


^^-k 
"^m'^' 




the equation 


for the equable description of 


areas. 


T.D. 




18 
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Squaxiitg (e) and att^ldmg to (1)^ we liav^ 

or, putting »• = -» 

and diflferentiating and dividii^g by 2 ^ , 

the general •equation of central orbit& 

238. Varying Action. If, in § 231, we assume 

(with the notation of § 78) it* is evident that H will depend 
on the initial velocity. Supposing that this and the initial 
and final co-ordinates vary ; then, in addition to the already 
considered variation of the form of the path between its 
extremities, upcm which the unintegrated part of the value of 
BA depends, we shall have in BA terms depending on the 
variations of initial and final positions and of initial velocity. 

The additional term in vBv is Bff, and its integral tBH is 
at once obtained. Hence in this more general variation of 
the conditions we have in the value oi BA the following ad- 
ditional terms, depending on the limits only, and therefore to 
be treated by themselvep. 
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Hence, if A could be found in terms of a?, y, z, (t^^y^tZQ, 
and J?, we should have at once the first and second integrals 
of the equations of motion in the form 

/dA\_dx /dA\ (d^ 

Kdx)" dt' \dx)r'^\dt); 

&a &c., 

with the farther condition 

®- 

239. A is, of course, a function of a?, y, z, x^ y^, z^, and 
H, and we see by equations (1) that it must satisfy the partial 
differential equations 

(sr-Q'-i^r-^'^'^-n m.. 

- (0K^>0-(--''j <^)- 

240. The whole circumstances of the motion are thus 
dependent on the function A^ called by Hamilton the Chor- 
racteristic Function. The above is a brief sketch of the 
foundation of his theory of Varying Action, so far as it relates 
to the motion of a single free particle. The determination of 
the function A is troublesome, even in very simple cases of 
motion ; but the fact that such a mode of representation is 
possible is extremely remarkable. 

241. More generally, omitting all reference to the initial 
point, and the equation § 239 (2) which belongs to it, let us 
consider A simply as a function of a, y, z. Then 

Any function, A, which satisfies 

possesses Hie property thai 

dA. dA dA 
das* dt/ ' dz 

18—2 
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represent the redangular components of the velocity of a 
particle in a motion possible under the forces whose potential 
isY. 

For, by partial differentiation of (1), we have 

^ =s X =- — = — — + — ^^ + ^ -^ 
di^'' dx dx^ dx* dy dxdy dz dxdz ' 



But 



d(^\^dxdrAdy d^ dz d\A 
dt \dx ) dt da? dt dxdy dt dxdz ' 



Comparing, we see that 

dx dA dy ^ dA dz _ dA 
H'^dx* 'dt'"dy' Tt^lz' 
satisfy this and the other two similar pairs of equations. 

242. Also, if a, ^ be constants, which, along with H, 
are involved in a complete integral of the above partial differ- 
ential equation, the corresponding path, and the time of its 
description, are given by 

(^)=««' (^)-^" (^)=*+^' 

tf;here a^ /S^, c are three additional constants. 
For these equations give, by differentiation. 



d'A dx , d^A dy . d^A dz ^ 
dxdx dt dydoL dt dzda. dt 

d'A dx d^A dy 6} A dz^ 
dxd'fi dt dyd$ dt '^dzdS di" 

d^A dx d^A dy d*A dz ^ 
dxdHdi dydH'dt dzdSdi "" 
But, differentiating (1), we get 

d^A dA ^ d'A dA d'AdA^^ 
dadx dx dady dy dadz dz 

d'A dA d^A dA ^ d^'A dA _ ^ 



.(a). 



dfidx dx dj^dy dy dfddz dz 
d^A dA d^A dA d^A dA 



dHdxdx dHdy dy dHdz dz 



.(&). 
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The values of -j- > &c. In (a) are evidently equal respec- 
tively to those of { ;7~) > &c. in (i). Hence the proposition, 

243. Equiactioncd surfmea^ i.e, those whose common 
equation is 

A = const. s=5 C> 
are cut at right angles by the trajectories. 

For the direction-cosines of the normal are obviously 
proportional to (g). (^). (^). that is to g , |, |. 

Thus the determination of equiactional surfaces is resolved 
into the problem of finding the orthogoDal trajectories of a 
set of given curves in space, whenever the conditions of the 
motion are given. We cannot, in the present work, spare 
space for much detail on this very curious subject, and there- 
fore give but one other singular property of these surfaces 
before applying the principle of Varying Action to an im- 
portant problem. 

Let cr be the normal distance at any point between the 
consecutive surfaces 

A^C, and^ = 0+Sa 

We have evidently 

where &r, 8y, S« are the relative co-ordinates of any two 
contiguous points on the two surfaces. If p be the length of 
the line loining these points, its inclination to the normal 
(i.e. the line of motion), this may evidently be written 

t;pcosd«rBr = 8C7, 

since p cos B is the normal distance between the surfaces. 
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TihuSy the distance between consecutive equiactional surf aces 
is, at aiiy pointy inversely a^ the velocity in the corresponding 
path. 

This may be seen at once as follows; the element of the 
action is vhs (where &, being an element of the path, is the 
normal distance between the surfaces) and must therefore be 
equal to hC. 

244. To deduce, from the principle of Varying Action, 
the form and mode of description of a planet's orbit. 

dV 
In this case it is obvious that — - , - represents the attrac- 
tion of gravity ( — ^ j • Hence the right-hand member of 
§ 239 (1) may be written 2 fH+ ^] . 

Let us take the plane of ay as that of the orbit, then the 
equation § 239 (1) becomes 

^'m'O'-^"^^) «• 

It is not difficult to obtain a satisfactory solution of this 
equation ; but the .operation is very much simplified by the 
use of polar co-ordinates. With this change, (1) becomes 



m^Hwh^M (^>. 



which is obviously satisfied by 



( 



-jgj = constant = a 



.(3). 



Hence 



^=«^+/dr^2(^+^)-^-..... (4). 
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Tke final integrals aare therefore^ b; § 24% 



(5), 



fdA\ Ji r dr 

(^)-^-'-'/;^-^(^:^ ••••••• 

and 

These equations contain the complete solution of the 
problem, for they involve four constants, «,, a, H, e. (5) 
gives the equation of the orbit, and (6) the time in terms 
of the radius vector. 

245. To complete the investigation, let us assume 
• - . • - Ai^l- 

2ff e*-! 



where I and e are two new arbitrary constants introduced in 
place of a and H, With thes^ (5) becomes 

dr 



r dr 

vp""(f-i) 



'0 



or 



1_1 

gg— cob' ' , 
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the general polar equatioif of conic sections referred to the 
focus* 

AIsOi by differentiating (5) tdth respect to r, we have 
T-^ !-■». 

from which, by (6), we immediately obtain 

t + e^'^ff^de^^Jr'de. 
a J i^fUJ 

This involves, again, the equation of equable description 
of areas. 

246. To illustrate the subject farther, we will deduce 
others of the ordinary results ot Cl\aps. V. and VI. from these 



f 

J n 



formulae. Thus, let 0^, r^ denote the polar co-ordinates of 
any fixed point in the path, from which the action is to be 
reckoned. We have, by (4), 

v^(?--)4**: " '"' 

because, by (5), 

To integrate (7), remark that (§ 149) ;2 < ^ in an elliptic 
orbit, and that thus E is negative by § 244 (1). 
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and r = a(l"r-6C05^), 

and ^ becomes^ after substitution^ 






+ e COS <f>)d<f>, 

which is immediately integrable. 

It is obvious from § 160. that ^ represents the excentric 
anomaly. K we measure it from the perihelion we have 
evidently ■ *. 

A = JJIa (<f> + e sin </>). 
S47. By (6) we halve' 



WiM4 



By employing the same substitutions as in last section, 
<f> being measured from perihelion^ it is easy to bring this 
expression into the form 






the formula of § 160. 

248. By the process of § 160 we see that while 

^ — 6sin^ 

is pro^rtional to the area described about the center of 
attraction, and therefore proportional to the time ; 

^ + csin^ 

is proportional to the area described about the other focus, 
and is, by § 24s6, proportional to the Action* Thus in a 
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planet's elliptic orbit tiie time is measured by the area described 
abovi onefocuSy and the Action by that about the other. 

An easy verification of this curious result is as follows. 
With the usual notation we have 

dA^vds 

by the result of § (141). Bat in the ellipse or hyperbola, p' 
being the perpendicular from, the second focu^ 

PP'^±b\ 

Hence dA^± ^p'ds, 

which expresses the janilt sought. {JProc. Ji.S.K, March, 
1865.) 

It is easy to extend this to a parabolic orbit, for which, 
indeed, the theorem is even more simple. 

249. It may be useful to give another example of 
Hamilton's remarkable method. For this purpose we will 
again briefly consider Cotes' Spirals. [See Chap. V., Bx. (9).] 



Here the central attraction is inversely as the cube of the 
distance, and therefore the equation of Action is 

Hence, as in § (244), we have 






2H+ai?t'. 



From thesd it is easy to find A^ but we leave this as m 
exercise to th^ student 
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Again, 



«.=f)-'-i^j;?^. 



Substituting exponentials for the logatithm, this takes 
the form 

r 

This integration fails for certain special values of, or 
relations among, the constants, but the reader can have no 
dijQBculty in obtaining the requisite changes in these cases, 
and so reproducing all the varieties of possible orbits given 
in the Examples to Chap. V. 

250. Assuming, for a set of particles, the result of § 231, 
we may easily obtain the celebrated equations of motion in 
generalized co-ordinates due to Lagrange as well as the 
general equations of Varying Action in tlie Term given by 
Hamilton. The following is an outline of the process 
for the special case in which the geometrical relations are 
independent of the time, and in which therefore the con- 
servation of energy holds. 

Let the co-ordinates of the particles of such a system 
be expressed in terms of new co-ordinates d, <l>,'^, >.• which 
are independent of one another. Then it is easily shewn 
(Thomson and Tait's Nat Fhil § 313) that the kinetic 
energy, T, is a homogeneous quadratic function of 6, (j), -^jr.. 
and also a function of ^, ^, '^, ••• 

where the bracket denotes partiiJ differentiation. 
But the equation of energy is 
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The variation of the action is 

.x^(|).«ir-/x{^(D-(§).(-)}«.. 

As we have agreed to assume the results of § 231, it is 
obvious that the unintegrated part of the value of SA 
must vanish. Hence we have two sets of equations* 

1. From the unintegrated part we have Lagrange's 
Equations, equal in number to the generalized co-ordinates, 
and of which the following is one : 



5^W/""U)"^(^)'"^' 



2. From the integrated part the Hamiltonian system 

alone with 

As a verification, differentiate with regard to t the 
equation 

/dT\ 



^^Q' 



and we have the result 



which is obviously consistent with the equations of La- 
grange. 
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251. As an example of Lagrange^s equations of motion, 
consider the case of the small osbillations in the magnetic 
meridian of two equal bar-magnets each suspended by two 
equal parallel strings from points iu a horizontal line. 

Let m be the mass of each magnet, 2a the distance 
between the adjacent poles when the magnets are in equili- 
brium and demagnetized, I the length of each string, and 
fi the strength of each pole. 

If a?, y be the displacements of the magnets at the time t\ 
then, neglecting the vertical velocities, 

only the contiguous poles of the magnets being supposed 
to act on one another. 

Hence the equations of motion are 

T; (tTUt) = — 7^; -^ -rr-^-^m^jX (1), 

dt^ ' (2a + «— y)" / ^ ' 

l«- wvk^r<y <2). 



Adding _ (-g + 2^) = _| (x + y). 



SubtractiDg 
d 



m 



jfi-y^'-h{!--^")-'^-&-y'^' 



Making as and y constant in (1) and (2) we get their 
equilibrium values ; and measuring a and y from these Tre 
get 

|(«+y)=-f(«+y). 
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Thus if «*'^f» 



we have aj+yo J.€os(n^ + 5), 

0? - y = Jj cos (n^e + PJ. 

It depends upon whether the proximate poles of the 
magnets attract or repel one another, whether n or n^\a the 
greater. 

If the magnets be swung as one piece at their equi- 
librium distance from one another, the time of oscillation 
will be the same as that of either magnet when left to itself, 
since the magnetic attraction does not vaiy: this is the 
character of the first harmonic motion. 

Again, if the magnets be swung with equal and opposite 
motion, the center of inertia is fixed, and the time of oscilla- 
tion will be the same as if one of the magnets were held 
fixed and its magnetic strength doubled; it will therefore 
be shorter or longer than the first period, according as the 
poles presented to one another attract or repel ; this is the 
character of the second harmonic motion. 

252. If we treat the investigation of § (184), in the way 
in which Hamilton treated that of § (230), we arrive at a 
number of curious theorems connected with Brachistochrones; 
of which a few will be given here from the Trans. R. 8. E. 
1865. 

Putting T for the time in the Brachistochrone, we have 
corresponding to the group in § (238). 
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Hence^ just as in § (211) it may be shewn that for any 
forces, of which T is the potential, a value of r from the 
equation 

\dx) ^\dy) ^\dz) ''v'~2(ir-r)» 

is such that its partial differential coefficients represent the 
components of velocity in a possible brachistochronoi each 
divided by the square of the whole velocity. 

Also if T contain, besides jET, two arbitrary constants, cr, i?, 
the equations of the brachistochrone are 

253. To find the Brachistochrone when the attraction is 
central, and proportional to a power of the distance ; the velo- 
city being also proportional to a power of the distance, tha;t is, 
leing the velotity from infinity, for an attraction, from the 
center for a repulsion. 

Here »' = 2(^- F) = ^,. 

and the central attraction at distance r is evidently 
dV ^ nfi 

Thus (2) becomes 

or, changing to polar co-ordinates, 

\drj ^T^KdeJ ^r'mi*d\d<l>J fi' 
It is obvious that we must take ° 

Digitized by VjOOQIC 



288 GENEBAL THEOBEMS. 

which shews that the path is in a plane passing through the 
center of force. The above equation will then be satisfied by 

fdT\ (dr\ /?^~a^ 



Hence we have 



And the equation of the brachistochrone, which is evidently 
a plane curve, is 

^ 2 -iV/iia 

r a 

or r » =v7asec^(^-a), 

while the equation of ihefree path is 

The above integration fails in the case of n = — 2; that is, 
for a repulsion dii'ectly as the distance, the circle of zero 
velocity being evanescent. But in this case 
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and the equation of the brachistochrone is ^ 



.-^., 



the logarithmic spiral. Eliminating r between these equa- 
tions, we see that the time is proportional to the^ polar angle. 

Since a definite form has been assigned to the expression 
for the velocity in this problem, it is obvious that jffis given^ 

and therefore that there is no (jt^) • 
264. It is easily seen that 

is the equation of an Isochronous surface. 

Also, since ^ 

fdT\ fdT\ /dT\ 

\cbo) _ \dy) \dzl 

dx dy dz '* ' 

dt dt dt 

the brachistochrone cuts all such surfaces at right angles. 

And the normal distance between two consecutive iso- 
chronous surfaces is proportional to the velocity in the bra- 
chistochrone of which it forms an element. For, of course, ^ 

Bs = vSt* 

255. Hamilton's equation for the determination of the 
Characteristic Function (-4) in the case of the free motion 
of a single particle is / 

The comparison of this with the equation of § 251 suggests 
a useful transformation. Introducing in that equation a 
factor ^, an undetermined function of te, y, z, we have 
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If we make • ^ '■' - 

^ = f(T) 

it becomes 

Here it is obvious, that <^ (t) is the action in a free path 
coinciding with the brachistochrone, and that 2 {JEL^ — F^) is 
the square of the velocity in this path. 

Hence the curious result that, ifr he the time through any 
arc of a given brachistochrone, the same path will he describe 
freely under forces whose potential is Vj, where 

<^' being any fimction whatever^ and ^ (t) will represent the 
action in the free path. 

256. The simplest supposition we can make is that <^' (t) 
is constant. In this case the velocity in the free path is in- 
versely proportional to that ii^ the brachistochrone at. the 
same point ; and the action in the one is proportional to the 
time in the other. In fact, as Sir W. Thomson has pointed 
out, in this case the investigation may be made with extreme 
simplicity, thus — 

In the brachistochrone we have 
'ds 



I 



a minimum* 
V 



Putting 1/ = " , and considering v as the velocity in the same 

Eath due to another (easily determinable) potential; we must 
ave 

fvds a minimum. 

This is the ordinary condition of Least Action, ahd belongs^ 
therefore, to a free path. 
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Hence, since the cycloid is the hrachistochron^ for gravity, 
and since in it v^^2gr/,ii will be a free path i£i^^^ , that 
is for a system of force where the potential is found from 

This gives 

In other words, a cycloid may be described freely under 

^ repulsion inversely as the square of the distance from the 

base ; and the velocity at any point will be the reciprocal of 

. that in the same cycloid when it is the common brachisto- 

chrone. 

This result is easily verified by a direct process. 

257. The converse of the proposition in § 254 is also 
Curious, Taking Hamilton's equation, § 242, we have 

Comparing this with that of § 261, we see that t = ^ (-4) 
is the brachistochronic expression for the time in a path which 
is a free path for potential F, provided that ^ (-4) and the 
potential for the brachistochrone are connected by the equa- 
tion 

Hence, if A be the action in a given free path, the same 
path will be a brachistochrone for forces whose potential is V^, 
determined by the condition just given, V being the potential 
in the free path. 

. Thus, the parabola 

19-2 
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. is the free path for »* = 2gy. And the action is given by 
1 2 . 

Hence this parabola is the brachistochrone for 

1 



2(5;-F,) = 



25'y{fW} 



"i • 



In the simplest case j>(A) = 1, and we have 



dx * dy 4igy^* 

Hence, by § 256, the parabola is a brachistochrone when a, 
cycloid is the free path, 

258. The examples immediately preceding are but par-, 
ticular cases of the following general theorem, which is easily' 
seen to be- involved in the results of §§ 255, 257. If we have 
two curves P and Q, of which P is a free path, and Q a 
brachistochrone, for a given conservative system of forces; 
P will he a hro/chistochrone for a system of forces for which Qj 
is a free path — and the action and time in any arc of either, 
wh^n it is described freely, are functions of the time and action 
respectively, in the same arc, when it is a brachistQchrone* ' 

From this property Professor R. Townsend, Quarterly 
Journal of Mathematics, Vol. xiii., has shewn how to deter- 
mine the intensity for parallel and concurrent forces for 
which given curves are brachistochrones. 

For in the brachistochrone the velocity of description v 
for parallel forces must be proportional to the sine of the 
angle i between the directions of force and motion, and for 
concurrent forces must be proportional to the length of the 
perpendicular p from the center of force in the direction of 
motion; provided that in addition the osculating plane at 
every point contains the direction of the force. 

Hence 

(a) For parallel forces, every curve f necessarily plane 
for brachistochronism in that case) for which sin*«s=^(^). 
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where z is the ordinate in the direction of the force, is 
brachistochronous, under description with the velocity which 

would vanish with i, for the law of force Z—^1^<f>{z)^ k 

being any constant. 

(6) For concurrent forces, every curve (necessarily plane 
for brachistochronism in that case also) for which p" = ^ (r), 
where r is the radius vector from the center of force, is bra- 
chistochronous under description with the velocity which 

would vanish with p, for the law of force R^-^J^ ^' (r), k 

being any constant. 

In the following examples, given by Professor Townsend, 
the form of ^ (z) or ^ (r) being given, it is left as an exercise 
for the student to find the corresponding 'brachistochronous 
curve, the method of description, and the line of zero velocity; 



(a) 


. , . z ^ a a* . z , «• 


1- 


-V -.:. -©'. O". -©■• 




? o* oV 




«• + ««' «* + «*• y + Ca'-t*)^' 


(i) , 


, , , ... »^ r* »* o* r" 


r^-a*, 






6V r'Ca'-j^ 



2a ±r* a!' 

These examples will be found to contain most of the ele- 
mentary brachistochrones that have been recognized, but 
given any curve the process is the same to determine the 
forces, for which it is a brachistochrone for parallel or concur- 
rent forces ; ^ {z) or j> (r) being determined from the pro- 
ejrty of the curve and if/ {z) ot(p (r) expressing the required 
w of intensity. 
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259. To solve the inverse problem, the determination' of 
the brachistochrone from the law of force ^' (z) ox ^'{r) 
supposed given, the differential equation between z and x 
or r and is immediately obtained from the general relation 
(a) or (b), but these differential equations can only be in- 
tegrated in particular cases. 

Thus if the force vary as the (n — 1)*** power of the 
distance, we have 

a*sln»i=± + (a;''-c"), 

or a"^p*=±(r*-o"); 

leading to the differential equations 

dz _ f ± g* J\i 



or 






which afe not generally integrable in finite terms unless 
c = ; the special case considered in examples 10, 11, and 21 
given above, ;^ 

260. Professor Townsend, Qvarterly Journal of Mathe-^ 
mattes, Vol. xiv,, has also shewn how from the property 
(§ 185) that " if for the same velocity of description any 
curve, plane or twisted, be at once a free path for one 
system and ^a brachistochrone for another system of ton* 
secutive forces, the resultants of the two systems of forces 
must, at every point of the curve,' beireflexions of each other, 
as regards both magnitude and direction, with respect to 
the current tangent at the point," cases of the free motion 
of a particle may be deduced from familiar cases of bra* 
chistochronous motion, and conversely. 

Interesting applications are given of the principle to the 
comparison of the different methods of description in free 
and br^tchistochronpus motion in well-known orbits, such as 
the parabola, the bifocal conies, the cycloid, catenary, &c. 

Thus every bifocal conic being a free path for any com- 
bination of two forces emanating in similar or opposite 
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tiirectlons from the foci, and varying inversely as the square 
of the distance from its own focus, the velocity of description 
(real or imaginary) vanishing at each point (real or imagi- 
nary) of equal and opposite normal action of the forces ; it 
follows that every bifocal conic, ellipse or hjrpferbola, is a 
brachistochronous path for any combination of forces ema- 
nating in similar or opposite directions from its two foci, 
and varjring each inversely as the square of the distance 
from the other fociis; the velocity of description (real o^ 
imaginary) vanishing at each point (real or imaginaty) of 
equal and opposite normal action of the two forces, , 

261. A particle moves in a plane, under an attracUoit, 
directed to a point which moves in a given mxmner in the 
plane: to find the m^otion. 

Let Xy y, f , 17 be the co-ordinates of the particle and point, 
at time t f and 17 are givenfunctions of t Also let P =f{r) 
be the acceleration due to the attraction at distance r. 
Then 

OJ — f 



de ""^V(a?-f)»,+ (y-i;)'^ 
df . V(a^-f)*+(y-^)''J 



.(1)> 



are the equatiouis of motion. 

The equations of relative motion are, of course, 



de 



.-p 






<^(y-^) „. p 

or, putting f„ ijj, for the relative co-ordinates, 

df V^+^» df 

d\_ p % ^V 



.(2). 



df 



Vf»" + V 



df 



,.(8). 
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These equations illustrate, in a particular case, the general 
theorem of § 26 ; as they contain, in addition to the terms 
-due to the attraction of the fixed center, the two knowa. 

quantities '-^ and — -^ » the components of acceleratioa 

of the center reversed. 

262, Ex, Zet the attraction vary direoUy as ike dis^ 
tance. 

Here P^fifJ^JH^, and equations (8) of last section 
become 

. de '^^' de 

wbich are easilyint^rated, in the form 



.(4). 






w 



+/* 



.Vt 






.(5); 



for particular values of f and rj in terms of t 

Curiously enough, these equations shew that the form and 
position of the relative orbit are altered merely by shifting 
its center, which is no longer at the center of attraction. 

As a particular case, suppose the center of attraction to 
move with constant acceleration, a, -parallel to a given direc- 
tion, which may be taken as the axis ofy. The center of 
attraction will lii general (Chap. IV.) describe a parabola, and 
the relative motion of the particle will be the same as in 
§ 133, the center of tlie ellipse or hyperbola being not at the 
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center of attraction but at a .distance ~ from it in a line 

parallel to the axis of y. 

Again, suppose the center ta move uniformly in a circle. 
We have ' ^ 

{ ss a cos a>t, rj = a sin wtf 

g 

and fj=s-4cos (V/^f + JS)-' \^ coawt, 

i7j = (7 cos ( V/i* + 2?) — -73^ sin 0)^, 

== ^ cos (\^/A^ + -B) — ~~— cos ft)<, 

and y«<7coB(V/ii+2)) /^sino)^, 

W fir 

and the absolute path is therefore epitrochoidal, 

263. If the radius vector t>fa curve in space he at each 
instant parallel to the direction, and equal to me magnitude, of 
the velocity of a particle moving in any path; the curve is called 
the hodograph corresponding to the path (§ 20)* 

The hodograph is evidently a plane curve if the path 
is so. 

Let X, y, z be the co-ordinates of a point in the path, 
f , 17, f those of the corresponding point of the hodograph ; 
then evidently by the definition, 

dx ^ 

di'^^ 

dt ^ 

dz^y 
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Hence, if a- be the arc of the hodograph, 

^"vl(i)+fe)t(i)} 

;■ -v/((S)"-@)"-(S)]. . 

and the directioil cosines of So- kre proportional to 

cPa> cPjf cPz . . 

d?' de' d?* 

Hence we see, as in § 20, that 

The tangent to the hodograph at any instant is parallel to 
the resultant acceleration of the particle at the corresponding 
point of its path, and the velocity in it is equal to the a^:-^ 
oeleration of the particle^ 

264 The most important case of the hodograph being 
that corresponding to an orbit about a single center of at- 
traction we may deduce the above properties for that case in 
a somewhat different manner^ 

Let P be any point in i^-4, an arc of an orbit described 
about a center of attraction fif. Draw 8Y perpendicular td 
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the. tangent at P, and take 8Q . SY^h, then evidently SQ 
is equfd to the velocity at P, and perpendicular to it in direc- 
tion*, Hei^ce the locus^ojf Q is thp hpdogra;ph turned in its 
own plane through a right angla 

But we see that it is the polar . Tecq[)rocal of PA with 
regard to a circle Vhose center is ^Sf and radius = V^. Hence, 
by geometry, the tangent at Q is perpendicular to 8P. This 
evidently corresponds to the first of the two general properties 
of the hodograph given in the last section, 

Let^, 0,p, 8, r\ ^iP'i «' represent the usual quantities for 
borreiSponding points of the two curves ; then if p be the radius 
of curvature at Q, we have by the condition that QZ is per-* 
pendicular to /8P, ^ '. 

dt^^'4t ^ dp' dt - 

^f!:^^d0_hdp^dd 
p ^1 dt p* dr . dt 

r ' . » 

which proves the second property. 

266. When the central attractioji is inversely as the 
square of* ihe distance, we ^ay^ by § 264 for the arc of the 
hodograph, 

d^ fi 
dt^r"' 

^^ f" "^ dJd'^ dt dd' t^ de^ h\ 

Hence for all conic sections described about the focus the 
hodograph is a circle, as wa3 first shewn by Hamilton. 

J This might have been shewn in another way, thus. In 
the fig. (§ 264) if PA be a portion of an ellipse or hyperbola 
of which 8 is the focus,. the locus of Fis the auxiliary circle. 
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Hence evidently the locus of Q is a circle. It PA be a por- 
tion of a parabola of which 8 is the focus, the locus o{_Y is 
a straight line, and therefore tiiat of Q is a circle' passing 
through 8. 

Hence generally, the hodograph for any orbit about a 
center of attraction inversely as the square of the distance, 
is a circle ; about an internal point for an ellipse, an external 
point for a hjrperbola, and about a point in the circumference 
for a parabola, 

A purely analytical proof of the same theorem is easily 
given. If a;, y be the co-ordinates of the. planet^ ^, «/ those 
of a point in the hodograph, then 



f- 






The equations otmotion Are 






Hence, as usual. 



dv dx ,d0 1 /,. 



and therefore 



dk " dt dt 



cPaj a .dO 11 d fy' 



which gives, by integration, 



Similarly ^ + 5 = , + £--^, 



dA 



hr'i 



.(2), 
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and thence 



m" 



proving that the hodograph is a circle. 

Also, by eliminating -^ , -^ among the three equations 
(1), (2), we get for the equation of the orbit 

which gives the focus and directrix property at once. 

. It is evident that that diameter of the circular hodograph 
l^rhich passes through the center of force is divided by the 
center of force in the same ratio as the axis major of the 

orbit is divided by the focus, and its length =» ~- . 

266. The law of diffusion of heat and light from a 
calorific and luminous body is that of the inverse square of 
the distance. Hence an arc of the hodograph of a planet's 
orbit, which arc we have already seen to represent the integral 
acceleration due to the central attraction, represents also the 
entire amount of light or heat derived from the Sun during 
the passage through the corresponding arc of its orbit. 

Ex. Compare the amounts of light and heat received 
ihroughout their orbits by the Earth moving in a circle, 
and a comet moving in a parabola at the, sam/e perihelion 



The hodographs are both circles, one about its center, the 
other about a point in its circumference; but the diameter of 
the latter is fJ2 times the radius of the former (§ 149). 

Hence their circumferences are V2 > 1| or the Earth 
in its orbit receives in a revolution V2 times the amount 
of light and heat which the comet can receive in its whole 
path. 
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It is evident that the path apparently descidbed by a: 
fixed star, in consequence of the Aberration of light, is the 
Hodograph of the Earth's orbit, and sis tl^^refore a circle in 
a plane parallel to the ecliptic^ and of the same dimensions 
for all stars. . * ; ' ' 

267, Sir W. Il< Hamilton enunciates {Lectures on Qua^ 
femiohs, p. 614) the following proposition : 

If two circular hodographs, having a common chordf, whicK^ 
passes through, or tends tb, a common center of force, be both 
cut perpendicularly by a third -citcUj the times of hodogror 
phically describing the intercepted^ arcs will be equal. 

It is evident from (§ 265), that the two orbits ate eonicj^ 
sections of the same species, and with equal major axes. 

Also, every circle which cuts both hodographs perpendi- 
cularly must have its center on the common chord. Let the' 




figure represent one of the hodographs, S being the center of 
force, and ABP the common chord* Take any point P and 
draw the tangents PjP, PT\ We proceed to investigate th^ 
difference of the times of hodograpnically describing TT and 
the corresponding arc for a position of P slightly shifted 
along -4P, 
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Draw OA perpendicular to AP. Let OT^d; AB^hy 
QJ=c, SF^r, 8M^^, 8M'^^\ PO^q, PA = r\ and 
PT=PT = T. If P be moved through a^ffl)ace Sr, the in- 
crease of the angle P8M which is the angle vector in the 

orbit, is nearly. But the cdtresponding radius vector in 

the orbit ia — (§ 264) and therefore the time of hodographi- 

fly 

cally describing the small arc at T is 

h ta rr rr nra ^^ ' 

Hence the whole change produced in the time of hodo- 
graphically describing the arc TT by shifting P, is- y . 

/LtSr / 1 1 \ 2Atr;8r 
rr Va«r am} "" Wj^y ' 

(This is easily aeen, if we notice that by the figure 

^\ • f • -1 CP , •-!(/, 

Now this is the same for both hodographs, and, as the 
arc TT vanishes for each when P is at ^, we have the pro- 
position. 

It will readily be seen that this is in substance the same 
as Lambert's Theorem (§ 168), 

268. We now take an instance of the determination, from 
the hodograph and the law of its description, of the curve 
described and the forces acting. 

The hodograph is a circle described with constant angular 
velocity about a point in its circumference, find the original 
path and the circumstances of its description. 

Here we have in the hodograph, 

p«acos^, ■ ' . ' 

e^(ot\ 
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therefore in the path 

-^ = P COS ^ » a COS G)^, 

-^^psm^aaacost»tfini(^. ^ 

Integrating and properly adapting the constants, ^& they 
aflfect cfmy the position of the origin, 

a? — ^ (2ppf + sin 2o)^), 

Now the eqtiations of a cycloid are; 

^=8-4 (^ + sin ^), 

•y=±^ (l-cos^)5 

hence the path is a cycloid ; and, since ScoiJ — ^, the diredtion 
of motion revolves uniformly. The particla moves under a 
constant force perpendicular to the hase of tjie cycloidal con- 
straining curve, and the velocity ^t any point is that due to 
the distance from the base, which is the brachistochrone of 
§ 180. The converse is easUy proved. 

Geometrically thus, if ^Pbe the cycloid described by the 
point F of the circle 81? rolling uniformly on the line AS, 
the velocity at P is proportion^ to iSP, and the direction of 
motion is perpendicular to /SfP. Hence the hodograph (turned 




through a right angle in its own plane) may be represented 
by the circle /SP, described^ with uniform angular velocity 
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about the point S, That the motion is due to constant ac- 
celeration perpendicular to AS is obvious from the fact that, 
if i^ be drawn perpendicular to AS, SF^ x Fp. 

269. If the orbit be central, and be a circle described about 
a point in its circumference, the hodograph is a parabola de- 
scribed about the focus with angular velocity proportional to 
the radius vector. 

For, if /S be the center of attraction, P the particle in its 
circular orbit, p the corresponding point of the hodograph : 
qp, the tangent to the hodograph at p, must be parallel to 
SF; and, therefore, ii SQqhQ the tangent at S, the triangle 
]pSq (being similar to FSQ) is isosceles. Thus the locus of p 
is a parabola, for its tangent, pq, is equally inclined to the 
radius-vector Sp, and to the fixed line Sq. Also the angular 
velocity of Sp, being the same as that oiPQ, is double that 




of SFy and is, therefore, inversely as /SfP*. But the length of 
Sp is inversely as the perpendicular from 8 upon FQ, i.e. 
inversely as SF\ 

Or immediately, the pedal of a circle with respect to a 
point on the circumference is a cardioid, and the hodograph, 
which is the inverse of the pedal, is therefore a parabola. 

270. The only central orbits whose hodographs also are 
described as central orbits, are those in which the acceleration 
varies directly as the distance from the center. 

Let S be the center, P any point in the path, p the 
corresponding point in the hodograph, p that in the hodograph 



T. D. 



20 
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of the hodograph. Then 8p' is parallel to the tangent at p, 
which again is parallel to SP. Hence PSp is a straight line. 




Also, since p belongs (by hypothesis) to a central orbit, the 
tangent at p' is parallel to Sp, i.e. to the tangent at P. Hence 
the locus of p' is similar to that of P, and therefore 8p' is 
proportional to Sp. But Sp' represents the acceleration at P. 
Hence the proposition, 

271. A point describes a logarithmic spiral with constant 
angular velocity about the pole; find the acceleration. 

Since the angular velocity of 8P and the inclination of 
this line to the tangent are each constant, the linear velocity 




of P is as SP. Take a length PT, equal to e. SP, to represent 
it. Then the hodograph, the locus of p, where Sp is parallel, 
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and equal, to PT, is evidently another logarithmic spiral 
similar to the former, and described with the same constant 
angular velocity. Hence jo^, the acceleration required, is equal 
to e,Sp, and makes with Sp an angle equal to SPT. Hence, 
if Pw be drawn parallel and equal to pt, and uv parallel to PjP, 
the whole acceleration Pu may be resolved into Pv and vu; 
and Pvic is an isosceles triangle, whose base angles are each 
equal to the angle of the spiral. Hence Pv and vu bear con- 
stant ratios to Pu, and therefore also to SP or PT, 

The acceleration, therefore, is composed of a centripetal 
acceleration proportional to the distance, and a tangential 
retardation proportional to the velocity, 

And, if the resolved part of P's motion parallel to any line 
in the plane of the spiral be considered, it is obvious that in 
it also the acceleration will consist of two parts — one directed 
towards a point in the line (the projection of the pole of the 
spiral), and proportional to the distance from it, the other 
proportional to the velocity, but retarding the motion. 

Hence a particle which, unresisted, would have a simple 
harmonic motion, has, when subject to resistance proportional 
to its velocity, a motion represented by the resolved part of 
the spiral motion just described. 

K a be the angle of the spiral, ay the angular velocity of 
SP, we have evidently PT. sin a = SP. cd. 

Hence 

Pt; = Pi* =i>« = ^ = -^ Pr= -^ SP= n\ SP (suppose) 
^ SP sma sm"a ^ ^^ ^ 

and vu = 2Pv . cos a = ^^.^^^^ py^ 2k. PT (suppose). 

sma ^ ^^ ^ 

6)* 

Thus the central acceleration at unit distance is n' = -^—j— > 

sm' a 

and the coeflScient of resistance is 2h = — ; . 

sma 

20—2 
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The time of oscillation is evidently — ; but, if there had 

been no resistance, the properties of simple harmonic motion 

shew that it would have been — : so that it is increased by 

n 

the resistance in the ratio cosec a :1, oi n : Jn^ — k\ 
The rate of diminution of SP is evidently 

sma 

that is, 8P diminishes in geometrical progression as time in- 
creases, the rate being k per unit of time per unit of length. 
By an ordinary result of arithmetic (compound interest pay- 
able every instant) the diminution of log . SP in unit of time 
is k 

This process of solution is only applicable to resisted har- 
monic vibrations when n is greater than k. When n is not 
greater than k the auxiliary curve can no longer be a logarith- 
mic spiral, for the moving particle never describes more than 
a finite angle about the pole. A curve, derived from an equi- 
lateral hyperbola, by a process somewhat resembling that by 
which the logarithmic spiral is deduced from a circle, must be 
introduced ; and then the geometrical method ceases to be 
simpler than the analytical one, so that it is useless to pursue 
the investigation farther, at least from this point of view. 

These geometrical results may easily be deduced by the 
principles of the preceding chapter, which give at once for the 
rectilinear motion the equation 

See Proc. JR. S. K for farther illustrations. 
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EXAMPLES. 



(1) Investigate the diflFerential equation of the path of 
a particle in a plane 



"dxK d'y /• 



2X= 

\ (2) A particle slides down an inverted cycloid from rest 
at the cusp ; shew that the whole acceleration at any instant 
is g, and that its direction is towards the center of the gene- 
rating circle. Prove also that the motion of the particle will 
be produced by rolling the generating circle on^he under 
side of a horizontal straight line with velocity Jga, where a 
is the radius of the generating circle. 

(3) If a curve whose equation is y =/C^) is described 
freely by a particle under potential F, and if the same curve 
can be described freely under potential 

prove that the curve must be a cycloid. 

(4) If a particle move on a rough inclined plane, prove 
that 

^//o/7cos^^=r, 

where p, p' are the radii of curvature of the path at the two 
points where the tangents are inclined at an angle to the 
norizon, and r is the radius of curvature at the highest point. 

(5) A particle is projected up a rough inclined plane. 
Shew that the intrinsic equation to the curve described is 

« sin a «= — f tan ^ j sin* ^i ( cot ^ j cosec'<^ tZ^, 

where v = velocity of projection and /8 = angle between direc- 
tion of projection and the line of greatest slope. 
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(6) A particle moves under two constant forces in the 
ratio of 9 to 1 whose directions rotate in opposite directions 
with constant angular velocities in the ratio of 3 to 1 ; prove 
that under certain initial conditions the path of the particle 
will be a closed curve of the form represented by the equa- 
tion r = a cos 2d, 

(7) A particle is attracted by an infinite straight line 
AB with intensity * which is inversely proportional to the 
cube of the distance of the particle from the line. The 
particle is projected with the velocity from infinity from a 
point P at a distance a from the nearest point of the line 
in a direction perpendicular to OP, and inclined at the angle a 
to the plane A OP. Prove that the particle is always on the 
sphere of which is the center; that it meets every meridian 
line through AB at the angle a ; and that it reaches the line 

AB in the time -p , fju being the strength of the at- 

*JfM cos a 
traction. 

(8) Shew that if a material particle move under any 
conservative system of forces, the projection of the principal 
radius of curvature of its path at any point on the direction 
of the resultant force at that point is 



TvTTi' 



m^0Hm 



V denoting the velocity of the particle. 

(9) If r be the radius vector of any point on a curve, 
p the perpendicular from the origin on the tangent at that 
point, s the length of the arc, and ^ (r) any function of r, 

prove that, if /<^ (r) ds (the integral being taken between finita 
limits) be a maximum or minimum, then ^ (r) oc - . 

(10) Jets of water escape horizontally from orifices along 
a generating line of a vertical cyUnder kept always full. Shew 
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that (to axes inclined 45* to the vertical) the equation of the 
lines of equal Action for unit mass of water is of the form 

S S 8 

Shew also that the line of equal time for particles of water 
issuing simultaneously from the orifices is the free path of 
the water which leaves the vessel by an orifice at a depth 
below the surface due to that time* 

(11) A number of particles fall down the arcs of vertical 
circles which have their highest points and the tangents at 
them in common, from rest at the highest point. Prove that 
the equation of the line of equal Action is 

^^ (l~cosd)«* 
r being measured from the highest point of the circles. 

(12) Of all the diflferent sets of paths along which a 
conservative system may be guided to move from one con- 
figuration to another, with the sum of its potential and kinetic 
energies equal to a given constant, that one for which the 
Action is a minimum is such that the system will require 
only to be started with the proper velocities to move along it 
unguided. 

Shew that, if APB be a projectile*s path, AB the latuS 
rectum, AT, TB tangents at A and B, the Action will be the 
same for the free path APB as for the constrained path-4T5. 

(13) A particle attracted towards a fixed center with 
intensity varying as the distance from that center, is pro- 
jected with a given velocity at right angles to the line join- 
ing the point of projection with the center so as to describe 
an ellipse. Prove that its Action in one revolution will be 
greater than it would have been if it had been comstrained 
to describe the circle round the same center of attraction 
having for radius the distance of projection, the velocity of 
projection being the same as before. 

Is this result inconsistent with the principal of " Least 
Action*'? 
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(14) If a particle move in the brachistochrone between 
two given points under gravity on a smooth surface of revo- 
lution of which the axis is vertical, prove that the area swept 
out by the projection of the ordinate on a horizontal plane is 
proportional to the Action. 

(15) The velocity of a particle in a central orbit varies 

as j^. Apply the principle of Least Action to find the orbit, 

and thence the law of attraction. Deduce the same results 
from the Conservation of Energy. 

(16) J£ u = F(x, y, z,a,b,k)-\- c is B. complete solution 
of the equation 

where 17 is a given function of x, y, Zy and A; is a constant; 
prove that 

> ©- ©=^ 

are the equations to any orthogonal trajectory of the system 
of surfaces, for points on each of which u has a constant 
value, and that, if points move along these trajectories with 
velocities, which in any position are equal to the value of 
^2 ( Z7+ k) at that point, their position at any time is de- 
termined by the equation 

fdu\ 

'< + T, 



Q-' 



where t is an arbitrary constant. 

(17) Prove that every curve, plane or twisted, for which 
«* = <^ (a?, y, z), where s is the length of any arc of it AP 
measured from a fixed point A, and x, y, z the rectangular 
co-ordinates of its variable extremity F, is tautochronous with 
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respect to the fixed point for the force, or system of forces, 
whose components parallel to the co-ordinate axes are 

^" 2^d^* ^ — 2'^d^^ ^ — l^Tz' 
h being any constant, 

(18) Prove that a rhumb line on the surface of a sphere 
is tautochronous with respect to either pole, for a force acting- 
radially from, or perpendicularly from the tangent plane at, 
the opposite pole, and varying in either case directly as the 
length and inversely as the sine of the spherical distance 
from the original pole. {Prof, Totunsend.) 

(19) Prove that for parallel forces, every curve, plane or 
twisted, for which s' = ^ (z), where z is the ordinate in the 
direction of force, is tautochronous with respect to the origin 

of 8, for the law of force Z = — -^l^^*{z), h being any con- 
stant. 

Prove that for concurrent forces every curve, plane or 
twisted, for which «* = ^ (r), where r is the vector from the 
center of force, is tautochronous with respect to the origin of 

8, for the law of force R^—^k^^' (r), k being any constant. 

Interpret the curves 
«' = «*sec*a, fl^ssr'sec^a, 5' = 4a(a — ^), «' = 4a(a-r), 

B Z 

^aa^^z^ — a*. 2a8 = 7^'-a^. -=cos"^-, 
8 = cos"^ - . {Prof. Townaend.) 

(20) *A particle under a system of forces describes their 
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tautochrone in a time T. Shew that the action in a complete 
oscillation is 

27rV 



where 2c is the length of the arc descriheA 

(21) Shew that the pressure of a particle of mass m on 
a tautochrone under any conservative system of forces is 



mF jsin ^ + - — ^ cos <^[ , 



where p is the radius of curvature at the point, <^ the inclina- 
tion of the resultant force mF to the tangent, and /S, S^ the 
distances measured along the curve of the point and starting- 
point from the point where the times of fall are equal 

(22) A particle, under a central attraction, the acce- 
leration due to which at a distance r is . ^ ^v> > ^ being 

a constant, is projected from a given point with the velocity 
from infinity; prove that the form of the groove, in which it 
must move in order to arrive at another given point in the 
shortest possible time, is an hyperbola whose center coincides 
with the center of attraction. 

(23) A body is such that it is its own level surface. 
Shew that the brachistochrone from any point to the body is 
the line of force passing through the point, 

(24) If 6, ^, •^... be the generalized co-ordinates of a 
conservative system, Tits kinetic energy, and if ^,<^, -i^... be 
supposed to be expressed explicitly in terms of t and arbitraiy 
constants, and if A, S be the symbols of two independent 
variations of the arbitrary constants, prove that 

dd , ^ d4> dyjt , 

-S^.A^-SA.A^«df.A^-... 
de ^ .d<l> df 
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. , , I. A * • 1 • ^6 d^ ^"^ 

IS independent of <; 0, ^, '^.,. denoting -ji> -Ji^ "^••* 

respectively. Illustrate this by reference to the motion (1) 
of a projectile, (2) of a system of particles attracting each 
other with intensities varying as the distance. 

(25) Shew that the amounts of heat and light received 
by a planet in one revolution are each inversely as the square 
root of the latus rectum of its orbit. 

(26) If P and Q be the accelerations along the tangent 
and normal to the path of a particle, and '^ the angle the 
tangent makes with a fixed line, the equation of the hodo- 
graph will be 

T — at^ , 
where a is a constant. 

(27) Find analytically a central orbit whose form and 
mode of description correspond wdth those of the hodograph 
of another central orbit. 

Shew that there is but one law of central attraction for 
which this is possible except, of course, in the case of the 
original orbit being a circle about its center, when any law 
may obtain. § 270. 

(28) If P, P' be the central acceleration for an orbit 
and its hodograph, prove that 

(29) Shew that the central acceleration necessary to 
make a particle describe the hodograph of a central orbit is 
inversely proportional to the normal acceleration at the cor- 
responding point of the orbit. 

(30) Shew that in the hodograph of a central orbit 
whose acceleration is f{r), the curvature varies inversely 
as ry(r). 

(31) When the hodograph is a straight line described 
with constant velocity, the path is the trajectory of an un- 
resisted projectile. 
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(82) When it is a straight line described with constant 
angular velocity about a point, the path is the catenary of 
uniform strength 

J- ^ 

c — sec y m 

k 

and the acceleration is parallel to y and varies as the square 
of either of these equal quantities. 

(33) Prove that the area swept out by the radius vector 
of a projectile, drawn from its pomt of projection, varies as 
the cube of the time of describing it. 

(34) If the hodograph be a circle about a point in its 
circumference, and if d being the angle which the radius 
vector makes with the diameter, the angular velocity be 
given by 

shew that the path is a cycloid with its vertex upwards, and 
that the velocity at any point is that due to a fall from the 
tangent at the vertex, 

(35) If a circle be described under a constant accelera- 
tion not tending to the center, the hodograph is a lemnis- 
cate. 

(36) A particle is moving in a parabolic orbit so that the 
velocity of its recession from the focus is constant ; ascertain 
the form of the hodograph of the particle. 

(37) The hodograph of an orbit is a parabola whose 
ordinate increases with constant velocity. Prove that the 
orbit is a semi-cubical parabola. 

(38) A straight rod, the ends of which are moveable 
along two perpendicular straight lines in one plane, revolves 
with a constant angular velocity. Prove that the hodographs 
of the paths of its points are ellipses enveloped by a hypo- 
cycloid. 
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(39) Define the hodograph of 'a point moving in any 
manner; and find its equation, for a point on the circum- 
ference of a wheel, which rolls uniformly within the circum- 
ference of a fixed wheel of four times its radius. 

(40) A smooth elliptic tube is placed with its major 
axis vertical and a particle allowed to slide down it, starting 
from rest at the highest point ; shew that the hodograph is 
given by the equation 



• = 2 Jga sin ^ jcot"* [| cot 0\ \ , 



(41) Prove that the hodograph of a catenary, described 
freely under an acceleration parallel to the axis, is a straight 
line described with velocity proportional to that in the 
catenary. 

(42) Prove that the hodograph of a central orbit is its 
reciprocal polar with respect to the center of attraction. 

Prove that the equation of the hodograph of a cardioid 
described under an attraction to the cusp may be put in 
the form 

. 8 
r sm' Q = a. 

(43) A lemniscate whose equation is r^ = a"cos2^ is 
placed with the initial line vertical, and a particle is con- 
strained to move on it, moving from rest at the pole; prove 
that the hodograph is defined by the equation 

4 4 TT + 2<f> , TT + 2<^ 

r=c cos — —^ cos' — -X — , 
o o 

where c is a constant. 

(44) If a particle move under a constant acceleration 
which is initially normal, and which, when the direction of 
motion of the particle has turned through an angle <^, has 
turned through an angle 2<^ in the opposite direction; prove 
that the equation of the hodograph is 

r'cos3^ = c', 
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and the equation of the orbit is 

r*cos2 ^ = a* 

(45) Two particles are describing free paths in one plane 
which are hodographs to one another ; if the particles be 
always at corresponding points, prove that the paths must be 
conic sections, and find the nature of the forces acting on the 
particles. 

(46) The resistance of the air being supposed to vary as 
the cube of the velocity, shew that the hodograph of a pro- 
jectile is 

aj' + 3ajy'=ay' + J, 

the axis of x being vertical 

(47) A particle moves freely under a force whose direc- 
tion is always parallel to a fixed plane, and describes a curve 
which lies on a right circular cone, and crosses the gene- 
rating lines at a constant angle; prove that its hodograph 
is a conic section. 
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272. We come next to the consideration of the effects of 
a class of actions which cannot be treated by the methods 
employed in the preceding chapters. These are called Impul- 
sive actions, and are such as arise in cases of collision; lasting 
(in the case of bodies of moderate dimensions) for an exceed- 
ingly short time only, and yet producing finite changes of 
momentum. Hence, in dealing with the immediate effects 
of such impulses, JJm^e forces acting along with them need 
not be considered. 

When two balls of glass or ivory impinge on one another, 
no doubt there goes on a very complicated operation during 
the brief interval of contact. First, the portions of the sur- 
faces immediately in contact are disfigured and compressed 
until the molecular reactions thus called into action are sufii- 
cient to resist farther distortion and compression. At this 
instant it is evident that the points in contact are moving 
with the same velocity. But, most solids being endowed with 
a certain degree of elasticity of form, the balls tend to recover 
their spherical form, and an additional pressure is generated; 
proportional, as Newton found by experiment, to that exerted 
during the compression. The coefficient of proportionality is 
a quantity determinable by experiment, and may be conveni- 
ently termed the Coefficient of Restitution. It is always less 
than unity. 

The method of treating questions involving actions of 
this nature will be best explained by taking as an example 
the case of direct impact of one spherical hall on another; 
first, when the balls are inelastic. Again, when their coeffi- 
cient of restitution is given. 

And it is evident that in the case of direct impact of 
smooth or non-rotating spheres we may consider them as 
mere particles, since everything is .symmetrical about the line 
joining their centers. 
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273. Suppose that a sphere of mass My moving with a 
velocity v, overtakes and impinges on another of mass Jf, 
. moving in the same direction with velocity v; and that at the 
k: instant when the mutual compression is completed, the spheres 
-^ are moving with a common velocity V, If F be the pressure 
ft) between them at any time t during the compression, we have, 
N if T be the time during which compression takes place. 



■o 



fT^ M{v-V) = fpdt = R, suppose. 

In,- ^0 



\^ ■'o 

, ^ Mv + MV , „ MM' , . 

whence V — ^ ^ , and JJ = -^-^p^, {v - iT). 



From these results we see that the whole momentum after 
impact is the same as before, and that the common velocity is 
that of the center of inertia before impact. Had the balls 
been moving in opposite directions, v' would have been 
negative, and in that case we should have 

^ Mv-Mv' , p MM' , ^ . 

From the first of these results it appears that both balls will 
be reduced to rest if 

Mv^M'v*) 

that is, if their momenta have been originally equal and 
opposite. 

This is the complete solution of the problem if the balls 
be inelastic, or have no tendency to recover their original 
form after compression. 

274. If the balls be elastic, there will be generated, by 
their tendency to recover their original forms, an addi- 
tional pressure proportional, to BL 

Let e be the coefficient of restitution, v^, v/, the velocities 
of the balls when finally separated. Then, as before, 

M\vl-V)^eR', 
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whence 

,, T.^Mv + M'v' MM' , „ 

^'^^^-m+m—'m^'^'-'^^ 

and 

XM-eM')v^-M'{l+e)v' M' „ ,, 

V 

with a similar expressio^ for v/. 

A rather singular result may easily be deduced from the 
last formula. Suppose M^M\ e = l, that is, let the balls 
be of equal mass, and their coeflScient of restitution unity (or, 
in the usual, but most misleading phraseology, *' Suppose the 
balls to be perfectly elastic^*) ; then in this case 

»jssf^, and similarly v/ = ir, 

or the balls, whatever be their velocities, interchange them, 
and the motion is the same as if they had passed through one 
another without exerting any Inutual action whatever. 

275. The only other case which we can treat in the 
present work is that of oblique impact when the balls are 
spherical and perfectly smooth, for in rough and non-sphe- 
rical balls rotations are generated and the motion of each ball 
requires to be treated as that of a rigid body. 

The simplest case is that of a particle impinging with 
given vdodty^ and in a given direction, on a smooth plane. 

Suppose the plane of the particle's motion to be t^ken as 
that of reference ; its trace on the given plane as the axis 
of X, and the point at which the impact takes place, as 
origin. 

The impulsive reaction of the plane will be perpen^ 
dicular to it, since it is smooth. Let this be called li ; and 
let the velocity of the particle be resolved into two, Vx> ^»> 
respectively parallel to Xhe axes. For the first part of the 
impact 

T. D. 21 
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But Vy', being the common velocity of the plane and ball, 
is evidently zero ; hence 

or, the velocity parallel to the plane is unchanged, while 
that perpendicular to it is destroyed. So far for an inelastic 
ball If the ball be elastic, let v^\ vj' be the final velocities, 
then 

These equations give 

shewing that the velocity parallel to the pl^ne is unaffected ; 
and 

or, V = -^y, 

that is, the velocity perpendicular to the plane is reversed in 
direction, and diminished in the ratio e : L 

If we designate by the name of angle of incidence the in- 
clination of the original direction of the ball's motion to the 
normal to the plane, and by that of angle of reflexion the 
angle made with the same line by the path after impact; 
then denoting the total velocities before and after impact by 
Fand F", and these angles by 0, ^ respectively, we have 

Fsind = t;„ 7"sm^ = v/, 
Vcose^v.y F'cos^^t;;'; 
and the previous results give at once 
^ cot ^ = cot ^ "j 
.sin^!* 



r=^v 



sin^j 



Of course these results are applicable to cases of impact 
on any smooth surface; by making the legitimate assumption 
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that the impact^ and its consequences as regards the motion of 
the ball, would be the same if for the surface its tangent 
plane at the point of contact were substituted. 

278. Two smooth spheres, moving in given directions and 
with given velocities, impinge ; to determine the impulse and 
the subsequent vnotion. 

Let the masses of the spheres be -3f, Jf ; their velocities 
before impact v and »', and let the original directions of 
motion make with the line which joins the centers at the 
instant of impact, angles a, a. These angles may easiljr be 
calculated from the data, if the radii of the spheres be given. 

It is evident that, since the spheres are smooth, the entire 
impulse takes place in the line joining the centers at the 
instant of impact, and that therefore the future motion of 
each sphere will be in the plane passing through this line 
and its original direction of motion. 

Let R be the impulse, e the coefficient of restitution; then 
since the velocities in the line of impact are vcosa and 
V* cos a , we have for their final values v^, v/, after restitution, 
by § 274, the expressions 

Vj = t; cos a — ^ . ^, (1 + e) (t; cos a — v' cos aOi 

M 

v/ = v'cosa' + -jjj:— j^(l + 6) (wcosa — v'cosa'), 

and the value of R is 

jg— y (1 + e) (vcosa-v cosaQ. 

Hence, the sphere M has finally a velocity t\ in the lino 
joining the centers, and a velocity v sin a in a known direc- 
tion perpendicular to this, nameljr in the plane through this 
and its original direction of motion. And similarly for the 
sphere M\ Thus the impact is completely determined, 

21—8 
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277. Recurring to the equations in § 273, we hare 

mr-v')=ji, 

4nd, eEminating V, 

^=^^'(^-''0 ' -(n 

■ Hence, if # be the coeffioient d restitution, v, , »,' the final 

velocities, 

J?(l + «)1 

< = .' + ^^) 

Hence, Ifir, + M\' = Jifo + M'v', whaterer e he, or there 
is no momentum lost. This is, of course, a direct conse- 
quence of the Third Law of Motion. 

Again, ^Mv,' + Jilf «," = | Mii' + ^M'v'' 

MM' 

= ^Mv' + iM'v''-Hl-e')^^.iv-vr. 

The' last term of the right-hand side is therefore the 
kinetic energy apparently destroyed by the impact. When 

e = 0, its magnitude is greatest and equal to --r^ — j^p J (t? — v')*. 

When e = l its magnitude is zero, that is^ when the co- 
efficient of restitution is unity no kinetic energy is lost. 

The kinetic energy which appears to be destroyed in 
any of these cases is, as we see from § 78*, only transformed — 
partly it may be into heat, partly into sonorous vibrations, as 
m the impact of a hammer on a bell. But, in spite of this, 
the elasticity may be perfect. Hence the absurdity of the 
common designation alluded to in § 274. 
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Also by (2), 



= e(i;-t?'), by (1). 



MM' 



Hence* the velocity of separation is e times that of ap- 
proach. These results may easily be extended to the more 
general case of § 276. 

The case of a ro^Lgh sphere cannot be treated here, inas- 
much as it involves the Dynamics of a Rigid Body, and this 
is beyond our professed limits. 

278. "We proceed to some special problems illustrating 
the subject of impact. 

To one end of a chain^ l]/ing in a given curve on a smooth 
horizontal planey a given impulsive tension is applied in tlie 
direction of the tangent at that end ; it is required to find the 
impulsive tension at any other point of the chain. 

Let this be T at a point of the chain whose co-ordinates 
are a?, y; and let the initial velocities of that point, parallel 
to the ax6s, be v^, v^; then, /n being the mass per unit of 
length of the chain, we have the following equations : 



dsV ds)^ 
ds\ ds)'^ 






.(1). 



The geometrical condition is to be determined as follows. 
The chain being inextensible, the length of an element Bs 
is invariable, therefore the velocities of its two extremities 
resolved along the element must be the same. This gives 
evidently 

dv,dx dv^dy _ ,ov 

Hds^ dsdi^"^ ' ^ ^* 
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Or, it Vg, Vp be the velocities generated at any point, in 
the direction of the tangent and normal, we have at once 



dT 



'9 



(3); 



ds 
T 

and the kinematical condition furnished by the inextensi- 
bility of the chain 

ds^ p •••••W- 

If ^ be the angle the instantaneous direction of motion 
at any point makes Ivith the tangent, 

"^"^H^-w- (5)- 

By the elimination v, and v^ we obtain 
dndT\ T_ 

d^KJ^-dr)-]^'^^ ^^^, 

the general differential equation of the impulsive tension at 
any point. 

I'his of course cannot be integrated unless the initial form 
of the chain is known, i.e. unless fi and p are given in terms 
of 8. 

Another method of solution is given in Thomson and 
Tait's " Natural Philosophy," §§ 310, 311, where it is shewn 
that in such a case the chain takes, the least possible kinetic 
energy ; this gives, by equations (3), 
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whence we easily obtain 

dsxfidsj fip^ ' 
as above. 

The work done by an impulse being equal to the impulse «y^ 
into half the velocity generated §308. it follows that the JfSTJ 
kinetic energy generated in any part of the chain is ^ '. 

T and v, referring to one end, and T\ Vg to the other end; 
this may also be written 

279. Example I. As a particular example, suppose a 
uniform chain to form a semicircle of radius a. Then p = a, 
and s = a0, and (6) becomes 

whose integral is 

To determine the arbitrary constants, observe that when 

^ = 0, we have T^T^ 

the original impulse ; and when ^ = tt, or ^t the free end 
of the chain, T=^ 0. Thus we have 

T.^A + B, 

O-Ae'+Be". 

Thesegive A=-^,, B= -^-', 
and therefore 



T^Z 



0. gir_g-ir 
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The initial velocity at any point cto now be easily deter* 
mined. 

280; Example II. Suppose it be required that the 
tension at each point should be proportional to the distance 
from the free end of the chain. 

Then I being the length, and 8 denoting the same quantity 
as before, 



r=.2;(l-^)byhypoth. 



esis; 



cPT T 

.-.^ = 0, or by (4!)-^=0, orp^oo, 

that is, the chain must lie in a straight line, as is otherwise 
evident 

281. Exaimple III. Suppose the chain to form a portion 
of the logarithmic spiral. In this case p^^es where e is the 
cotangent of the angle of the spiral.^ Hence the equation 
becomes 

or, if we put 8 = ae*, 

This is easily integrated, and thus the problem can be 
completely solved; it is easily shewn that the direction of 
motion at any point makes a constant angle with the tangent. 

282. The investigation of the motion which takes place 
after the impact is not usually considered under Dynamics 
of a particle— but it is obvious that from what we have 
just arrived at we may write down the equations of motion 
of a string in the form 
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with two similar equations; the finite forces X/Y^ Z, !now 
coming in as we are no longer dealing with impact. 

Or, resolving along the tangent and normal, supposing 
fgifp the tangential and normal accelerations at a point, and 
&y Nihe component tangential and normal impressed forces 
per unit of mass, 

T 

and, as before, -^ ^-^ , 

as p 

T now denoting the finite tension at any point. 

As a particular case, if finite (or impulsive) tensions be 
applied at any two points of a chain of variable density 
hanging in a given curve at rest under gravity, the tensions 
being proportional to the tensions in the chain when at rest, 
the chain will move, as if rigid, vertically. 

283. When the string is pra<3tically inextensible, and if 
the tension be great compared with the amount of the 
external forces; the disturbance being small we may write 
a; for 5 if we take the undisturbed direction of the string as 
axis of aj. 

The equations of transverse vibration become 

wliere 2^ is to be regarded as a constant. 

The student is particularly to observe that we have now 
been led to partial differential equations; in fact we have 
but two equations to represent, for all time, the motion of 
every point of the string, however the motion of one point 
may differ from that of another. 
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Tte solutioh is of course of the form 

y or z^<l>(x — 01) + y^{x + at), 

T 
"where a' = — , ^ and yfr denoting arbitrary functions. 

284. The only other cas6 we shall consider is that of 
a Continuous series of indefinitely small impacts, whose effect 
is comparable with that of a finite force. The obvious method 
of considering such a problem is to estimate separately the 
changes in the velocity produced by the finite forces, and 
by the impacts, in the same indefinitely small time S^, and 
compound these for the actual effect on the motion in that 
period. 

Another way is to equate the rate of increase of momen- 
tum per unit of time to the impressed forces. 

285. A spherical rain-drop, descending under gravity/, 
receives continually by precipitation of vapour an a>ccession of 
inmss proportional to its surface; a being its rudiv^ when it 
begins to descend, and r its radius after the interval t, shew 
that its velocity is given by the equation 






{he resistance of the air being left out of account. (ChaUis, 
Smith's Prize Examination, 1853.) 

Let e be the thickness of the shell of fluid deposited in 
imit of time. Then evidently 

r^a+et fl)- 

Also let St; = SjV + St; be the increase of velocity in 
time Bt; the first term due to gravity, the second to the 
impacts. 

Evidently, S^v^gBt; and if Jf be the mass at time tg 
B (Mv) = is the condition of the impact 
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This gives 



or SjV — — «; 



iin^eSt ^ SevBt _ SevSt 

4s J r " . a + et 

3'^ 



From these we have 



dv Sev 



= ^ 



dt ^ a + et 

Multiplying by {a + et)^^ and transferring the last term to 
the left-hand side of the equation, it gives by inspection 

Hence * = £|(a + e«) -^^.}. 

Substituting for e from (1), 

^ 4(r-a)V W 

as required. 

To verify this solution, suppose no moisture to be de- 
posited, then r = a, and we have » = ^r* as it ought to be. 

Or, immediately from the dynamical equation 

4 4 

since Jf = ^ 'rrpr^ = © '""P (^ + ^0'> 

^ / . ^\a / . AS dv . Sev 
^^(a + etyv^{a + etyff or j^ + -^^=ff. 
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286. One end, B, of a uniform heavy chain hangs over a 
small smx>oth pully A, and the other is coiled up on a table at 
C. If B preponderates, determine the motion. 

The moving force due to gravity is the weight of AS 
minus that of AC=^ (x-^a) suppose, a being the length 
AC, and x the length AR 

Now in an indefinitely small interval Bt, this would 
generate in the portion BAG of the chain an increment of 
velocity 

But the whole uncoiled chain, being in motion at the com- 
mencement of the interval Bt with velocity v, lifts up a portion 
of length vBt from the table during that interval. Hence, 
if B^v be the change of velocity arising from this impact, we 
have by the condition that no momentum is lost, 

1. e. F = • 



v+B^v- 



or Bj) - 



/I, (x + a)v 

' fi{X'{'a)-\-fMv6t* 
i^Bt 



»■ x + a' 

quantities of the second and higher orders being omitted. 

„ Bv B.v , Bj) 

Henceas -^-^- + f^, 

proceeding to the limit we have 

dv_ dv ^ g^X" a) "}^ ^ 
dt"^ dx'' {x-ta) * 

dv 
which gives (x + a)'t? ^ + v* (a? + a) = ^r (a?* - a') 

Or, immediately, from the equation of momentum, 
d f , ^ dx . V 
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dx 
Multiplying by (a? + a) ^ and integrating, supposing 

a; = J initially, 

and this determinas for any given initial circumstances the 
velocity at any instant. The final integration, for the deter- 
mination of ^ i^ terms of a?, requires the use of Elliptic 
Functions; except when 6«2a, when the acceleration is 
constant and equal to \^. 

(1) If J < 2a, then ai* + 6aj + 6* — 3a' will split up into 
real factors (a? + i8) (a? +7) suppose, and we must put 

& + /3sin*6 
cos*<^ 

to reduce the solution to elliptic functions. 

(2) If 6 > 2a, then aj* + 6aj + 5' - 3a* is of the form 

and we must put 

^ a; = 5 + ctan* J^, 

where c* = f 6' + n*. 

287. If we derive the chan^ produced in the form and 
position of an orbit by a slight change made in the velocity 
or direction of motion, &c. at some particular point, we must 
express separately each of the elements of the orbit in terms 
of the quantity to be changed ; then taking the differentials 
of both sides, we have the required changes of value. 

Thus, we have generally in an elliptic orbit 
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At the end of the major axis farthest from the focus this 
become^ 

al + e' 

Now if at this point Fbe made V+ BV, without change of 
direction, we have the condition that in the new orbit a(l + e) 
shall have the same value as in the old ; since this will still 
be the apsidal distance. 



Hence 



'""J-KSfe)- 



and S{a(l + e)} = 0; 



or 



^—^^{lii-'^)}^r. 



And Sa = — t-t— Be 

1+e 



=V(^i^)*^' 



which determine the increase of the major axis and diminu* 
tion of the excentricity ; and the same method is applicable 
to more complicated cases. 

Again, in the case of a parabolic orbit, as in Chap. IV., 
it is easy to see that a change in the magnitude of the velo- 
city shifts the focus in the line joining it with the point of 
projection through a distance 

VSV 
9 ' 
raises the directrix through an equal distance, and increases 
the latus rectum by 

4FSF , 
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where a is the inClinatioiL of the path to the horizon at the 
instant of the impact. 

If the direction of motion only be changed, the directrix 
is unaltered, the focus moves in a- direction perpendicular 
to the line joining it with the point of projection, and the 
latus rectum is diminished by the length. 

4F* . 

sinacosaSa. 

9 

In the latter case the new orbit again intersects the old, 
and the tangents to either at the two points of intersection 
are at xight angles to each other* so long as the displace- 
ment Ba is indefinitely small. 

These results piay easily be extended by geometrical pro-« 
cesses, as in Chap. IV., or deduced by differentiation from 
the analytical results there giyen. 



EYAMPLESy 

(1) If 6 = 1, one ball cannot be reduced to rest by 
direct impact on another equal ball, unless the latter is at 
rest* , 

(2) If two balls for which 6 = 1 impinge directly with 
equal velocities, their masses must be as 1 : 3 that one may 
be reduced to rest. 

(3) Shew that if two equal balls impinge directly 

1+6 

with velocities r V and — V, the former will be reduced 

A "~ 6 

to rest 

— V* (4) Shew that the mass of the ball which must be 
interposed directly between Jf at rest, and Jf' moving with a 
given velocity V, so that -Jf may acquire the greatest velocity, is 

and that that maximum velocity is ij]j^\jjjj\t • 
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(6) Suppose c = 1, and an infinite number of balls to be 
interposed, shew that the maximum velocitj which can thua 
be given to if, ia 






[Note that, by the result of the preceding question, the 
masses must form a geometric series, and the above is easily 
deduced.] 

(6) A niunber of balls A, 5, (7, &c. for which e is given, 
are placed in a line ; A is projected with given velocity so as 
to impinge on B, B then impinges on (7, and so on ; find the 
masses of the balls B, C, &c. in order that each' of the balls 
A, B, (7, &c. may be reduced to rest by impinging on the 
next J and find the velocity of the n^^ hail after its impact 
with the (n-1)*^ 

(7) A row of elastic balls hanging by long strings, 
so that their centers are all in the same straight line, are 
so placed that each ball is almost touching the next; the ball 
at one end of the row is drawn aside, and permitted to im- 
pinge upon that next it; prove that the whole row will remain 
stationary, except the ball at the other end, which will fly 
off and rise to a height equal to that from which the first 
was allowed to descend; the coefficient of restitution being 
unity. 

-\^ (8) A given inelastic body is let fall from- a given height 
on one scale of a balance, and two inelastic bodies are let fall 
from different heights on the other scale, so that the three 
impacts take place simultaneously; find the relations between 
the masses and heights tha^t the balance may remain per- 
manently at rest. 

(9) Two equal smooth elastic billiard-balls A and J9, 

kre placed at a distance d apart, and a third equal ball 

C is hit so that it impinges on B after striking A. Shew 

that the loci of all positions of C, whence it is equally easy 

to make the cannon, are circles whose centers lie on a straight 

1 4a 

line through A, inclined to AB at an angle = « tt + J sin"* -^ 

where a is the ra<lius of the ball, and e = 1. 
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(10) An imperfectly elastic ball ia projected from a 
given point in a horizontal plane, against a smooth vertical 
wall, in a direction making a given angle with the vertic^ : 
find where it strikes the horizontal plane, and prove tlmt 
the loons of these points, for different vertical planes of pro- 
jection, is an ellipse. 

(11) An imperfectly elastic particle is under tho in- 
fluence of as mooth gravitating sphere. Shew that (oxct^ptiug 
special circumstances of projection) it will perpetually do- 
scribe conic sections: determine also the elements of tho 
orbit described after any number of rebounds, 

(12) A particle moving in an ellipse about a focus is 
impinged upon directly by an equal particle moving in u 
confocal hyperbola about the same center of attraction. In- 
vestigate the nature of the subsequent motion, the coefficient 
of restitution being unity. 

If the excentricity of the elliptic orbit be e, and that of 

the hyperbolic orbit - , shew that the apse-line of tho new 
c 

orbit of the former particle is inclined to the apse-lino of its 

old orbit at an angle 

cosec"*^ V* + e* + 4e\ 

'^ (13) A boy standing on a bridge lets a ball fall on the 
(horizontal) roof of a railway carriage passing under tho 
bridge at 15 miles an hour. If the modulus of eltwticity 
between the ball and carriage roof be f, and the coafficUtnt 
of friction i, find the least height of the bo/s hand from tlie 
roof that the ball may again rebound from the sama point. 
If the bo/s h^id be at a greater height than this, what will 
happen? 

^ (14) A loaded cannon is suroended from a fixe<l hori- 
zontal axis, and rests with its axis horizontal ari/l perjHin- 
dkolar to the fixed axis, the supporting ropes b^Hng e/^ually 
incUned to the vertical; if i; be the initial velrxrity of th<:j 

ban, Mhfjte msm is -tii (rf the mass of the cannon, and A 
XD- 22 

Digitized by VjOOQIC 



338 IMPACT. 

the distance 1>etween the axis of the cannon and the fixed 
axis of support^ shew that when it is fired ofi^, the tension of 
each rope is immediately changed in the rati<» 

If a cannon be supported in a gunboat in the manner de* 
scribed, with its axis in the direction of the boat's length, 
what would be the effect of firing it off? 

(15) Equal particles revolve in opposite directions about 
the focus in an ellipse of excentricity |, and impinge at the 
nearer apse. Find the distances of future impacts, and shew 
that if ^ be the original apsidal distance, the particles fell into 
the center of attraction after the time 

14V(2m)- 

(16) A ball is projected in a given direction within a 
fixed horizontal hoop, so as to go on rebounding from the 
surface of the hoop ; find the limit to which the velocity will 
approach, and shew that it attains this limit in a finite time. 

(17) If an infinite number of elastic particles, a;=l, 
equally distributed through a hollo w» sphere, be set in mo- 
tion each with any velocity, shew that the resulting con- 
tinuous pressure (referred to a unit of area) on the internal 
surface is equal to two-thirds of the kinetic energy of the 
particles divided by the volume of the sphere. 

(18) If a spherical bomb-shell resting on the ground 
burst into a very large number of fragments, all of which are 
projected with the same velocity, Vy in directions uniformly 
distributed in space, and if the fragments all remain at the 
place where they first strike the ground, shew that, when all 
have come to rest, the mass of metal sticking in the ground 
per unit area at a distance r from where the shell lay is 

_Mg {v' + Jv'-ry)^ + (v'''Jv*-r^,q')^ 
8V27rV* r(t?*-rV)* 
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where M is the mass of the shell, aud r \a great compared 
with its radius. 

Explain the result when r = - . 

(19^ A hollow cylinder is filled with a very large number 
of perfectly elastic particles moving freely about in all direc- 
tions and with all velocities, and impinging on each other 
and the walls of the cylinder. The cylinder is placed on one 
of the scales of a balance : shew that the weight of the 
counterpoise must be equal to the weight of the cylinder and 
of all the particles together. 

(20) A cylinder, length h and radius r, is divided into 
n equal compartments by n screw surfaces, the pitch of the 
trace of each on the cylinder being a. It rotates on its axis 
with angular velocity ct>, and a stream of particles moving 
parallel to the axis with velocities evenly distributed between 
and Fis incident on one end. Shew that the number of 
particles which pass through the cylinder in unit of time 
without striking the screw surfaces 

7r*A^V"tana , - i.- i • -x /• i \ 

X (no. of particles in unit of volume) ; 



»r|A'cofa-(^]Vl 



A cot a r 

provided an < \ . K 

(21) If at an extremely great distance from the sun 
meteorites have been flying about equally in all directions 
for an infinite time, shew that the kinetic energy destroyed 
per unit of time by meteorites falling into the sun is 

where M is the mass of the meteorites in unit of vol. at a 

great distance, r = sun's radius, V^ = velocity from infinity at 

V 
the sun's surface, and —* = the mean velocity of the meteorites 
n 

initially. 

22—2 
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If one year be the unit of time and the sun's radius the 
unit of length, shew that this 



= ^(l+»T(460)' 



having given r = 400000 miles, and the earth's mean dis- 
tance =92000000 miles. Also, from the fact that one unit 
of heat is equivalent to 772 foot-pounds, find the quantity 
of heat received by the sun in one year through the impacts. 

-^ (22) A train composed of n smooth parallelepipeds is 
travelling with velocity u along a straight line. A stream of 
perfectly elastic particles, each of mass m, is moving with 
velocity v, perpendicular to the line, and is impinging on the 
train. Supposing that the particles do not interfere with 
one another, shew that the train experiences a resistance 

2hNm{2(n-l)av - (w - 2)bu}u, 
provided u < -j- -<t -i- > where a = distance between each pa- 
rallelepiped, i, A = breadth and height of each, and N is the 
number of particles in a unit of volume. 

Can this be used to explain the fact that a train experi- 
ences a greater resistance from a cross wind than a head 
wind? 

(23) A comet in moving from one given point to another, 
throws off at every instant small portions of its mass which 
always bear the same ratio n to the mass which remains. 
If V be the velocity with which each particle is thrown off, 
a the inclination of its direction to the radius vector, prove 
that the period t will be diminished by 

"7~ {(^' ~ ^) V(^i^) sin a — (/ — r) cos a}, 

(f) and ^' being the excentric anomalies, r and / the focal 
distances at the given points, a the mean distance, 2p the 
latus rectum, and /the attraction at distance a. 

I (24) If a rocket, originally of mass M, throw off every 
unit of time a mass eM with relative velocity F and, if Jf ' be 
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the mass of the case, &c.^ shew that it cannot rise at once 

eMV 
unless eV>gy nor at all unless -Tufr>d* If it do rise at 

once vertically, shew that its greatest velocity is 
and the greatest height it reaches 

(25) Particles (2n — 1) in number, connected by inexten- 
sible strings, are suspended from two fixed points in a hori- 
zontal plane so as to hang symmetrically, their weights being 
such that the inclination of each string to the one immediately 
below it is a, which is also the inclination of each of the two 
lowest strings to the horizon. Find their weights; and shew 
that if the lowest whose mass is m be struck by a vertical 
blow P, the horizontal component of the initial velocity of 
any particle varies inversely as its weight, and the vertical 
component of the initial velocity of the r^ from the lowest 
is 

^ a- f(2n-2r - 1) sin a + 2 cos a cot na -sin (2r+ l)a}. 

2mcos'a^^ ' ^ ' * 

(26) A large number of equal particles are attached at 
equal intervals to a string, and the whole is heaped up near 
the edge of a smooth table; the particle at one extremity of 
the string is just over the edge of the table. Shew that TJ^ 
the velocity of the system just before the (r + 1)* particle is 
set in motion is given by the equation 

^^_ga (r-fl)(2r+l) 

Calculate the dissipated energy. 

(27) A very long row of particles, each of mass m, on 
a smooth horizontal table are connected, each with two 
adjacent ones, by similar light elastic stretched strings, each 
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of natural length c; they receive small longitudinal dis- 
turbances, such that each of them proceeds to perform a 
harmonic vibration : prove that there will be two waves of 
vibrations, in opposite directions, with the same velocity 

a a/ sin — , where a is the average distance between 

'y mc '^ n 

two successive particles, n the number of intervals between 

two particles in the same phase, and X the modulus of 

elasticity. 

(28) A light elastic string of length na and coeflScient of 
elasticity X is loaded with n particles, each of mass m, ranged 
at intervals a along it, beginning at one extremity. If it be 
hung up by the other extremity, prove that the period of its 
vertical oscillations will be given by 



* /am 



2r+l» 



when r s= 0, 1, 2, ...» — 1, successively. Hence prove that the 
periods of vertical oscillation of a heavy elastic string will be 

given by the formula 2* = ^ , V T" ' ^^®^® ^ ^ *^® length 

of the string, M its mass, and r is zero or any positive 
integer. 

(29) A uniform ehaiA hangs vertically from its upper end 
with the lower end just in contact with an inelastic table ; if 
the chain be allowed to fall, prove that the pressure on the 
table during the fall of the chain is always equal to three 
times the weight of the coil upon the table. 

If the chain hang with its lower end just in contact with 
a smooth inclined plane, and be let fall, find the pressure on 
the plane at any time during the fkll. 

(30) Snow is spread evenly over a roof. If a mass com- 
mences to slide, clearing awav a path of uniform breadth as 
it goes, prove that its acceleration is constant, and equal 
to one-third that of a mass of snow sliding freely down the 
roof. 
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(31) The cable of a ship is led through a hole in the 
deck at a height b above the cable-tier and runs along the 
deck a distance a, and out at the hawse-hole, immediately 
outside of which is the anchor, of mass equal to a length 
|a+ 26 of the cable. Prove that if the anc^ior be let go it 
will descend with acceleration ^g. 

(32) A chain of given length is at rest on a smooth 
horizontal plane, with one end fastened to a point on the 
plane, under a repulsion from that point varying as the dis- 
tance. If the chain be set free, find the initial change of 
tension at any point, and the subsequent motion of the 
chain. 

K the chain impinge upon a vertical wall perpendicular 
to its own direction, find the pressure upon the wall at any 
subsequent time. 

— ^ (33) Two equal weights W are connected by a string 
of length 2?, whose weight per unit of length is w, which 
passes over a small pulley. The system is put in motion by 
adding a weight W at one end. Shew that when either 
weight has moved through a distance x, the kinetic energy 
will be greater than if the string were weightless by 

— (34) A fine string passing over 9, smooth pulley supports 
two equal scale-pans ; a uniform chain is held by its upper 
end above one of the scale-pans, its lower end being just 
above the scale-pan ; if the upper end be let go, determine 
the motion completely, and find, at apy time, the pressure on 
the scale-pan. 

--''—(35) A pulley is fij^ed above a horizontal plane. Over 
the pulley passes a fine string which has two equal chains 
fastened to its two ends. In the position of equilibrium a 
length a of each chain is vertical, the remainder of the chains 
being coiled up on the table. 

K now one chain be drawn down through a distance na, 
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find the equation of motion, and prove that the system will 
next come to rest when the upper end of the other string is 
a distance ma below its mean position where 

(l-m)«* = (l + w)e-*. 

If w = 1, prove that m = J approximately. 

— . (36) A uniform flexible chain of indefinite length, the 
mass of an unit of length of which is m, lies coiled on the 
ground, while another portion of the same chain forms a 
coil on a platform at height h above the ground, the inter- 
mediate portion passing round the barrel of a windlass placed 
above the second coil. An engine, which can do H units of 
work per unit of time, is employed to wind up the chain 
from the ground and let it fall into the upper coiL Shew 
that the velocity of the chain can never exceed the value of 
V determined from the equation 

mghv + \mv^ = H. 

(37) A chain whose density varies as the distance from 
the end A is coiled up close to the edge of a smooth table 
and the end A allowed to hang over. Shew that the motion 
is uniformly accelerated and the tension at the edge of the 
table varies as the fourth power of the time elapsed since the 
commencement of motion. 

^^^ (38) A string of length I hangs over a smooth peg so as 
to be at rest. One end is ignited, and bums away at a 
uniform rate v. Shew that the other end will, at the time t, 
before the whole slips off the peg, be at a depth x below the 
peg, where x is given by the equation 

given that the mass of the string per unit of length is 
unity. 

(39) A chain is coiled up on a table and is connected 
with a weight by a fine thread passing over a smooth pulley: 
if the law of density of the chain be m^{x]\ and the mass 
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producing motion be nil ; then the velocity when a length x 
has been raised is given by 






(40) A series of particles m^, m^, ... connected by in- 
elastic strings are placed on a smooth horizontal plane, so 
that the strings are sides of an unclosed equiangular polygon, 
each of whose angles is tt — a, and an impulse is applied to 
the extreme particle Pj in direction P^ P^ : prove that 

T^^ g;„cosg ^ g;^,cosa-y, ^ 

where T^ is the impulsive tension of the t^ string. 

Deduce the equation -y^ — -f -j s = ^ tor the im- 

^ da fi ds as p 

pulsive tension at any point of a chain lying in the form of 

any curve on a horizontal plane and set in motion by 

tangential impulses, and if the density of the chain vary as 

the curvature, deduce from either equation that the impulsive 

tension at any point is equal to Ae^ ^rBe'^, where j> is the 

angle which the tangent at the point makes with a fixed line, 

and A^ B are constants. 

(41) A uniform chain hangs in equilibrium over two 
smooth pegs in the same horizontal line ; if equal vertical im- 
pulses be applied simultaneously to the two free ends, find 
the impulsive tension at any point, and prove that the initial 
velocity of the vertex of the catenary is to the velocity which 
wonld be imparted to each of the straight pieces of chain, 
if disjointed from the catenary, as 1 : 1 + sin a, where a is 
the greatest inclination of the catenary to the horizon. 

(42) A uniform string is lying in a catenary on a smooth 
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horizontal plane, and the vertex is suddenly projected towards 
the directrix with a given velocity; shew that the impulsive 
tension at any point varies as the ordinate of that point, and 
that every point of the string starts in the same direction. 

(43) If a chain of mass «i be in the form of a portion of 
a catenary cut oflf by a line perpendicular to its axis, and if 
tangential impulses each equal to mv be applied simul- 
taneously at its two ends, prove that the whole chain will 
begin to move with the velocity 2v sin <f), where 2^ is the 
angle between the tangents at the ends. 

(44) A chain lies upon a smooth horizontal plane in the 
form of a portion of a common catenary, the tangents at the 
ends making angles tf^, 0^ with the tangent at the vertex of 
the catenary. An impidsive tension 2\ is applied at the 
former extremity; shew that the impulsive tension at a point 
of the chain where the tangent makes an angle with the 
tangent at the vertex is equal to 

cos6^, 0^^ 
^cos^ 0^-0,' 

(45) A string of infinite length is laid on a smooth 
table in the form of a portion of one branch of the curve 
r* sin n0 = a* so that one extremity of the string is at a finite 
distance from the origin of polar co-ordinates ; to this end a 
tangential impulse is applied, so that the initial direction of 
motion of each point of the string and the radius vector to 
the point are equally inclined to the con'esponding tangent. 
Shew that the impulsive tension at any point x r"^**""^^ and 
the density of the string must 

(46) A string of varying density slides in a smooth 
cycloidal tube whose axis is vertical and vertex downwards. 
Shew that if the string be let fall from any position in which 
its whole length is within the tube, its centre of gravity will 
reach the vertex in the same time. 
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(47) A straight line describes a right circular cone; 
find the acceleration of a point moving along the line. A 
string of given length is enclosed in a smooth straight 
tube, which is made to revolve tinifdrmly about a vertical 
axis, so as to describe a right circular cone; determine the 
motion of the string, and the tension at any point. 

(48) If a small velocity n^^he impressed on a planet, in 
the direction of the radius vector, shew that 

Sw = — 71 cos (^— -ar). 
Calculate also the changes in e and «r produced by a 
small transverse impulse. 

(49) A body is moving in an ellipse about the focus ; 
prove that if the body receive a transversal impulse the apse 
line will be unaifected if the impulse is 

y(2 + ecos^), 

where m is the mass of the body, Z the semi-latus rectum of 
its orbit, h is twice the rate of description of area round the 
focus, and is the true anomaly of the body. 

(50) If Q be the central disturbing force on a planet, 
find by Newton's method the equations 

de Qr^ . ,a ^ 
^^ = -— .sm(^-t^), 

where is the longitude of the planet, lar the longitude of the 
apse, e the excentricity of the instantaneous ellipse, r the 
distance of the planet from the sun. 

^ (51) A particle revolving about a fixed center to which 
it is attracted with intensity inversely as the square of the 
distance is acted on by a small disturbing force / in the 
direction of the radius vector: prove that the variations of 
the major axis, the excentricity and the inclination of the 
line of apses are determined by the equations 
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da 



S=-{"-2^}V-C*-.). 



(52) The first term of the central disturbing force on 
the moon is — mV, where the central force is ^; shew that 
the apsidal angle (the orbit being nearly circular) is 



''(^+l5V^^^' 



where — is a mean lunar month. 
n 

(53) A particle is moving in a circle about a center of 
attraction x (Dist.)"*. The strength of the center increases 
slowly and uniformly. Determine the approximate elements 
of the orbit after a given time. 

(54) A particle moves in a focal elliptic orbit in a very 
rare medium whose resistance is as the square of the velocity; 
determine the effect of the resistance on the periodic time. 

(55) A satellite moves about a spherical planet in the 
plane of its equator, in a slightly elliptic* orbit. Find the 
motion of the apse due to an uniform mountain ridge at the 
equator. 

(56) If when the earth is at an end of the minor axis 
of its elliptic orbit, a small meteor were to fall into the sun 

of mass — of the mass of the sun, prove that the year 

would be diminished by — of itself, 
m 
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P rove al so that the apse would regrede through the angle 
— a/-8 — 1, where e is the excentricity of the earth's orbit. 

(57) Central attraction varying as the distance, the 

1 

velocity of a particle is increased by - th when it is at the 

extremity of one of the equal conjugate diameters of its orbit. 

1 
Shew that each axis is increased by 5- th, and that the apse 

regredes through an angle 

1 ab 

(58) At what point of an elliptic orbit, described about 
the focus, can a small change be made in the direction of 
motion without altering the position of the apse? 

If S^ be this change, shew that (in the supposed case) 

(59) Shew that, in an elliptic orbit^ about the focus, if 
the velocity be increased by - th when the true anomaly is 
d — -BT, we shall have 

" na 

according as the particle is moving to or from the nearer 
apse. 

(60) A particle moving about a center of attraction in 
the focus, in an ellipse of small excentricity, receives a small 
impulse perpendicular to its direction of motion at any 
instant. Find the effect on the position of the apse. 

(61) Again, if at the extremity of the minor axis the 
velocity be increased by - th, and the direction changed so 



n 
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that h remains tlie Bame^ find tbe altemtion in the fonn and 
position of the orbit. 

Mi /I 



^-^'(^-'Y^- 



(62) A particle describes an elliptic orbit about a center 
of attraction of intensity varying as (distance)"*. If T be 

2ir 

the periodic time and a small disturbing force Xsin-^f.^ 

acts in the direction of the radius vector, calculate the varia- 
tions in the orbit. 

(63) A spherical cloud of small masses, whose mutual 
attraction is insensible, and whose velocities are very small, is 
overtaken by the sun so as to be incorporated into the solar 
system. How will the form of the cloud alter as it pursues 
its approximately parabolic orbit? 

(64) The bob of a simple pendulum of length I is acted 
on by a horizontal force ^pg cos nty where ^ is a large num- 
ber, and W is large compared with g: shew that the pendu- 
lum may oscillate about either of two points distant a from 
the lowest point with an amplitude /8 where 

cosa = 2— o, ^ = ~. 
9P P 
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CHAPTER X. 

MOtlON OF TWO OR MORE PARTICLES. 

286. Having considered in detail the various cases 
which occur in the motion of a single particle subject to any 
forces, and whose motion is either free, constrained, or re- 
sisted, we proceed to the investigation of some very simple 
cases in which more particles than one are involved. These 
cases will divide themselves naturally into two series; first, 
when the particles are entirely free, and are subject to their 
mutual attractions as well as to other common impressed 
forces: and second, when there are in addition constraints ; such 
as when two or more of the particles are connected by inex- 
tensible strings, &c. Let us take these in order : — 

I. Free Motion. 

289. An immediate application of the third law of 
motion shews that if two particles attract each other, they 
exert each on the other equal and opposite forces, in the 
direction of the line joining them. 

If then m, m', be the masses of the particles, and the 
attraction between two units of matter at distance D be 
j> (D), the intensity is 

290. A system of free particles is svhject only to their 
mutual attractions; to investigate the motion of the system. 

Let, at time t, x^^y^y z^ be the co-ordinates of the particle 
whose mass is m^, and let ^' (D) be the law of attraction. 
Let pr^ express the distance between the particles m^ and m^; 
then we have for the motion of m^, 
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m,^ = 2 |^^^.,^'(,rj^| (1). 

m,^ = 2{m,m.fCO-^| (2). 

m,§»=2.{m,«,,fGO^) (3), 

with similar equations for each of the others ; the summations 
being taken throughout the system. Before we can make any 
attempt at a solution of these equations, we must know their 
number, and the laws of attraction between the several pairs 
of particles. But some general theorems, independent of these 
data, may easily be obtained: although not nearly so simply 
as those in Chap. II, 

291. I. Conservation of Momentum. In the ex- 
pression for mp -^ , we have a term 

pi q 

and in m^ -r^ we have 

r p 

Hence if we add all the equations of the form (1) together 
the result wiU be 



Similarly 2[m^)=0, 



s(»g)-o. 
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Now if X, y, z, be at time t the co-ordinates of the center 
of inertia of all the particles, § 58, 

y Sw = 2 (my), 
i 2m =: 2 (mz). 

And the above equations may be written, 



Whence 











f..-0 


. or , 




§^-\ 




§-«• 


dx 




f-* 


* • 


di 


= c 







These equations shew that the velocity of the centre of inertia 
parallel to each of the co-ordinate axes remains invariable 
during the motion, that is, that the center of inertia of the 
system remains at rest, or moves with constant velocity in a 
straight line. See § 72. 

The values of a, b, c, may thus be determined, 

2m 

Now if the initial velocity of m^ were resolvable into 
Vj, w^f parallel to the axes respectively, and similarly 



'*=^=' 



form,, &c. 



T. D. 



X(mu) , r -L D 
t — ^ — ' , and so for 6, &c. 



23 
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If forces had acted on the particles, of which the com- 
ponents parallel to the axes on the particle m at {xyz) were 
mXy mY, mZ; we should find 

or, which is the same thing, 

-^tm^-^mX, --^^m-^mY, -^%m-^mZ'y 

proving that the motion of the center of inertia of the system 
is the same as that of a particle of mass 2w, acted upon by 
the forces moved parallel to themselves, at the center of 
inertia. 

292. n. Conservation of Moment of Momentum. 
Again, it is evident that if we multiply in succession equation 
(1) by y^y and equation (2) by a?j, and subtract, and take the 
sum of all such remainders through the system of equations 
of the forms (1) and (2), we shall have 

Integrating once we have 

where the left-hand member is the moment of momentum of 
the system about the axis of z. 

Now if in the plane of ocy we take p, 6^ the polar co- 
ordinates of the projection of m, 

dy dx^ ^dO 

^dt^^dt^f^di' 

therefore t(mp'^^^2A,. 
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Now if a, be the axea swept out by the radiu« vector p 
on the plane of ay, 

I %dd ^ da, 

and our equation integrated gives 

no constant being necessary if we agree to reckon a, from 
the position of p at time * = 0. 

This equation shews (since ocy is any plane) that generally 
in the motion of a free system of particles, subject only to 
their mutual attractions, the moment ofm,omentum about every 
CM?w rem/iins constant; or, as it is commonly but inconve- 
niently stated, the sv/m of the products of the mxiss of each 
particle of the system, into tlie area swept out by the radius 
vector of its projection on any plane, and about any point in 
that plane, mil be proportional to the tims. See § 72. 

Take a^ a^ to represent for the planes yz, xz the same 
that a, represents for xy, then 

S (ma^) = A^t, 
%(ma^=^Aj^. 

The value of this quantity for a plane, the direction-cosines 
of whose normal are X, /*, v, will be 

and will be a maximum if 

\A^ + i^A^ + vA^ is so, 
subject to the equation of condition 

X" + /A* + i^ = l. 

with similar values for jt, and v ; 
and the value of the product for the plane so found is evidently 

At. 

23—2 
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Hence, we see also, that, as indeed is evident from the 
simple statement above, the cuds about which the moment of 
momentum is greatest remains parallel to itself, or, as it is 
usually fut, the plane far which the sum of the products of 
the masses of the particles into the sectorial areas describea 
by the radii vectores of their projections is a maximum, is a 
fixed plane or parallel to a fixed plans during the motion. It 
has been called on this account the Invariable Plane, 

If external forces had acted on the system, we should 
have found 

tm (arg-yg) =Sm {xY-yX). 
293. IIL CONSEBVATION OF ENERGY. Multiply 

w^t- <^"'^f- ©"^t- 

and, treating similarly all the other equations, add them all 
together. 

Let us consider the result as regards the term on the right- 
hand side involving the product m^m^. 

Written at length it is 

,r, 1^^' ^->' dt ^^^' ^»^d< 

+ similar terms in y and z] ; 
and the portion m brackets is equal to 

- [(x^ - x^ ^ {Xg - jTp) + similar terms in y, z] ; 



Digitized by VjOOQIC 



MOTION OF TWO OR MORE PARTICLES, 357 

hence ^{^ fe^ +i i+ rf^ d^j} 

therefore, on integration. 

We see therefore that — the change in the Kinetic Energy 
of the system in any time depends only on the relative distances 
of the particles at the beginning and end of that time, § 78. 

294. So far for the case of several particles. The simplest 
examples will of course be found in the case of two particles 
only, and to such we will confine our attention; as, when, 
three or more are involved, the problem does not admit of 
exact solution, and in the two most important application^ 
which have been made of it, namely to the Lunar and Planet- 
ary Theories, it is found that a distinct method of approxi- 
mation is required for each. 

Since the acceleration of the center of inertia is zero, it 
follows that the motion of each particle with reference to 
that point is the same as if the latter were at rest. Also, if 
we apply to each particle of the system an acceleration equal 
and opposite to that of any one of them, the latter will be 
reduced to rest, and the relative motion of the others about it 
will be unchanged. Hence, if there are only two, we see 
that the relative motion of one about the other will be the 
same as if the sum of the masses were substituted for the 
latter. 

295. Two particles, moving initially with given velocities 
in the sam^ straight line, are Subject ordy to their mutual at^ 
traction which is inversely as the square of the distance; to 
determine the motion. 

The motion will evidently be confined to the straight 
line. Let wi, m' be the masses of the particles estimated on 
the hypothesis that unit of mass exerts unit of force at unit 
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of distance; a?, x' their distances at any time t from a fixed 
point in the Kne of motion, then 



Q^x ififim 



, CbX w/ro! 



.(1). 



Hence, if » be the co-ordinate of the center of inertia at 
time t, 

dx , , dx / , f\ d^ n 
'^di^'^-dt^^'^'^'^^di-^ 

if Fand V be the initial velocities; hence the momentum is 
constant. 

Integrating again, 

mx + mx'=^(m + m')a={mV+m'V)t+ G 

^{mr-\'rn:V')t + ma + m'a' (2), 

if a, a' denote the initial positions of the particles. 
Again, from equations (1), 

<P (a;^ — x) _ m-\-m' 
de (x'-'xy 

from which, by multiplying by m or m\ we see that the 
relative motion is the same as if the one particle moved to 
the sum of the masses collected at the other, the position of 
that other being considered fixed. 

Integrating once, we have 

1 { dix'-'-x) ]^ _^ m-^TJ^ 
2\ dT^i "■^■*" x'^x • 

At t = 0, this is 



J(r-F)*=c+'"-^"*' 



a —a 
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and, eliminating (7, 
Thisisof thefonn 

therefore *= /v(lt^a,) ' 

which may be integrated by putting a> = y*. The integral 
will be circular or logarithmic according as £ is negative or 
positive. Thus we have a;' — as in terms of t, and as we also 
know mx + m'x by (2), the motion is completely determined. 
If at the instant of projection 

the formula (3) becomes 

V(a,'-fl,)^(^^ = ± V{2 (m + m')}, 

|(a'-a)l=(7, 

and the motion is completely determined^ 

296. There is another method of treating this problem. 
Suppose that, instead of determining the relative motion of 
the particles, we consider that of each relatively to the com- 
mon center of inertia. The distance of m from the center of 
inertia is 

- mx + m V m' (x' — x) 

m-fm m+m 

and we easily find from (1), 

f cPx' d^x\_ mm' n^ 

\df df}'^ ix'^xf^{£^xy' 
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Hencei for the relative motion of m aad the center of 

inertia, 

cP(x^x) mm' 
ijfjfi — --«--_^ -- 

df {x —xy 



{m + my{x^xy' 

whence x — x may be determined, in finite circular or loga- 
rithmic terms, as before. 

297. Two pq/rticleSy anyhow projected, are acted on solely 
by their mutual attraction; to shew that the line joining them 
is always parallel to a fixed plane. [This is obvious from 
§26.] 

If m and m' be the particles, x, y, z, x, y', z\ their 
co-ordinates at time t, r their distance, and P the mutual 
attraction, we have the following equations, 

^a? ^x'^x ,cPx' -nX — x' 
dtr r df r ' 

with similar expressions for the other co-ordinates ; hence 

d^jx'^x) d'iy'-y) d^i^J-z) 
df df df 



X —a? y — y z —z 

and integrating, 

with other two similar equations. Therefore 

Hence the line joining the particles is always parallel to 
the plane whose direction-cosines are as (7^, &,, C3. This 
corresponds to § 292. 

Also it is evident that the motion of the particles with 
respect to each other in a plane parallel to this is the same as 
if the plane were at rest (§ 294). 
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From the preceding propositions the following axe evident 
deductions. 

The center of inertia of the two particles is at rest only 
when the initial velocities are zero, or when the directions of 
projection are the same or parallel, and the momenta equal 
and opposite. 

The plane of relative motion will be at rest only when the 
initial directions lie in one plane* 

If the attraction be inversely as the square of the distance, 
the relative orbits of the particles about each other, and 
therefore (§ 27) about their center of inertia, will be conic 
sections about a focus. 

It is needless to pursue this any further, as the preceding 
results enable us to reduce the problem to cases treated of 
in former chapters. 



II. Constrained Motion. 

298. Of the constrained motion of particles, we can only 
take particular examples, but there are some general con^ 
siderations which deserve attention. 

If two particles be connected by an inextensible string, 
its only effect is to prevent their relative distance becoming 
greater than its own length. If we introduce an unknown 
quantity T for the tension of the string, the equations of 
motion can be written down, and the condition that the dis- 
tance of the particles is equal to a given quantity will give 
us an additional equation, enabling us to eliminate, or to find 
the value of, this unknown tension. If at any time the value of 
T so found becomes equal to zero, the motion of the particles 
must be investigated henceforth as if they were free, until the 
values of their co-ordinates shew that the string will begin to 
be tended again. ^ In such a case, if their velocities resolved 
along the line joining them be not equal, an impact will take 
place, whose effects must be investigated by the methods of 
Chap. X 
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When the particles are connected by a rigid rod without 
mass, we have an unknown tension or pressure in the di- 
rection of the rod; and, to determine it, we have the 
geometrical condition that the distance iDetween the particles 
is constant. 

If there be more than two particles attached to the rod, it 
may exert a transverse force ; but cases of this kind more 
properly belong to the Dynamics of a Kigid Body ; and we 
therefore omit all consideration of them, 

299. Two particles, attached to each other by am, inexten- 
sihle string, are projected with given velocities in space; to 
determine the motion. 

We may without loss of generality consider the distance 
between the particles at the instant of projection, to be equal 
to the length of the string. If their velocities are wholly 
perpendicular to its direction, or if their resolved parts along 
it are equal and in the same direction, there will be no impact. 
If not, suppose the masses m and m' to have velocities v and v 
parallel to the string at the instant it is stretched. It is evi- 
dent that the impact will change each of these into ; — 7- • 

^ ® m + m 

This then is determinate; so we may now in addition suppose 
the resolved parts of the velocities along the string equal to 
each other. Let x, y, z, a?', y\ z\ be at any time the co-ordi- 
nates of the particles, then, if a be the length of the string, 

and so on. 

Also, (x'^xy + (f,'^yy + {z'^zy^a\ 

which are seven equations to find T, and the six co-ordinates 
of m and m. From the form of the equations, or by treating 
them as in § 297, we see that the string remains parallel 
to a fixed plane, that the center of inertia moves with con- 
stant velocity in a straight line, and that the motiDn of the 
particles about each other and about the center of the 
inertia is the same as if that point were at rest. . Hence, 
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the particles revolve with uniform angular velocity, and 
the tension of the string is constant. From the above 
equations 

mm' F* 



r= 



m + m' a 



is the relative velocity. The same result might have been 

easily obtained by using the last formula in § 144, when we 

consider that the velocity of m relative to the center of inertia 

w!V 

is f , that the radius of the circle it describes about 

m-\-m 

that point is — ; — 7, and that T is the tension which maia- 
m-vm 

tains it in that circle. 

300. Two particles, connected hy an inextensible string 
which passes over a smaU smooth pulley, move under gravity ; 
to determine the motion. 

This was partly anticipated in § 298. Let m, m' be the 
masses, and let x, x denote their distances from the pulley 
at time t. Then if T be the tension of the string (the same 
throughout since the pulley is smooth),, we have 

fn -^ ^mg^ i. 

But a? + aj' = length of string = a suppose. Hence sup- 
posing m>m', 

(m + m')^=(r»-m')flr (1). 

This equation completely determines the motion. Also, 
if we eliminate x and of, we have 
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rpf_ 2mm! 
m-tm 
and it is therefore constant. 

This is one of the cases in which theoretical results may 
be tested by actual experiment with considerable accuracy. 
And it was this conxbination, with many delicate precautions 
against friction, &c. which Atwood made use of for experi- 
mental verification of the laws of motion. 

We see, for instance, by equation (1), that we may easily 
keep m + mf constant while m — m^ has any value, and thus by 
measuring the accelerations produced, find whether they are, 
in the same mass, proportional to the forces producing the 
motion. Again, keeping m — rrt' constant, m+m' may be 
varied at wUl. Hence by this process the second law of mo- 
tion may be tested. See § 68. Again if, while the masses are 
in motion, a portion be suddenly removed from the greater 
so that they remain equal, (1) shews us that observation will 
enable us to test the first law of motion. 

301. Instead of two masses, connected by a string, sup- 
pose a uniform chain of length 2a hang over the pulley; then 
if a? be the length hanging down on one side at time t, there 
will be 2a — a? on the other, and the difference or 

2{x-a), 

is the portion whose weight accelerates the motion. Hence, 
/M being the mass of the chain per unit of length, we have 

cPx 

l9 ItL 

which gives a? — a = -46 * + J?€ • • 

If the chain were initially at rest, a portion a + 6 being Qn 
one side of the pulley, 

6 = ^ + 5, 
= ^-5; 
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This is true until x = 2a, that is, till the chain leaves the 
pulley ; the value of t at that instant being t^, we have 

j-e +e 
and therefore % = ^| log |f + V (|f " ^)} • 

If, for example, 6=-^- , i.e. if the portions of the chain 
were initially as 4 : 1, 

«.-y|iog.3. 

802. Two particles, of masses m and m\ are attached to 
different points of an ineoctensible string, one of whose ex- 
tremities is fixed. If the system be displaced^ to determine the 
motion. 

Take the axes of x and y horizontal, and that of jg verti- 
cally downwards, the extremity of the string being origin. 

Let a, a' be the lengths of the portions of the string, 0, & 
the angles they make with the vertical, ^, ^ the angles which 
vertices planes through them at time t make with the plane 
of xz. Let a?, y, z, a?', y', /, be the co-ordinates of the parti- 
cles and Ty T the tensions of the strings. 

d^x 
Then m^ = - Tsin cos ^ + T' sin ^'cos ^', 

m^ = -rsin^sin^-|-r'sin^8in^', 

m ^ = TWflr — jPcos ^ + jT'cos 6\ 
m'^ = -rsin^cosf," 
m'^=-rsin^'sinf, 
m' -T^^^rdg-'T cos 0. 
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Besides these, we have the six equations for a?, y, z, 
x\ y\ «' in terms of a, a , ^, ^, ffy <f> ; in all, twelve equations 
for the determination of the twelve unknown quantities in 
terms of ^. 

303. These equations will be much simplified if we con- 
sider the displacement to be in one plane, b& the motion will 
evidently be confined to that plane. By this means we at 
once get rid of y, t/, <f> and tf>, A still greater simplification 
will be obtained by taking in addition the condition that 
6 and ff are so small, that their squares and higher powers 
may be neglected. With these our equations become 

Andy to a sufficient approximation, 
x^ ^a0 + dff i 

z' ^a + a\ 

Hence, T' = m'g, and T=i{m + m!) g^ 

d^0 
ma-^=-{m + 7n!)g0 + m'g0', 

Introducing an indeterminate multiplier, and adding. 



de 



a dt^ 



a' 
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Let \, \ be the roots of the equation 
\ a' \-l 



m + Xm'a m-^-m!* 

Evidently one is positive and the other negative, and 
the form of the equation shews that for both m + Xm! is 
positive. 

Then the above equation gives 

d^<f> ,ff m + m' , _Q 

By the recent remark the coefficient of ^ is positive for 
both values of X ; let its values be n^ and n^, and we have, 
Kf 4^v ^» ^«» being the corresponding values of k and ^, 

^1 = ^ + ^1^ = «! cos (Wi^ + /3J, 

^, = ^ + A:/ = a,cos(n,^ + /3J, 

where ofj, Oj^ /9j, /9,, are arbitrary constants. 

Hence, 

^ =" FZX t*«^ ^^® ^^^^ "^ ^^^ "" *i^« ^^^ ^^«* ^ ^«^ J' 



^ = 



^— ^ K cos (7i,< + /3J - a, cos (n,^ + /3,)}. 



Having given the initial values of 0, ffy -r: and -^, we 

find aj, a^, A, /S^, and thus the solution is complete. It may 
be noticed that the values of 6 and ff may be found at any 
time by taking the algebraic sum of the corresponding values 
of the inclinations to the vertical of two pendulums whose 

times of oscillation are — and — . Also, if w,, n^ be com- 

'^x ^« ... 

mensurable, the system will in time return to its first position, 

and the motion will be periodia 
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The following discussion of the cases of the simple har- 
monic motions of the system when m is much greater than 
m' and the strings are not approximately equal is taken from 
a paper by Sir W. Thomson, '* On the rate of a Clock or 
Chronometer as influenced by the mode of suspension."/^ /^ 



Case I. 
The upper string considerably longer than the lower. 

Figure 1 represents the first or graver fundamental mode; 
the period of the upper pendulum OP being made somewhat 
(1) (2) ^ (3) (4) 

<7 C C 



graver by the influence of the lower, which in the course of 
the vibration always exerts a force upon it from its middle 
position. 

Figure 2 represents the second or quicker fundamental 
mode ; the vibration of the upper pendulum being in this 
case excessively small in comparison with that of the lower, 
and forced by the influence of the latter to a period much 
smaller than its own would be if undisturbed. 

Case IL 
The upper string considerably shorter than the lower. 
Figure 3 represents the graver mode ; the vibration of 
the upper pendulum through but a very small arc in com- 
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parison with that of the lower, being augmented by the 
influence of the lower, which in the course of the vibrations* 
exerts a force upo^ it always /rom its middle position. 

Figure 4 represents the quicker mode ; the vibrations of 
jihe upper pendulum being made somewhat faster by the 
influence of the lower, and the lower being influenced so as 
to vibrate as if it were shortened to the length OA, which is 
somewhat less than the length OF, 

In each case OA is the length of the simple equivalent 
pendulum vibrating in the same period as that of the funda- 
mental mode represented. 

If P consisted of the frame and work of a spring clock, 
and PP' were its pendulum, then in Case I. the vibrations 
which would be maintained by the actions of the escapement 
would be those represented by figure 2, and the clock would 
go faster than if its frame were perfectly fixed. 

In Case 11. the vibrations maintained by the escapement 
would be those represented by figure 3 and the clock would 
go somewhat slower than its proper rate. 

Case I. could never occur in practice, but may be experi- 
mentally illustrated by hanging the works of a clock on a 
light stiff frame moveable round a horizontal axis. 

Case II., figure 3, with CP much shorter in proportion 
to PP' than shewn in the diagram, represents the actual 
circumstances of an ordinary pendulum clock, which owing 
to want of perfect rigidity of the frame, must experience a 
little of the influence of the pendulum there illustrated, 
causing the rate of the clock to be somewhat slower than it 
would be i{ the support of the pendulum were absolutely 
fixed. 

A very slight modification of the process gives us the 
result of small displacements not in one plane ; but the stu- 
dent may easily work out these for himself. 

We have here a simple example of the principle of the 
Coexistence of Small OsdlUdions ; but this principle, for 
its satisfactory treatment, requires in general the use of 
D'Alembert's Principle ; which, though (§ 74) merely a corol- 
lary to the Third Law of Motion, and clearly pointed out by 

T. D. 24 
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Newton as such, is beyond the professed limits of the present 
treatise. 

304. The examples, which have just been given, may 
suffice to convey an idea of the mode of applying our methods 
to any proposed case of motion of two constrained particles. 
These methods are applicable to more complicated cases, 
-when more particles than two are involved; but nothing 
would be gained by such a proceeding, as D'Alembert's 
Principle supplies us with a far simpler mode of investi- 
gating the motions of any system of free or connected par- 
ticles : especially when it is simplified in its application by 
the beautiful system of Oeneralized Co-ordinates introduced 
by Lagrange. See Thomson and Tait's Natural Philosophy, 
§329. 



EXAMPLES. 

(1) Prove that the periodic time of two bodies round 

each other is . ^ where a is their mean distance and 

wm + m 

m, m' their masses expressed in astronomical units, 

(2) If the sun were broken up into an indefinite number 
of fragments, uniformly filling the sphere of which the earth's 
orbit is a great circle, shew that each would revolve in a 
year. 

(3) Supposing the earth's present orbit to be circular, 
examine the effect on the earth of a sudden annihilation of 
half the sun's mass. 

(4) A thin spherical shell of mass M is driven out sym- 
metrically by an internal explosion. Shew that if, when the 
shell has a radius a, the outward velocity of each particle be v, 
the fragments can never be collected by their mutual attrac* 
tion uidess 

« ^ 
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(6) Two equal particles are initially at rest in two 
smooth tubes at right angles to each other. Shew that 
whatever be their positions^ and whatever their law of 
attraction, they will reach the intersection of the tubes 
together. 

(6) In last question suppose the original distances from 
the intersection of the tubes to be a, 5, and the attraction as 
the square of the distance inversely, find the future paths 
if at any instant the constraint is removed. 

Solve the same question, supposing the attraction to 
vary inversely as the cube of the distance. ^ 

(7) A shell is describing an elliptic orbit under an 
attraction tending to the center. Prove that, if it explodes 
at any point of its orbit, all the pieces will meet again at 
the same moment ; and that, after half the interval between 
the explosion and the collision, all the pieces will be moving 
with equal velocities in parallel directions. 

(8) A number of equal particles, attracting each other 
directly as the distance, are constrained to move in parallel 
tubes ; if the positions of the particles be given at the com- 
mencement of the motion, determine the subsequent motion 
of each ; and shew that the particles will oscillate sym- 
metrically with respect to the plane perpendicular to the 
tubes which passed through their cienter of inertia at the 
commencement of the motion. 

(9) Two equal maases if, are connected by a string 
which passes through a hole in a smooth horizontal plane. 
One of them hanging vertically, shew that the other describes 
on the plane a curve whose differential equation is 

^"^ I ^ ■ 3 ^0 
and that the tension of the string is 



flr+JiV 



2 
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(10) Two given monkeys cling to a rope, which hangs 
over the common summit of two given inclined planes ; one 
monkey remains stationary: find the acceleration of the 
other monkey. 

(11) Two equal balls repelling each other with intensity 

oc -j^ hang from the same point by strings of length L Shew 

that if when in equilibrium, the strings making an angle 2a 
with each other, they be approximated by equal small arcs, 
the time of an oscillation is the same as that of a pendulum 
whose length is 

Zcosg 
l + 2cos''a' 

(12) One of two equal particles connected by an inelastic 
string moves in a straight groove. The other is projected 
parallel to the groove, the string being stretched ; determine 
the motion, and shew that, the greatest tension is four times 
the least. 

(13) Two particles connected by a rigid rod move on 
a vertical circle. Determine the motion, and find the time 
of oscillation about the position of stable equilibrium. 

(14) Two particles P and Q are connected by a rigid rod. 
P is constrained to move in a smooth horizontal groove. If 
the particles be initially at rest, PQ making a given angle 
with tlie groove in a vertical plane through it, find the velo- 
city of Q when it reaches the groove, and shew that 0*8 path 
in the vertical plane is an ellipse. 

(15) A particle of mass m has attached to it two equal 
masses m! by means of strings passing over pulleys in the 
same horizontal plane, and is initially at rest halfway between 
them. Determine the motion. Shew that if the distance 
between the pulleys be 2a, the velocity of m will be zero 
when it has fallen through a distance 

4imm 'a 
^m* —in*' 
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(16) Two masses M, M! are connected by a string which 
passes over a smooth peg. To M' is attached a string which 
supports a mass m such that ilf^ + m = JIf, and m is displaced 
through an angle a. Investigate the motion, supposing m so 
small that the horizontal motion of M! may be neglectad. 
Shew that the string M'm will be vertical after the time 

1 ^ • 2/1 

, cos £/ — cos a / 
where \ is the length of if' m. 

(17) Two equal masses are attached each at 1 foot from 
the ends of a string 3 feet long which are fixed 2 feet apart 
in a horizontal line. Compare the time of vibraition in the 
various degrees of freedom of the system. 

(18) A string ABGD, divided into three equal parts 
at B and (7, has two equal weights attached to it, at B and 
(7, and the ends A and D are fastened to two fixed points 
in the same horizontal plane, the distance AD being two- 
thirds of the length of the string. 

Find the tension of the diflTerent portions of the string 
when there is equilibrium, and, if the string CD be cut 
through, find the initial changes of tension of the other 
portions of the string, and the direction and magnitude of 
the initial acceleration of the weight at G. 

(19) The point of suspension of a simple pendulum 
moves uniformly in a circle in the plane of oscillation of the 
pendulum, find the equations of motion of the pendulum, 
and solve them in the case where the radius of the circular 
arc is very small. 

(20) A fine string passes over two smooth pegs in 
the same horizontal plane and carries three equal weights, 
one at each end and one capable of sliding on the portion of 
string between the pegs. If the system be slightly disturbed 
vertically from its position of equilibrium, find the time of a 
small oscillation. - 
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(21) A particle of mass M is placed near the centre of 
a smooth circular horizontal table of radius a ; strings are 
attached to the particle, and pass over n smooth puUies 
which are placed at equal intervals round the circumference 
of the circle ; to the other end of each of these strings a 
particle of mass M is attached. Shew that the time of a 

small osciQation of the system is 27r ( .- ) • 

(22) Two particles are attached together by a fine 
thread : the one is oscillating on the lower part of a vertical 
circle, the other below the circle and in its plane: if the 
motions be small, shew that the motion of each particle is 
compounded of two independent oscillations, the sum of the 
squares of the periods of which is approximately equal to 

— , where c is equal to the sum of the lengths of the radius 

and the thread. 

(23) In a compound pendulum consisting of masses m, 
m! attached to strings of length I, V, in which of course the 
most general small motion in one plane consists of two 
iarmonic vibrations superposed, if the upper mass m be very 
large compared with the under mass m, it is clear that one of 
the two periodic times (that corresponding to the mode of 
vibration in which m is nearly at rest) must be very nearly 
the same as in a simple pendulum of length l\ and the other 
very nearly the same as in a simple pendulum of length L 
By a continuous variation of l\ the former may be made to 
pass continuously from less to greater than the latter, and 
therefore for some value of Z' nearly equal to I the two must 
be equal. But when a system is in stable equilibrium (as is 
clearly the case here), the equation the roots of which give 
the times of vibration cannot have equal roots, for that would 
imply the transitional condition between stable and imstable. 
Point out precisely the fallacy which leads to the above 
contradiction. 

(24) A string of length na has attached to it at equal 
intervals n equal particles, and the whole is suspended so as 
to hang vertically from one end : if the system be slightly dis- 
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(25) A spider hangs from the ceiling by an elastic 
thread whose modulus of elasticity is equal to his weights 
Shew that it is possible for him to climb to the ceiling up 
the thread by the expenditure of f of the amount of work 
required to climb to the same height up an inelastic string, 
and describe fully the precautions he must take in order 
to do so. 

If the thread be making very small longitudinal oscilla- 
tions while the spider crawls up very slowly, shew that the 
time of an oscillation will vary as the square root of the 
distance of the spider from the ceiling, 

(26) Two given masses are connected by an elastic string, 
and projected so as to whirl round ; find the time of a small 
oscillation in the length of the string. 

Give a numerical result, supposing the masses to be 1 lb. 
and 2 lbs. respectively, and the natural length of the string 
to be one yard, and supposing that it stretches -jJjyth inch for 
a tension of 1 lb. weight. 

(27) Two particles, connected by an elastic string, are 
projected in any manner. Shew that in the relative orbit 

P 

(28) Two particles connected by an elastic string initially 
unstretched, are projected at right angles to it so that their 
centre of gravity remains at rest, and their relative velocity 
is that of a particle falling under gravity through the length 
of the string. The string is of length a, and would be 
stretched to a length 2a by the harmonic mean of the weights 
of the particles. Shew that the path of one particle relatively 
to the other is given by 

JrV(r*-a')a»-r'(r-a)»' 
Prove also that the string can never become slack. 
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(29) Two equal particles can slide on opposite horizontal 
generators of a circiilar cylinder, and are connected by a 
stretched elastic string without mass. If the particles are 
slightly and equally disturbed from their position of equi- 
librium in opposite directions, find the time of an oscillation. 
If the unstretched length of string be given, find what must 
be the radius of the cylinder in order that the time of oscilla- 
tion may be as small as possible. 

(30) A small ring is free to slide along the arc of an ellipse 
which is placed with its major axis vertical; the ring is sup- 
ported by an elastic string without weight fastened at the 
upper focus of the ellipse, and such that its original length 
was equal to the semi-latus rectum of the ellipse, and of 
such elasticity that the given ring would, by its weight, 
stretch it to be equal to the semi-minor axis in length. 
The ellipse revolves with an angular velocity such that the 
ring just lies at the extremity of the minor axis. Find the 
angular velocity, and find the time of a small oscillation of 
the ring when slightly disturbed along the arc of the revolv- 
ing ellipse. 

(31) A circular elastic band is placed round a wheel the 
circumference of which is double the natural length of the 
band; if the wheel be made to revolve with a constant 
angular velocity, find the pressure of the band on the wheel. 

(32) A mass M of fluid is running round a circular 
channel of radius a with velocity u ; another equal mass of 
fluid is running round a channel of radius 5 with velocity v ; 
the radius of the one channel is made to increase and the 
other to diminish till each has the original value of the 
other : shew that the work required to produce the change 
is 



K^«-^l<**-"*^^- 



Hence shew that the motion of a fluid in a circular whirl- 
pool will be stable or unstable according as the areas de- 
scribed by particles in equal times increase or diminish from 
centre to circumference. 
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GENERAL EXAMPLES. 

-1 (1) A spiral spring is stretched an inch by each addi* 
tional pound appended to its lower end ; find the greatest 
velocity which will be acquired by 20 lbs. appended to the 
unstretched spring and allowed to fall. 

Also find how far the mass will fall, and the time of a 
complete oscillation. 

(2) Find the form of the hodograph, and the law of its 
description, for any point of one circular disc rolling uni- 
formly on another. Hence, find the force under which a free 
particle will describe an epitrochoid, as it is described by a 
point of the uniformly rolling disc. 

(3) Determine the (unresisted) motion of a body pro- 
jected vertically at a given point of the earth's surface with a 
velocity of 7 miles per second. 

(4) Apply the principle of varying action to the deter- 
mination of the (unresisted) motion of a projectile. 

(5) Shew that the action and timey in any arc of the 
ordinary brachistochrone commencing at the cusp, are repre- 
sented by the area and arc of the corresponding segment of 
the generating circle. 

(6) In the parabolic motion of a projectile, the action \a 
represented by the area included between the curve, the 
directrix, and the two vertical ordinates ; and the time by the 
intercept on the directrix. 

(7) Given a central orbit, and the law of its description, 
find the differential equation of a curve such that if tangents 
be drawn to it from any two points of the orbit, the action 
shall be represented by the area included by these tangents 
and the two curves. 
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(8) Find the component harmonic vibrations of two 
equal simple pendulums hung up by two points in the same 
horizontal plane, the bobs of the pendulums attracting with 
intensity as the inverse square of the distance and of magni- 
tude a small portion of the weight of either pendulum. 

(9) The point of suspension of a simple penduljim has 
a horizontal motion expressed by 

x=^a cos mi. 

Find the effect on the motion of the pendulum, especially 
when 

m -^, 
or nearly so, I being the length of the pendulum. 

(10) Determine the most general (small) motion of a 
heavy particle attached at a given point to a stretched elastic 
string. Shew that it will vibrate with equal rapidity in 
all directions of displacement, however much the string be 
stretched, provided the particle be placed at a distance from 
one end equal to half the length of the unstretched string. 

(11) A particle P describes an ellipse freely under the 
attraction of a second particle which is constrained to move 
along the major axis; O, but not P, is attracted to the 
center; find the laws of the attractions that PQ may be always 
the normal at P. 

If it were conceivable that P should repel with the same 
intensity that attracts P, a certain relation between the 
masses of the two particles would render unnecessary any 
force to the center. 

(12) A particle P describes an ellipse with constant 
velocity under two equal forces, one directed towards the 
focus )S, and proportional to CZ)*, and the other towards the 
other focus n^ CD being the semidiameter conjugate to CP. 
Shew that 71 = — 2. 
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(13) A particle P is attached to a pointy by a wire 
without weight, and is acted on by a force whose accelerating 
effect varies as the distance from a point to which it tends; 
prove that, if Q be constrained to move in a circle with the 
same velocity as a free particle would describe that circle 
under the action of the force, P will in all cases move uni- 
formly relatively to ^ in a plane parallel to a fixed plane. If 
QO be the length of the wire, shew that, if P be ever at rest, 
its absolute path will be a straight line. 

(14) A number of e<jual particles are fastened at equal 
distances a on an inelastic string, and placed in contact in. 
a vertical line ; shew that if the lowest be then allowed to 
fall freely the velocity with which the n*** begins to move 
is equal to 

(15) Two particles, of masses m and m respectively, are 
connected by a light elastic string of length 2a. The system 
is then suspended from a smooth pulley and so adjusted that 
each particle is at a distance a from the pulley. If the system 
be then left to itself and y, y be the distances of the particles 
from their original positions at the time ty then 

my — my =(m — m)^. 

(16) A particle attached to the end of a string rests upon 
a smooth horizontal table ; the string passes, through a small 
hole in the table through which it is pulled with uniform 
velocity; prove that if the particle be acted upon by a force 
inversely proportional to its distance from the hole, and per- 
pendicular to the string, it will describe if properly projected 
an equiangular spiral* 

(17) A center of attraction which attracts a particle of 
mass m with intensity vrm x distance, moves on the circum- 
ference 6f a circle of radius a with constant angular velocity 
a>, and a particle is placed midway between the center of 
attraction and the center of the circle ; if r and ^ bo its polar 
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co-ordinates when the center of attraction has moved through 
an arc atf}, prove that 



r = |(l+^*), ^ + ^=:tan^. 



the center of the circle being the pole, and the initial line 
passing through the initial position of the particle, 

(18) Three particles each of mass m are lying on a 
smooth horizontal table in a straight line joined together by 
two strings, each of length a. The two outer particles are 
projected simultaneously with the same velocity v in a direc- 
tion perpendicular to the strings, prove that 



\dt) 5^ 2-cc 



cos 20 * 

where is the angle the string joining the middle particle 
with either of the other two has turned through in any 
time. 

(19) Three equal particles are joined by two equal strings 
and are placed in one straight line on a smooth table ; if the 
middle one be projected perpendicular to the string with a 
velocity V, the velocity of the other two when they im- 
pinge is I r, 

(20) Two particles are joined by a string which passes 
through a smaU ring, the particles are held in the same 
horizontal line, and the string is tightened and then 
let go; if p, p be the radii of curvature of their paths 
initially, a, a' the initial lengths of the portions of the string, 
m, m! their masses, shew that 

m m' ,11 1.1 

-= —and- +-7 = - + -. 
p p a a p p 

(21) Investigate the equation of motion of a chain con- 
strained to move in a fine tube under given forces. 

A uniform chain of length 4a is coiled up on a horizoutal 
table at the distance a from one edge of the table, and one 
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end of the chain is then draTf n out at right angles to the 
edge and just over it ; the height of the table above the floor 
being a, investigate completely the motion of the chain. 

-^ (22) An elastic string of length a, mass ma, is placed in 
a tube in the form of an equiangular spiral with one end 
attached to the pole. The plane of the spiral is hoiizontaJ, 
and the tube is made to revolve with uniform angular velo- 
city a> about a vertical axis through the pole ; prove that its 
length, when in relative equilibrium, is given by the equation 

, tan 6 

where ^ s= oo) cos a a /t* • 

(23) A particle is suspended from a fixed point by an 
elastic string, and performs small oscillations in a vertical 
direction ; supposing the string uniform in its natural state 
and of small finite mass, shew that the time of oscillation 
will be approximately the same as if the string were without 
weight and the mass of the particle increased by one-third of 
that of the string. 

(24) The resistance of the aether to a planet or comet 

dV 
moving with the velocity F being assumed to be ^ -,y and 

the sun's attraction being ^, obtain the following exact 
equations : 

F«(l + fc)-^=(7, 

Obtain also the differential equation of the orbit in the 
form 
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(25) A body moves in a plane about a. fixed point under 
given forces. If the areal velocity and the direction of 
motion of the body at a proposed point be known, find the 
semi-latus rectum of the elliptic orbit which has a contact 
of the second order with the real orbit at that point, its 
focus being at the given fixed point. 

Also find the changes produced in an indefinitely small 
time in the excentricity and in the position of the apse in 
this elliptic orbit in terms of the corresponding change of 
the semi-latus rectum. 

(26) Prove that the apparent path of a comet on the 
celestial sphere is concave or convex towards the sun's ap- 
parent place according as the comet or the earth is nearer to 
the sun. 

(27) It has been found by comparing theory with obser- 
vation that the perihelion of Mercury progresses at a rate 
greaterby a than that due to the attraction of known bodies; 
shew that this increment would be accounted for if the law 

of force tending to the sun were 3 + ^ , and if /a' = a a/^ , 

the orbit being supposed to be nearly a circle and the mean 
distance to be c, 

(28) A comet moving in a parabolic orbit makes a near 
approach to a planet ; point out from general considerations 
the circumstances under which the orbit of the comet is 
rendered elliptic or hyperbolic. 

(29) A particle moves under a retardation f{t) which 
brings it to rest in a time a; prove that the distance tra- 
versed is 



ftf(t)dt. 



(30) K the velocity of a railway train resisted by friction 
differ from its mean velocity by a periodic function of the 
time, determine the least horse power of the engine that 
will draw the train, and prove that this horse power is 
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greater than what would be required if the velocity were 
constant, 

(31) A particle is in motion within a triangle ABG, 
and is attracted perpendicularly to ihe sides with intensities 
each equal to /a times the perpendicular distance. Shew- 
that the motion consists of two periodic terms of the form 

Psin{^^\/A + a}, 
where (\ - 1)(X - 2) + 2 cos A cos 5cos (7=0. 

Shew distinctly that the roots of this quadratic are real 
and positive; examine the case of an equilateral triangle 
and in that case verify the above result independently. 

(32) A particle is attracted perpendicularly towards 
the faces of a tetrahedron with intensities equal respectively 

IJ? times the perpendicular distances. If the medium 
list with intensity SAt;, then the particle on moving within 
e tetrahedron will have its motion stable provided the 
equation in \ 



^' "^ ^' - 1, cos (12), cos (13), cos (14) 



cos (21), ^^^^ - 1, cos (23), cos (24) 
cos (31), cos (32), ^^-^ - 1, cos (34) 



cos (41), cos (42), cos (43), 



\^ + ¥ 



/^^ 



= 0, 



has all its roots real, cos (12) being interpreted to mean the 
cosine of the angle between two faces which are marked 1, 2 
respectively. 

(33) A smooth cylinder, whose transverse section is a 
cycloid generated by a circle of diameter a, is placed with 
its axis horizontal, the axis of the cycloidai section being 
vertical and its vertex downwards. A particle is allowed 
to fall from rest at any point of the surface and is attracted 
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by a perfectly elastic plane perpendicular to the axis of 
the cylinder, with an intensity varying directly as the dis- 

2(7 

tance from the plane, and strength -^. Shew that the 

path of the particle will be such that if the cylinder be 
developed it will develope into successive portions of a 
parabola. 

(34) A vertical wheel rolls on a horizontal plane with 
the velocity it would acquire by falling through a height 
equal to half its radius ; a particle flys oflf at the point F ; 
shew that the focus of the parabola described by the particle 
is the foot of the perpendicular from the lowest point of 
the wheel upon the radius through P; and that the focal 
distance of P is a mean proportional between the semi- 
latus rectum and the radius of the wheel 

(35) From every point of an ellipse particles are pro^ 
jected in the direction of the tangent with velocities sua 

that, when under a central attraction ^ to one of the foci 

r 

of the ellipse, they proceed to describe parabolas. Shew 

that the directrices of these parabolas all touch one or other 

of two fixed circles whose radii are equal to the major axis 

of the given ellipse. 

(36) Find the circumstances of projection that a particle 
attracted by an infinite straight line with intensity inversely 
as the square of the distance may describe a set of complete 
cycloids. 

(37) A particle is revolving on a smooth plane about 
a center of attraction, of intensity fi x distance, and when 
the body arrives at an apse the plane begins to revolve 
with an angular velocity J s/sji about the apsidal line ; shew 
that the subsequent orbit described on the plane will be 
a portion of a parabola > and that, when the particle leaves 
the plane, its velocity will be ^3 x velocity at the vertex. 

(38) If the component velocities, parallel to two rect- 
angular axes, of a particle moving in a plane be proportional 

T. D, 25 
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to its distanceis from two other straight lines in the platie 
at right angles to each other, its path will be an equiangular 
spiral or a rectangular hyperbola^ 

(39) Prove that if a point move in a plane curve with 
velocity v, and if the direction of its motion make an angle -^ 
with a fixed line, the rate of change per unit time of the 

magnitude of v is -^ and of direction v-^. 

Deduce the expressions for the accelerations when the 
position of the point is given by its distance from a fixed 
point and the angle which that distance makes with a fixed 
line. 

(40) A point is moving on a plane area, which is itself 
moving in any way in its own plane. Find the accelerations 
of the point with regard to absolutely fixed axes. 

A^ describes an equiangular spiral with uniform angular 
velocity about : -4, describes an equal spiral with the same 
angular velocity about A., and so on. Prove that A^ describes 
an equiangular spiral witn the same angular velocity relatively 
to 0, and find its size. 

(41) Assuming that the moon describes areas propor- 
tion?»l to the times of describing them by radii drawn to the 
centre of the earth, examine the nature of the force which 
acts on the moon. On the above assumption and taking the 
orbits of the moon and earth to be circular, shew that the 
acceleration of the moon in the direction of the tangent to 

ita orbit on the wth day of the (lunar) month is ^ sin ^ 

roughly. Given that the distance of the sun from the earth's 
centre is 24000 times the earth's radius, and that the mass 
of the sun is 320000 times that of the earth, 

(42) Two particles revolve about a center of attraction 
(the law of attraction being as the distance)^ one in an eUipse 
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of excentricity -^ , and the other in a circle passing through 

the foci of the ellipse. Shew that the first particle moves 
within the circular path of the second particle during J of its 
period ; and compare the velocities of the two particles at the 
points common to their orbits. 

(43) If the resolved part perpendicular to the radius 
vector of the velocity of a body revolving in an elliptic orbit 
about the focus ever be half its whole velocity, shew that the 

exoentriciiy of the ellipse must be > ^ : and that it is im- 
possible that at the same time the resolved part of its velo- 
city perpendicular to the major axis should be also half its 
whole velocity, 

(44) If a particle be projected from an apse at a distance 
a from a center of attraction of which the intensity at 
distance r is fi(r^a), obtain the equation for determining 
the other apsidal distance, and find the velocity of projection 

in order that it may be -^ . 

(46) K the orbit is p^ (a~-*-r~-«) = 6~ shew that the 
apsidal angle is -= nearly. 

(46) A particle of mass m is attached to a fixed point by 
an elastic strmg of natural length a, and whose coefficient of 
elasticity ism. It is projected with the velocity due to half 
the length of the string, in a direction perpencficular to the 
string which is. initially unstretched. Prove that the apsidal 
distances of its orbit are given by 

/-Sar' + a^-O. 

(47) Particles describe confocal ellipses under the attrac- 
tions tending towards the center. If at any instant they are 
all at the ends of the conjugate^ or transverse^ axes of their 

25—2 
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orbits^ prove that a hyperbola confocal with the ellipses can 
always be drawn through them all. 

(48) A particle is moyine in an ellipse about a center of 
attraction in the focus, and the center of attraction is trans- 
ferred to one end of the latu^ rectum as the particle passes 
through the other. Prove that e, ef, the excentricities of the 
old and new orbits, are connected by the relation 

(49) A body describes a fixed ellipse under an attraction 
to the focus, and a second body describes a similar and equal 
ellipse which revolves in its own plane about its focus which 
is fixed, while the plane itself moves so as to retain the same 
inclination to a fixed plane, the bodies being always at corre- 
sponding points in the two ellipses ; if the angular velocity of 
the line of intersection of the two planes, and also the angular 
velocity of the axis of the ellipse with respect to this line, be 
always proportional to the corresponding angular velocity of 
the Dody in the fixed ellipse, find the forces requisite to make 
the second body move in the manner thus de&ied. 

Also find the elements of the orbit which would be de- 
scribed by the second body, if the forces acting upon it were 
at any moment replaced by an attraction tending to the focus 
and equal to the attraction in the fixed plane. 

(60) A particle moves under a force whose magnitude is 
proportional to the distance from the axis of x, and whose 
direction is always perpendicular to the path oi the parUda 
The particle is projected from the point a? — — a, y^a, 

parallel to the axis of y, with velocity «a/s . Shew that 
the path described is 

(51) Investigate the equations of motion of a particle 
attracted to anv number of centers. 
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A particle can describe a certain orbit under an attraction 
P to the point 8, and it describes the same orbit under an 
attraction P' to the point 8\ Find the necessary conditions 
that it may describe the same path when acted on both by P 
and F\ 

Two centers attracting inversely as the square of the 
distance are distant r, r respectively from a particle moving 
under their influence : if ^, 6' be the angles r, / make with 
the line joining the centres of force, then 

r^r*^ -^ = a(iico&0 + fA cosd'+c), 

fi, /A being the absolute intensities of, and a the distance 
between, the centers of force, and c an absolute constant. 

(52) If a parabola be described under two forces one 
constant and parallel to the axis, and the other a repulsion 
from the focus inversely as the square of the distance, find 
the time of describing any arc of the parabola. 

(53) A particle is under a central attraction 




and is projected from an apse at a distance r — -* with velocity 

1 4-6 

— J- V/*> shew that the orbit described has for equation 



I 
'1' 



l^l + ecn(e,j^. 



t ^ ^—V'Jl 



^ (54) A body is placed on a rough inclined plane, whose 
inclination is greater than tan"* /a, and is connected with an 
elastic^ string parallel to the plane and attached to a fixed 
point. If initially the body be at rest and the string of its 
natural length, determine the circumstances of the resulting 
motion 
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(55) Particles move eacli in a system of confocal and 
co-axial parabolas under a force constant for each particle 
and tending to the focus ; at the beginning of the motion 
they lie on a straight line passing through the focus : shew 
that this will always be true if the forces and velocities of 
projection are proportional to the latera recta. 

(66) A particle moves under gravity on a smooth curve 
in a vertical plane, and after leaving the curve describes a 
parabola freely, and whatever be the velocity the vertical 
ordinate of the point where it leaves the curve bears to the 
vertical ordinate of the highest point attained in the free 
path the ratio 2 : 7?i + 1 ; prove that the equation of the 
dvLTve is y^ = ca?"*"^, 

(57) A particle is placed on the surface of a smooth 
fixed sphere, of radius c, at an angular distance a from its 
highest point ; prove that the latus rectum of the parabola 
which the particle describes after leaving the sphere is 

Sccos'a; and find the range on the tangent plane at the 
Barest point of the sphere. 

Ifs (58) A particle is placed very near the vertex of a 
smooth cycloid, having its axis vertical and vertex upwards ; 
find where the particle runs off the curve, and prove that it 

falls upon the base of the cycloid at the distance f ^ + ^/3 J a 

from the center of the base, a being the radius of the gene-^ 
rating circle. 



'^o 



(59) A smooth right circular cylinder is placed with its 
axis horizontal, and a particle moving with velocity v along 
the lowest generating line receives a horizontal impulse at 
right angles to this line and just suflBcient to cany it to the 
highest point of the cylinder. If the particle be prevented 
from leaving the cylinder, shew that its subsequent path is 
such that if the cylinder be developed its equation is 

^ = Tra — 4 tan"^ e"f *^«, 

and that the highest generating line is an asymptote to the 
curve. 
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(60) A hyperbola is placed in a vertical plane with its 
transverse axis horizontal; prove that when the time of 
descent down a diameter is least, the conjugate diameter is 
equal to the distance between the foci. 

(61) Find a curve such that the time of descent down 
all tiEingents from the point of contact to a given horizontal 
line is the same. 

(62) Prove in an elementary manner that the line of 
quickest descent, from one curve in a vertical plane to 
another in the same plane, is such that it bisects the angle 
between the normal and the vertical at each extremity. 

If the two curves a:re (i) an ellipse of semi-axes a, &, 
having its major axis (2a) vertical, and (ii) a concentric 
circle of radius c (< b), then the length of the normal to the 
ellipse at one extremity of such a chord, intercepted between 
the ellipse and the major axis, is 

|i{6c + ^/(a«-6«)(a■'-c% 

and the time of transit of the particle is 

(63) A series of curves /(a?,y, \) — are described in a 
vertical plane, and the lines of quickest descent are drawn 
to them from the point (h, k). Shew that 'the locus of their 
extremities is found by eliminating X between 

and /(^,y,X)=0. 

K (A, k) lies on a straight line, the envelope of these curves 
depends only on the inclination of the line to the vertical. 

£x. In a series of similar and similarly situated concen- 
tric ellipses, if the point {h, k) is the common center, the 
above locus degenerates into the axis of y and two straight 
lines equally inclined to it at an angle cot" V3 — 2e\ 
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(64) Shew that if the time which a particle takes to 
move from rest at any point of a smooth curve to a fixed 
point on the curve is constant, the acceleration resolved 
along the curve must be proportional to the arcual distance 
from the fixed point. Hence shew that the hypocycloid is 
isochronous for an attraction varying as the distance from 
the center of the fixed circle : and that the time of an oscilla- 
tion is 



?# 



-6)26 



where a and 6 are the radii of the fixed and rolling circles. 



(65) Shew that the parabola r = a sec* s is a brachisto- 

chrone for a force which varies as (r sin ^)"* and acts at 
right angles to the radius vector, if the particle is properly- 
projected, 

(66) Shew that if a particle move from one given point 
to another under any forces, the time integral of its kinetic 
energy is stationary for small variations of the path. 

Shew that if v be the velocity of the particle at any point 
the difierentijal equations to its path are 



&; d ( dx\ _ ^ 



and two similar equations. 

Explain what is meant by equi-actional surfaces, and 
distinguish clearly between them and equi-potential sur- 
faces. 

(67) A particle moves on a curved surface under any 
forces ; if -B be the pressure on the surface prove the equation 

P 

P being the resolved part of the impressed force in the 
direction of the normal, v the velocity and p the radius of 
curvature of a normal section of the surface through the 
tangent to the path. 
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If the surface be one of revolution and the resultant of the 
impressed forces passes through the axis, 

^v'^C+JiPdr + Zdz); 

the axis of z being that of revolution, and P and Z the 
forces in the normal and parallel to the axis respectively. 

(68) A smooth hollow ellipsoid rests with an ax!is verti- 
cal. A particle is moving very near to the lowest point of 
the surface, determine its motion. 

(69) A tube revolves round the axis of x with an 
angulai^ velocity (o)), shew that if the impressed forces be X, F, 
parallel and perpendicular to the axis, and the particle be in 
relative equilibnum at a point at which the radius of curva- 
ture is (p) and the inclination of the tangent to the vertical 
(a), then the motion will be stable or unstable according as 

/dX r\ , . /dF . X\ 

^ y • 8 

- cos a — sm* a 
P 

(70) A railway train of given mass is travelling due 
south at a uniform rate along a line which runs due north 
and south: prove that, the earth being supposed perfectly 
spherical, the train will exert a pressure on the western 
metals, the magnitude of which vanes as the product of the 
velocity of the train and the sine of the latitude of its posi- 
tion, and a pressure towards the south, the magnitude of 
which varies simply as the sine of twice the latitude. 

(71) If a very small tangential disturbance, ^^ act on a 
particle oscillating in a cycloid, prove that the increase in the 
arc of semi- vibration is equal to 

the integration extending over the time of a semi-vibration. 
Also find an expression for the proportionate increase in the 
time of oscillation. 
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(72) A particle moves in a resisting medium : shew tow 
to find the resistance that a given curve may be described, 
the force acting in parallel lines. A particle describes a curve 
under a constant acceleration which makes a constant angle 
with the tangent to the path: the motion takes place in 
a medium resisting as the n^ power of the velocity. Shew 
that the hodograph of the curve described is of the form 

(73) A particle is moving under a central attraction 
and experiences resistance which varies as the square of 
its velocity. Find a diflferential equation for its orbit. 

If the attraction is 3, and the resistance h?, k being 

small, shew that at the beginning of motion the velocity is 
given by 

Jtj^^Le^^^asin^.d^, 

where a + a are the reciprocals of the maxima and minima 
values of the radius vector, a being supposed small, and d 
the angle described from the beginning of motion. 

(74) A rain-drop descending through a damp atmo- 
sphere at rest, accumulates moisture so that the radius 
increases uniformly. If a sudden gust of wind gives it a 
horizontal velocity, sh^w that it will proceed to describe a 
hyperbola one of whose asymptotes is vertical* 

(75) A spherical rain-drop descending from rest by 
the action of gravity receives continual accessions to its 
mass by depositions of vapour proportional to its surface : 
the radius of the drop being a at starting, and r after an 
interval t, the velocity acquired in the same interval being 
F, shew that 

if the resistance of the air be not taken into accounts 

Solve the same problem, supposing the resistance of 
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the air to be in a given ratio to the actual acceleration of 
the drop independently of its size. 

(76) If a, h, c, d, e, f are the six elements introduced 
by the integration of the equations 

d?x , fw? __ dU d^y fiy _ dR d^z , /^ _ dR 
de^Vdi' W^V^'dy' W^7^d^' 

on the hypothesis iZ = 0, and if x\ y\ z* the expressions for 

d^ dy dz 

It' dt' dt' 

in terms of the time and these elements have the same form 
whether R be zero or finite, prove that 

where 

r -L-x^^d^ ^dxdx' dydy' ^dydy^ dz dz ^dz dz 
^ ' -' "" da d6 d6 dd dadb db da da db db da' 

Next, representing the solution by the system of 
equations 

^ = a cos w — 06, n = a %/l — e* sin /a, 

^ = (f cos 7 — i; sin 7) cos fl — (f sin 7 + 17 cos 7) cos c sin ft, 

y = (f cos 7 — 1; sin 7) sii ft + (f sin 7 + 17 cos 7) cos c cos ft, 

z = (f sin 7 + rj cos 7) sin t, 

where u is an auxiliary angle, and xi, c, e, 7, t, ft are the 
six elements, prove that 

[t, ft] = na'Vl — e*sin i. 

State also how U- must be dealt with in calculating 
[a, c]. 
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A. On the integration qf the equations of motion dbotit a 
center of attraction. 

In general (Chap, V.), the problem of central attraction 

is solved by considering the equation connecting u (or-j 

and 0, and employing the resulting integrated relation be- 
tween r and to find in terms of t from the law of equable 
description of areas. If we try to express r and separately, 
in terms of t, without first determining the form of the 
orbit, we are led to a host of curious results which may be 
easily obtained ; so easily indeed, that we shall merely notice 
one or two of them. 

From the usual equations for motion about a center, i,e* 
die ^r' 

d^ ^r' 

where P is the acceleration due to the central attraction, we 
get at once 

*(S)'-i(l)'-K 

Adding, we have immediately. 
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This, for any assigned form of P in terms of r, will 
evidently give us r* in terms of t 

Now there is a remarkable case in which r* can be 
generally expressed as a rational integral function of t Sup- 
pose 



-2fprfr-Pr = (7 (2), 



then 



^^-.20, 



therefore I'^A + ZBt + Ci^ (3). 

From (2) we find by differentiation 

W + rf-O. 

therefore P oc -^ . 

Hence the case in question is that of the inverse third power. 
It may be worth while to find in terms of t, and to obtain, 
by elimination of t, the equations of the orbits which are 
possible with such a force. 



We have, in all central orbits, 






:....w. 


Hence, in the present case, by (3), 




d0 h h 


1 


dtA + 2Bt+Cf'^C-L 




Put now r^t-\"^, 
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and we get r' = c|7^+ ^^^-^l (3'), 

^^ ch^C.Ad-^ • (^'>* 

There are, of course, four cases. 

I. AC=B*. The integral of (50 ia 

and r== + VCV, 

Here C must be positive. Hence 

h 



the equation of the reciprocal spiral 

II. :^^^^ = o«. (3') and (50 give 

aC ,. , . . -iT 
-^(^ + o) = tan'-, 

aG 
and therefore i^^Cc? sec* -r- (^ + «)> 

or rcos- 






III. — -^5 — -= — a*. Here 

j^(^ + «) = 2^Iog^^. 

and ^»0(7'-a»), 

whence, after reduction, 

2a^^G 1 



r= 
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IV. 0=0, 

These are, of course, the results of the integration of the 
usual equation between u and 0, [Compare Chap. V, Ex, 
(15).] 

As another case, suppose in (1) 

-'2JPdr^Pr^mr' + ^ (6), 

Differentiate, multiply by r*, and integrate, then 

Hence, in the case of the direct first power, or a combination 
of this with the inverse third, 

which gives, according as m is positive or negative, 

2m tif cos {t V- 2m + N)) 

By means of (4), these equations give us in terms of t, 
and, the latter being eliminated, we have the required orbit, 
which becomes the ellipse or hyperbola as usual when n = 0, 
it being observed that we have an additional disposable con- 
stant introduced by the method employed in obtaining equa- 
tion (1). It is evident that results of this kind may be 
multiplied indefinitely. To classify the cases in which the 
equations for r* and in terms of t can be completely in- 
tegrated ^would be an interesting, but by no means an easy 
problem. 

The method here employed h interesting as being that 
which is at once suggested by the application of Quaternions 
to the problem of Central Orbits. (Tait's (Quaternions, § 345.) 
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As an additional example, take the gravitation case- 
then we obtain, as above, 

d ( df 



7,(40= "-?• 



or rJ = ^6^' + ar» + 2/ir. 

2u 
But v' = (7 + — . Hence, in ellipse, 

a 
Also ^ = -for r = a (1 ± e). Thus 

The form of this suggests the assumption 
r — a = — cfie cos w, 

so that aV (1 — c cos m) -t: = a/- a^> 

whence, as usual, 

n^=5w — 6sintf 
as in § (160) above. 

B. To find the time of fall from rest down any arc of an 
inverted cycloid. 

Let be the point from which the particle commences 
its motion. Draw OA parallel to GA^ and on -BJ.' describe 
a semicircle. Let P, P , P" be corresponding points of the 
curve, the generating circle, and the circle just drawn, and 
let us compare the velocities of the particle at P, and the 
point P'. Let P;!rbe the tangent at P". 
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velocity of P" _ element at P' 
velocity of P ~ element at P 



P'TF'T JAB 
~ BF~ BP'Sl AB 
/ A'B 
'\l AB' 



A'B 
2A'P' 



>9___ JC 

^^-— V Jo 

B -"^^ f 



But velocity of P = V(2^ • A'M) = a/;^ • AT'. 
Hence velocity of P' = kI ^^Ti"^^' * ^^^nstant. 



It 



And, as the length of AP'B is | . AlB, 
time from J.' to 5 in circle = time from to P in cycloid 

lAB 

Cor. It is evident from the proof, that the particle de- 
scends half the vertical distance to B in half the time it takes 
to reach B. 

C. To find the nature of the hrachistochrone under 
gravity. 

The following is founded on Bernoulli's original solution. 
(WooDHOUSE, Isoperimetrical Problems.) 

T. D. 26 
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From Art. 180 it is evident that the curve lies in the ver- 
tical plane which contains the given points. Also it is easy 
to see that if the time of descent through the entire curve is 
a minimum, that through any portion of the curve is less 
than if that portion were changed into any other curve. 

And it is ohvious that, between any two contiguous equal 
values of a continuously varying quantity^ a maadnvum or 




minimum must lie. [This principle, though excessively simple 
(witness its application to the barometer or thermometer), is 
of very great power, and often enables us to solve problems of 
maxima and minima, such as require in analysis not merely 
the processes of the Differential Calculus, but those of the 
Calculus of Variations. The present is a good example.] 

Let, then, PQ, QB and PQ\ QR be two pairs of inde- 
finitely small sides of polygons such that the time of de- 
scending through either pair, starting from P with a given 
velocity, may be equal. Let QQ' be horizontal and indefi- 
nitely small compared with PQ and QB. The brachisto- 
chrone must lie between these paths, and must possess any 
property which they possess in common. Hence if v be the 
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velocity down PQ (supposed uniform) and v' that down QR, 
drawing Qm, Q^n perpendicular to BQf, PQ, we must have 

Qn^Q'm 
V v' 

Now if be the inclination of PQ to the horizon, ff that of 
QR, Qn^QQ" cos O', Qm^ QQf Qo&ff. Hence the above 
equation becomes 

cos^ cos^ 



This is true for anv two consecutive elements of the required 
curve ; therefore throughout Uie curve 

vcccmd. 

But t^ oc vertical distance fallen through. (§ 173.) Hence the 
curve required is such that the cosine of the angle it makes 
with the horizontal line through the point of departure varies 
as the square root of the distance from that line ; which is 
easily seen to be a property of the cycloid, if we remember 
that the tangent to that curve isparallel to the corresponding 
chord of its generating circle, ror in the fig. p. 172, 

cos OPN^ cos OAF^ 3^ ^/v/zf "^ ^^-^• 

The brachistochrone then, under gravity, is aa inverted 
cycloid whose cusp is at the point from which the particle 
descends. 

Cj. Were there any number of impressed forces we might 
suppose their resultant constant in magnitude and direction 
for two successive elements. Then reasoning similar to that 
in § 180 would shew that the osculating plane of the brachis- 
tochrone always contains the resultant force. Again we 
should have as in last Article, 

cos cos ff 



where 6 is now the complement of the angle between the 
curve and the resultant of the impressed forces. 
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Let that resultant == Fy and let the element PQ = S«, and 
^ == ^ + S5. Then since F is supposed the same at P and Q, 

v" - 1;" = 2Fh8 sin (by Chap. IV.), 

or vh) = i^ sin ^. 

But V QC cos ^ ; which gives 

3t; _ siag gg 
t; cos ^ * 

Hence j?- = — J^ cos ft 

But in the limit ^z = p> the radius of absolute curvature 

at Q, and i?^cos ^ is the normal component of the impressed 
force. Hence we obtain the result of § 185 for the general 
brachistochrone. 

Cj. Now for the unconstrained path from P to JS we 
have jvds a minimum. Hence in the same way as before, 
^ being the angle corresponding to 0, v cos ^ = y' cos ^' from 
element to element, and therefore throughout the curve, if the 
direction of the force be constant. 

But in the brachistochrone, 

cos ^ cos ^ 



Now if the velocities in the two paths be equal at any 
equipotential surface, they will be equal at every other* 
Hence taking the angles for any equipotential surface 

cos cos ^ = constant. 

As an example, suppose a parabola with its vertex up- 
wards to have for directrix the base of an inverted cycloid ; 
these curves evidently satisfy the above condition, the one 
being the free path, the other the brachistochrone, for gravity, 
and the velocities being in each due to the same horizontal 
line. And it is seen at once that the product of the cosines 
of the angles which they make with any horizontal straight 
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line which cuts both is a <5onstant whose magnitude depends 

on that of the cycloid and parabola, its value being a /t— 

where I is the latus rectum of the parabola, and a the dia- 
meter of the generating circle of the cycloid. 

D. To shew that of two curves both ooncave in the sense 
of gravity^ joining the same points in a vertical plane and not 
meeting in any other point, a particle will descend the enveloped 
in less time than it will the enveloping curve ; the initial velocity 
being the same in both cases. 

Take the axis of a? as the line to the level of which the 
initial velocity is due,, and the axis of y in the direction of 
gravity, then 



.. f Vh(g)] 



dx 

W^gyT 



-/:^^- • <"^ 



(since the limits are constant), 



j Syda; -i 






Vy(l+/)^J 









Digitized by VjOOQIC 



406 APPENDIX. 

Now the curve is convex to the axis of x, hence yq is 

S>sitive, and by (1) *Jy a^d V(l + P") ^^^^ the same sign. 
ence the sign of ht^ is the opposite of that of %, and for an 
enveloping curve hy is negative. Hence the time of fall will 
be longer. 

We may thus pass from one curve to anjr other enveloping 
one, even situated at a finite distance, provided the latter be 
concave throughout ; else the multiplier oi ty .dx in the in- 
tegral might change sign between the limits. (Bebtrand, 
LiouvilWs Journal, VoL vn.) ' 

A simple geometrical proof of this theorem may easily be 
obtained by drawing successive normals to the inner curve 
and producing them to meet the outer. The velocities in the 
pairs of arcs, thus cut out of the two curves, are equal (if the 
curves be indefinitely close), but the arcs themselves are 
generally longer in the outer curve, since the convexity of 
the inner curve is everywhere turned to it. 

E. To find the curve in which the time of descent to the 
lowest point is a given fwnction ^ (a) of a, the vertical height 
fallen through. 

HereV(2^)*=.^(a)=/;^. 
Hence, the problem may be thus stated. 



f* ds 
Having given ^ (a) = | —. , 



where ^ is a knoum function, find s in terms of x. (Abel, 
(Euvres, Tom. i.) 

Put ds^f{x)dx, divide by Jz—a and integrate both 
sides with r^ard to a, from a= to a = «. 

f^ (l>{a)da ^ P da i'' f\x)dx 

J Jz — a J oJz — aJ Ja^—x 

Changing the order of integrs^tion on the right-hand side, it 
becomes 



/:/: 



ojx^(2r — a)(a — oj) 
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Hence 



^J Jx — a 



which is the required expression. {Proo. R. 8. R, 1874-5.) 
Ex. I. Suppose the Tautochrone be required 

*(a) = V(25r)<o' 
Here , = VMiof ..J^^^iVMlo^j. 

or «* = ^5^0? ; the cycloid, as in § 175. 

Ex. II. Let <f> (a) = 'J{2g) - , that is, let the time be pro- 

c 

portional to the vertical height fallen through. 

„ irc8 [' ada .r(2)r(i) 4 . ., 

tion of the recjuired curve. 



t:he end. 
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